The Propagation of Singularities for the Wave Equation
on Manifolds with Boundary

Stanford University Department of Mathematics Honors Thesis
Serin Hong

June 13, 2008



Contents

0 Introduction 2
1 Preliminaries 2
1.1 A review of distribution theory . . . . . . . ... ... L. 2
1.1.1  Test functions . . . . . . . . . . ... 2
1.1.2  Distributions . . . . . . ... )
1.2 A review of the theory of differential manifolds . . . . . . . ... ... .. .. 10
1.2.1  Vector bundles . . . . . .. . . ... ... 10
1.2.2 Differential operators . . . . . ... ..o 13
2 Singularity propagation theorem in the boundaryless setting 15
2.1 Pseudodiffeerential operators . . . . . . .. ..o 15
2.1.1 Symbols . . . . .. 15
2.1.2  Pseudodifferential operators . . . . . ... ... ... 17
2.2 Wavefront set . . . . . . . . 23
2.2.1 Characteristicset . . . . . . . . ... ... 23
2.2.2 Wavefront set . . . . . . . . .. 24
2.3 Propagation of singularities . . . . . ... ... 0oL 27

3 Singularity propagation theorem of wave equation in the manifold with
boundary 28
3.1 b-calculus . . . . ... 28
3.2 Bicharacteristic geometry . . . . . . ..o o 30
3.3 Propagation of Singularities . . . . . . . ... ... L 31
4 Acknowledgement 32



0 Introduction

Light propagates in straight lines in a homogeneous space and reflects/refracts obeying Snell’s
law when it hits a surface. For the case of hyperspaces, we get the usual law of incident
and reflected rays enclosing an equal angle to the normal to the surface. From the theory of
electromagnetic radiation we know that these optical phenomena are governed by a partial
differential equation called the wave equation. Thus the study of geometric optics is highly
related with the study of solutions to a partial differential equation.

Although solving the translation-invariant (i.e. constant coefficients) wave equation on a
vector space can be done with elementary theories of partial differential equations, explicitly
solving the wave equation with variable coefficients on an arbitrary manifold is complicated.
Thus when we study partial differential equations on a manifold we are usually more in-
terested in local behaviors of solutions than explicitly solving the equations. For the wave
equation, the propagation of singularities is of our particular interest because it is highly re-
lated to the propagation of radiating solution waves. In other words, singularities of solutions
of the wave equation follow geometric optics rays.

This paper is a research paper about the propagation of singularities on a manifold
with boundary. The first part of the paper provides a review of preliminaries in distribution
theory and the theory of differential manifolds. The second part then explores some advanced
concepts in the theory of partial differential equations such as pseudodifferential operators
and wavefront set and shows how the wavefront set describes the propagation of singularities
of solutions to an arbitrary operator in the boundaryless setting. On the third part we will
narrow down our focus to the wave operator in the boundary setting and state an analogous
relationship between the wavefront set and the propagation of singularities of solutions to
that in the boundaryless setting.

It should be emphasized that this paper is mostly influenced by a Stanford University
professor Andras Vasy. We also emphasize this paper is a research paper. Therefore the
concepts and the arguments are stated as concisely as possible. For this purpose the basic
reference is to Hormander and Melrose-Sjostrand who proved the theorems in the boundary-
less setting and the boundary setting, respectively. For the proof of the theorems however
the paper only gives a sketch for important theorems so that the paper is written with the
least amount of complexity.

1 Preliminaries

Before we start our discussion about the singularity propagation theorem, we first review
elementary distribution theory the theory of differential manifolds.

1.1 A review of distribution theory
1.1.1 Test functions

In the theory of distributions, one must work consistently with smooth test functions.



Definition 1.1.1. Let X be an open set in R*. By C(X) we denote the space of all
u € C*(X) with compact support. The elements of C§° are called test functions.

Here C*(X) is the conventional notation for the space of k times continuously differen-
tialbe complex valued functions in X.

Test functions can be used to identify continuous functions, or even locally integrable
functions.

Theorem 1.1.2 If f,g € C(X) and

[tote= [goae  secri) 1)

then f = g.
More generally, if f, g are locally integrable functions in X and (1.2) is valid, then f = g
almost everywhere in X .

The proof is based on the following lemma.

Lemma 1.1.3 Let xq be an arbitrary point in R™. There exists a non-negative function
¢ € C(R™) with ¢(xg) > 0 and support in the ball of radius 0 with center at xy.

Proof. First we construct a non-negative function ¢ € C§°(R™) with (0) > 0. Take
f(t) =exp(—1/t),t > 0and f(t) =0,t <O0. It is easy to verify that f is in C°°(R). Then
is defined by ¥ (z) = f(1 — |z|?).

By translation and change of scales we obtain the non-negative C§° function

Bla) = H(===)
which has the required properties.
Now we can prove Theorem 1.1.2.
Proof of Theorem 1.1.2. If h = f — g we have
/hqﬁdx =0, ¢ € Cy°(X) (2)

We first consider the case f,g € C'(X). Taking real and imaginary parts we may assume
that h is real valued provided that ¢ is taken real valued. Suppose there exists a point xg
with h(zg) # 0. By Lemma 1.1.3, we can take ¢ € C5°(X) non-negative with ¢(zo) # 0 and
support so close to xy that ¢h has a constant sign. However this contradicts (2), and we
conclude that A = 0 identically as claimed.

Now assume that f, g are locally integrable functions on X and (1). It suffices to show
that if h satisfies (2) then A = 0 almost everywhere. To do so we use Lebesgue’s theorem
stating that



lim ¢ / () — h(y)| dy = 0
lz—y|<t

t—0

for almost every x. With ¢ € C°°(X) having support in the unit ball and [¢dx = 1, we
can write for x € X and small ¢

ha) = [ hwol

The last integral vanishes by hypothesis and the preceding one tens to 0 with ¢ for almost
all z, which proves that h(z) = 0 almost everywhere.

Now we shall see how this identification of continuous functions or locally integrable
functions via test functions enables us to accept non-classical solutions, or weak solutions of
PDEs. Classical solutions of the Laplace equation

0*u  O*u

| 3

0x? * 0y? ()
or the wave equation (in two variables)

v %
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are twice continuously differentiable functions satisfying the equations everywhere. It is
easily shown that uniform limits of classical solutions of the Laplace equation are classical
solutoins. We can even show that all classical solutions are indeed smooth. On the other
hand, the classical solutions of the wave equation are all functions of the form

v(r,y) = flz+y)+g(z—y) (5)

with twice continuously differentiable functions f and g, and they have as uniform limits
all functions of the form (5) with f and ¢ continuous. All functions of the form (5) with f
and ¢ continuous ought therefore to be recognized as solutions of (4) so the definition of a
classical solution is too restrictive.

Let us now consider the corresponding inhomogeneous equations

0’u  0%u
12 + Dy? =F (6)
v 0%
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where F' is a continuous function vanishing outside a bounded set. If F' is continuously
differentiable a solution of (7) is given by
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n—y+|z—€|<0

However, (8) defines a continuously differentiable function v even if F' is just continuous.
Clearly we must accept v as a solution of (7) in this case even if second order derivatives
donot exist. Similarly (6) has the classical solution

/ F(&n) log((z — €)%+ (y —n)*) d¢ dn (9)

provided that F'is contlnuously differentiable. Again (9) defines a continuously differentaible
function u even if F' is just continuous, and we should be able to accept u as a solution of
(6) also in that case.

The flaws of the classical solutions illustrated in the preceding examples are eleminated
by the concept of weak solution which preceded distribution theory. The idea is to rewrite
the equation considered in a form where the unkonwn function u is longer differentiated.
Consider as an example the equation (7). If u is a classical solution it follows that

//(%—igbdxdy—//F(bdxdy (10)

for every continuous function ¢ vanishing outside a compact set. Conversely, if (10) is fulfilled
for all such smooth (i.e. infinitely differentiable) ¢ then (7) is fulfilled. In fact, if (7) were not
satisfied at a point (g, yo) we could take ¢ non-negative and 0 outside a small neighborhood
of (xg,yo) and conclude that (10) is not fulfilled either.

Note that if ¢ is smooth we can integrate by parts twice in the left-hand side of (1) which
gives the equivalent formula

// %_aﬁddy //ngﬁdxdy (11)

Summing up, if u is twice continuously differentiable then (7) is equivalent to the validity
of (11) for all smooth functions ¢ vanishing outside a compact set. However, (11) has a
meaning if u is just continuous, and one calls u a weak solution of (7) when (11) is valid for
all such functions ¢.

Observe that the space of “test functions” ¢ here and that in Definition 1.1.1 coincide.
Indeed identification of u via (11) is valid because of Theorem 1.1.2.

1.1.2 Distributions

The classical derivative of weak solutions usually do not exist. We can accept weak solutions
as solutions of PDEs only if they have well-defined derivatives. Accordingly the concept of
weak solutions motivates the need for a more general definition of derivatives in the theory
of partial differential equations. As a minimal extension of the space of continuous functions
where differentiation is always possible, we define the space of distributions.



Definition 1.1.4. A distribution v in X is a linear form on C§°(X) such that for every
compact set K C X there exist constant C' and k such that

u(¢)] < C ) sup [0, ¢ € Cg°(K). (12)

la|<k

The set of all distributions in X is denoted by D’(X). If the same integer k£ can be used
in (12) for every K we say that u is of order < k, and we denote the set of such distributions
by D™*(X). Their union D} (X) = UD*(X) is the space of distributions of finite order.

Note that, by Theorem 1.1.2, the space of continuous functions can be identified with a
subspace of D’(X) by assigning to each continuous function f the distribution

Co(X) 3 ¢ — / Foda

which we also denote by f.

Definition 1.1.5. The function of rapid decrease S(R™) is the set of infinitely differentiable
complex-valued functions ¢ on R" such that for every o, 3 € Nj

[@]la,s = sup |27 D¥¢(z)| < cc.

z€R™
The topological dual space of S(X), denoted by S’(X), is called the space of tempered
distributions.

The norms on S(X) is given by

= max sup |z*DP? 13
ol = max sup oD o(z) (13

In fact, the space D’(X) is an extension of §’(X) obtained by inductive limits. Many topo-
logical or analytical facts about tempered distributions are likely to hold for distributions.
For our analysis, therefore, we sometimes study S'(X) (or S(X)) first and generalize the
results to D'(X) (or C5°(X)).

Now we define the derivatives of distributions as follows.

Definition 1.1.6. If u € D'(X) we set
(Ou)(¢) = —u(Opd), ¢ € Cy°(X). (14)
This definition indeed generalizes the definition of the classical derivatives. Suppose that

u is a differentiable function of X. This simply means that the classical derivatives Oyg of g
exist and are continuous. Further 0yg are identified as distributions as in (1.1.2), so we have

(Oku) (o /&wgf)dx = /—u k¢ dr = —u(0x9) ¢ € Cy°(X)
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where the second identity follows from the fact that ¢ is compactly supported.
Similarly we can define the multiplication by smooth functions.

Definition 1.1.7. If u € D'(X) and f € C*°(X) we define

(fu)(¢) = u(f9), ¢ € Gy (X). (15)

It is clear that (13) and (14) define distributions dyu and fu.

For a multiindex o = (aq, a9, - ay), we write |a| = Zaj. If p(xy,29, -+ ,2,) is a
j=1
polynomial of total degree k in n variables, p(zy,x9, -+ ,x,) = Z\a|<k a,x®, the partial

differential operator p(D) = >~ < aa D extends to D'(X) by the formula

(p(D)T)() =T( Y (=1)*D*(aa9))-

o<k

Now we give a formal definition of weak solutions.

Definition 1.1.8. Let p(D) be a partial differential operator associated with a polynomial
p(x1, T2, ,x,). I T € D'(X) and p(D)T = f, then T is called a weak solution of the
partial differential equation p(D)u = f.

In the theory of partial differential equations, we are mostly interested in local behaviors
of solutions. Because weak solutions are defined as distributions, it is crucial to have a way to
analyze local properties of distributions. The distribution theory developed such a concept
called localizatoin.

Definition 1.1.9. If Y C X C R"” and u € D'(X), we can restrict u to a distribution uy in
Y by setting

uy (¢) = u(9), ¢ € G (Y).

The fundamental theorem of localization tells that a distribution is determined by the
restrictions to the sets in an open covering.

Theorem 1.1.10. [4, Theorem 2.2.4] Let X;, i € I, be an arbitrary family of open sets
in R", and set X = UX;. Ifu; € D'(X;) and u; = u; in X; N X, for all i,j € I, then there

exists one and only one u € D'(X) such that u; is the restriction of u to X; for every i.

This theorem makes it natural to define the support of distributions.



Definition 1.1.11. If u € D'(X) then the support of u, denoted supp wu, is the set of points
in X having no open neighborhood to which the restriction of u is 0.

Thus X'\ supp u is the open set of points having a neighborhood in which u vanishes, so
u vanishes in X'\ supp u by Theorem 1.1.10, and X'\ supp u contains every open set where
u vanishes. The following characterizatoin of supp wu is usually found to be useful.

Proposition 1.1.12. x ¢ supp u if and only if there exists a nonnegative function ¢ €
C3°(X) such that ¢(z) # 0 and ¢u = 0.

Proof. Suppose that x is not in supp u. By definition, we can find a neighborhood Y of x
to which the restriction of w is zero. Consider a nonnegative function ¢ € Cg°(Y) C C5°(X)
which is identically 1 around xz. Then we have ¢(x) # 0. We also note that we have
ou(y)) = u(pyp) = 0 Voo € C§(Y) as the restriction of u to Y is zero, which means ¢u = 0
by definition. Conversely, we assume that there exists a nonnegative function ¢ € C§°(X)
with ¢(z) # 0 and ¢u = 0. Pick a neighborhood Y of x such that ¥ C supp ¢. Thus, ¢ # 0
on Y. Observe that Vi € C5°(Y), % € C°(Y). Therefore we have

u(@) = u(Le) = <¢u><%> —0 WheCR(Y).

where the second identity comes from the definition of multiplication by smooth function
in Definition 1.1.7, and the third identity comes from our assumption that ¢u = 0. Thus u
vanishes on a neighborhood of z, which means by definition that = ¢ supp u.

In distribution theory, we are sometimes interested in distributions with compact sup-
port. Indeed we have a useful theorem for identification of such distributions.

Theorem 1.1.13.[4, Theorem 2.3.1] The set of distributions in X with compact support
18 identical with the dual space of C* with the topology defined by the semi-norms

gl = D sup |79,

|| <k

where K ranges over all compact subsets of X and k over all integers > 0.
The identification can be even more concise for a distribution supported by a single point.

Theorem 1.1.14.[4, Theorem 2.3.4] If u is a distribution of order k with support equal
to {y}, then u has the form

u(@) = Y aad(y).

| <k

Closely related to the notion of support is the notion of singular support.



Definition 1.1.15. If u € D’(X), then the singular suppport of u, denoted singsupp u, is the
set of points in X having no open neighborhood to which the restriction of v is a C* function.

Since every point in X \singsupp u has a neighborhood where u is a C' function, it
follows from Theorem 1.1.10 that the restriction of u to X\singsuppu is a C*° function.
This is not true for any larger open set than X \singsupp u. Further we have an analogous
characterization of the singular support to that of the support stated in Proposition 1.1.12.

Proposition 1.1.16. = ¢ singsupp u if and only if there exists a nonnegative function
¢ € C3°(X) such that p(x) # 0 and ¢pu € C*(X).

Proof. Suppose that x is not in singsupp u. By definition, we can find a neighborhood
Y of x to which the restriction of v is a C'"° function. Consider a nonnegative function
¢ € C3°(Y) C Cg°(X) which is identically 1 around xz. By construction we observe that
¢(z) # 0. We also note that the derivatives of ¢u exist and are continuous on Y for all
orders as given in Definition 1.1.6. For instance if ¢ € C§°(Y),

Ok (pu) (V) = —(du)(Or) = —u(Ppdkt))

and because ¢0y1p € C§°(Y) and u is smooth on Y, we see that O (¢u) exists and is contin-
uous. Therefore pu € C>(X).

Conversely, we assume that there exists a nonnegative function ¢ € C§°(X) with ¢(z) # 0
and ¢u € C*°(X). Pick a neighborhood Y of z such that ¥ C supp ¢. Observe as ¢ # 0 on
Y that Vi € C5°(Y), % € C°(Y). Therefore we have

ol oY .
u(y) = (¢¢) (¢ )(¢) vy € CgP(Y).

Because both ¢u and % are C'* functions on Y, so must be u on Y. As u has a neigh-
borhood of z to which its restriction is smooth, we conclude by definition that = ¢ singsupp u.

Sometimes we are interested in homogeneity or the degree of homogeneity of distributions.

Definition 1.1.17. A distribution w in R™ \ {0} is said to be homogeneous of degree a if it
satisfies

(u, @) = t*(u, ¢y) if p € C°(R™\ 0), o(z) = t"p(tx), t >0 (16)

If w is a distribution in R™ and (2.1.1) is valid for all ¢ € C3°(R™) then u is said to be
homogeneous of degree a in R”.

This definition of homogeneity of distributions is indeed a generalization of the homoge-
niety of continuous functions. To see this, we assume that u € C(R") is a homogeneous
of degree a, i.e. u(tx) = t*u(x) for all z € R*\ 0, ¢ > 0. Note that u is identified as a
distribution via (1.1.2), so we have



(1.6) = [ u(w)ola) do = [ uttaoteo)r” do = [ tua)onto)do =1 (u, 60

It is clear that if ¥ is a homogeneous C* function in R™ \ 0 of degree b then u is
homogeneous of degree a + b. Since

AOju = 0;Au — O;u = (a — 1)0u

n
where \ = Z x;0;, differentiation lowers the degree of homogeneity by one unit.
j=1

1.2 A review of the theory of differential manifolds

In the advanced theory of partial differential equations, we usually consider PDEs on various
manifolds. Here we shall discuss basic facts on differential calculus on manifolds.

1.2.1 Vector bundles

Definition 1.2.1. A C'* real vector bundle over X with fiber dimension /N is a C'*° manifold
V' with
(i) a C*° map 7 : V — X called the projection,
(ii) a vector space structure in each fiber V, = 7~1(x),
(iii) local isomorphisms between V' and the product of open subsets of X and RY.

Explicitly condition (iii) means that for each x € X there is an open neighborhood Y
and a C° map ¥ of Vo = 77 1Y) onto Y x RY such that ¢~ is also in C*, ¥(V,) = x x RN
for every x € Y, and the composed map

V, =z xRY - RV

is a linear isomorphism.

A vector bundle is thus a family of vector spaces V,, x € X, varying smoothly with x.
Sometimes we call V, the fiber of V' at x. In case of the tangent bundle, the fibers are the
tangent spaces.

Definition 1.2.2. The tangent space of X at z, denoted T,(X), is the space of real distri-
bution densities ¢ in X of order one with support at « and ¢(1) = 0.
The tangent bundle of X, denoted T'(X), is the subset of X x R4™X defined by

T(X) = {(z,v) € X x REY .y € T,(X)}

In order to understand the definition we first need to define distribution densities. Sup-
pose that X, and X, are two coordinate patches equipped with the local coordinate systems
k: X, — X, and ' : X, — X, respectively. If u is a continuous linear form on C§°(X),

it defines a distribution u, € D'(X,) by

10



ue(9) =u(gor) Vo€ CF(Xy). (17)
Further if ¢ € C§°(k'(X, [ X)) then

uw (¢) = u(@ o k') = u(¢ ot o k) = ux(¢ o)

where 1; = k' o k1. This can be rewritten as

e = | det o' 0 1) (18)

in K (X () Xrappr) Where ¢ = K o k'~1.  Conversely we can show that given distribu-
tions u, € D(X,) satisfying (18) we can find a continuous linear form u on C§°(X) with
(17). Therefore the continuous linear forms v on C§°(X) can The system of distributions

u, € D(X,) satisfying (18). They are called distribution densities.

To justify the definition of the tangent space above we observe that if X C R™ then
Theorem 1.1.11 gives for some ty,t5, -+ ,t, € R

so t(¢) is the derivative of ¢ at x in the direction ¢, which it is natural to consider as a
tangent vector at x. If X is a general manifold and x is in the coordinate patch X, equipped
with the local cordinate systems x : X,, — X,; then t*(¢) = t(¢ o k) has the form

t5(¢) = Y t50;0(kx), ¢ € C5(X).
Thus 7,(X) is always a vector space of dimension n = dim X, and we have identified

| T(x) with X, x R™. If X € X, N X/, then

rEX,
(t7,0) = (" 00 f) = Y _t505(60 Nlkz), ¢ € CF(W'(Xe N X))
where f =& o k™! k(XN Xw) — &' (XN X,). Thus

0 =S 05, thatis, ¥ = f(ka)t.

This is a C'"* map so the atlas consisting of the maps

U To(X) 5t — (k(2),t%) € X, x R"

$€Xﬁ

makes 7'(X) a C* manifold.

We remark that the map from T(X)|x, to X, x R above is a special case of a very
general construction. If X; and Xy are C* manifolds and f: X; — X5 is a C* map, then
we have a map f, : T(X;) — T(Xy) with f, : T,(X1) — T)(X2) defined by

(f:1)(¢) = t(do f), ¢ € G (Xy), t € T(Xy). (19)

11



Recall that we can associate a dual space for every vector field. This operation can be
extended to vector bundles by performing the vector space operation fiberwise.

Definition 1.2.3. If V' is a vector bundle over X, then its dual bundle V* is defined by

V= {(z,¢) € X x R"™X . ¢ ¢ V*(X)}

where V,, is the fiber of V at x € X and V*(X) is its dual space.
In particular, the dual 7%(X) of T(X) is called the cotangent bundle.

For our analysis there are two important structures on 7*(X). First, being a vector
bundle, T*(X) is equipped with an RT-action: RT x T*(X) 3 (s, z,£) — (z,s£). It is also a
symplectic manifold, equipped with a symplectic form o which we will define shortly.

If V is a vector bundle over X and Y C X then a section u of V over Y is a map from
Y to V with 7 o w is the identity map.
For any ¢ € C*(X),k > 0, the differential

T.(X) >t — i(¢)

at x is an element d¢(z) € T (X), so ¢ defines a C¥~1 section d¢ (or ¢') of T*(X). An
arbitrary section of 7*(X) is called a one form.
We shall now look at 7%(X) in local coordinates. If

X3 2 — k(x) = (21,20, , ) € X CR"

is a local coordinate system, we have identified T'(X)|x, with X, x R" so that (x,t) is the
tangent vector

G (%2 6= (X ti0)oto).

Now (t,&) = thﬁix](z §;x;), so in T%(X) the form Zgjdxj at x corresponds to
(x,€),€ € R™. If z; and ¢; are regarded as functions on X,, x R™ then Z §;dx; can also be

considered as a differential form there. If 7 is the projection X, x R® — X, its value on the
tangent vector t to X, x R" is (mit, &) where 7, is constructed as in (16).

The canonical one form w on T*(X) is invariantly defined by letting its value on the
tangent vector ¢t at v € T*(X) be

(t,w) = (mt, ).

In the standard local coordinates in 7%(X) we have w = Z ;dx;.
Let us discuss an alternative characterization of the canonical one form which usually
turns out to be useful. If f: X; — X, is a C* map, we obtain a map

12



[ ORI (X)) — CFH(T™ (X)),

called the pullback of the one form by f, if we define for a one form u in X, and a tangent
vector t € T'(X)

<t, ffu>=< fit,u>.

If € C'(X) then ¢’ is a map X — T*(X) which we can use to pull back the canonical
one form w from T*(X) to X. As is obvious in the local coordinate representation of w we
obtain

(¢)'w = d¢. (20)
The differential form

o=dw (21)
is called the symplectic form of T*(X).

We close this section by introducing another important vector bundle called the conormal
bundle.

Definition 1.2.4. If Y is a C*° submanifold of X then the conormal bundle N*(Y') of YV is
defined as

N*Y)={yeT"(X):my=y €Y and v vanishes on T,,(Y)}

If we introduce local coordinates © = (x1, 29, ,x,) in X such that Y is defined by
x1=a9="---=x, =0then N*(Y) is defined by 1 =29 =+ =2 = &1 = &g = -+ =
&, = 0 in the corresponding coordinates in 7%(X). Thus N(Y) is a vector bundle of total
dimension n. N*(Y') is the dual of the bundle on Y with fiber 7, (X)/T,(Y") which is called
the normal bundle, which is denoted N(Y).

1.2.2 Differential operators

In order to make our analysis easier, we usually associate a function on a dual space to a
differential operator and analyze the function instead of directly analyzing the operator.

Definition 1.2.5. Let P = P(z,D) = Z ao(z)D® be a differential operator with C'*
o|<m

coefficients of order m in an open set X C R™. The characteristic polynomial of P is defined

by

P=Px,D)= > an(x)

laj<m

13



The principal symbol P, is defined by

Pp(z,§) = Z aa(T)E%.

laf=m

The characteristic polynomial uniquely determines its corresponding differential operator.
Its definition comes from the fact that a differential operator P acts on S(R™) by

P(z,D)u = (2m)™" // e @E Pz Eu(y) dy dE. (22)

Note that the principal symbol is homogeneous degree m. Its definition is in fact in-
dependent of the choice of local coordinates and bases in the bundle, for it means that if
¢ € C(X) we have

Py (w,dg) = lim t e e pelt?,

and the right hand side is invariantly defined in the cotangent bundle. To prove the equiva-
lence of (19) and (20) we just note that when (20) is evaluated in terms of local coordiates
then we must let m derivatives fall on the exponential to get a non-zero contribution.

Now recall the definition of the symplectic form o of 7%(X) in (18). In the standard
coordinates z, £ in T*(X) we have

o= d& Adz;

which means that for two tangent vectors to 7*(X) with the coordinates (¢, 7’) and (¢’,7")
the symplectic form is

Tt
So| 7 op | = St =t = ) -
J J

This is a non-degenerate bilinear form, that is, it vanishes for all (¢”,7”) if and only if
(t',7") = 0. Since 0 = dw we have of course do = 0.

The symplectic form o enables us to define a vector field on 7*(X) that plays a funda-
mental role in our analysis.

Definition 1.2.6. If p is a real valued C* function defined on 7*(X), the Hamilton vector
field H, of p is defined by

(t.dp) = o(t, H,),  teT(T"(X)).

In terms of local coordinates (20) means if t = (¢,,t¢) and H, = (hy, he) that

9 B
(t, a—§> +(te, 8—2’ S=< te, hy > — < ty, he),
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B op 0 dp 0
Hy, = Z<8_§J8_x] - 8_%8_5]) (23)

in terms of local coordinates.

Having defined the Hamilton vector field, we can now introduce the notion of the ellip-
ticity, the characteristic set and bicharacteristics.

Definition 1.2.7. A differential operator P in a manifold X of dimension n is said to be
elliptic at (z,£) € T*(X) \ o if its principal symbol p,, satisfies p,, (7, &) = 0 where o denotes
the zero section of the cotangent bundle. The characteristic set L(P) of P is the set of
points at which P is not elliptic, that is, (P) = p,}({0}). Bicharacteristics are integral
curves of H,, inside X.

Note that ¥(P) is locally a closed conic subset of X x R™ in the sense that it is closed
and (z,t§) € X(A) for every t > 0 whenever (z,§) € X(P).

2 Singularity propagation theorem in the boundaryless
setting

2.1 Pseudodiffeerential operators

For the analysis of singularity propagation, we will work with a more general class of oper-
ators, called pseudodifferential operators, or ps.d.o.’s for short. Throughout this section all
manifolds are assumed to be boundaryless.

2.1.1 Symbols

Recall that the principal symbol of a differential operator is a polynomial. We can similarly
define the principal symbol of a pseudodifferential operator, but it belongs to the class of
functions that generalize polynomials.

A polynomial p in £ of degree at most m satisfies a bound

POl <C+lgh™  vEeR™

Since successive derivatives Dgp(§) are polynomials of degree m — ||, for any multiindex a,
we get the family of estimates

IDgp(é)] < CA+ )™ VEeR" aeNg.

If we consider the principal symbol P, (z,£) of a differential operator P with C'* coefficients
the family of estimates above is replaced by
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|DEDLP(x,€)| < Cap(l+ €)™ V(z,&) e R x R*, o, § € NI

There is no particular reason to have the same number of x variables as of £ variables, so in
general we define:

Definition 2.1.1. The space S™(R?;R") of symbols of order m (with coefficients in C§°(RP)
consists of those functions a € C*°(RP x R") satisfying all the estimates

DD a(x,&)| < Cap(l+1¢))" % on R? x R" Va € NB, 3 € NZ. (24)

We even define S™(€;R™) when Q@ C R? and Q C cl(int(2)) as consisting of those a €
C>(int(£2) x R™) satisfying (23) for all (z,¢) € int(2) x R™.

The estimate (24) can be rewritten

lallym = suwp - max (14 ¢ DEDEa(, €)] < oo (25)
(z,6)eint(Q) xR lo|+|BI<N

With these norms S™(§2; R") is a Fréchet space.
Now we discuss some basic properties. First notice that there exists a constant C' with

(14 €)™ < C(1L+ €)™ VEeR" <= m <.

Thus we have an inclusion

S™(Q;R™) € S™ (2 R™) vm' > m. (26)

Moreover this inclusion is continuous, since from (24), ||a||ym < ||a||ym if a € S™(£2; R™)
and m’ > m. Since these spaces increase with m we think of them as a filtration of the big
space

S*(QRY) = JS™(%R"). (27)
The residual space of this filteration is :

STURRY) =) S™ (4 RY).
We also note a very useful result. Namely :

S™(Q;R™) - 8™ (Q;R™) € S™T(Q;R™). (28)

This can be proved directly using Leibniz’ formula:
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sup(1 + €)™~ DD (a(a,) - bz, )

> (3) (5) sup(L+[¢]) ™" | Dy Deala, §)| x sup(L+ €))7 | DD b(w €)
u<la,y<pB
< 0

The construction of the spaces of symbols as above is indeed a very general construction,
and we can introduce many subspaces with additional conditions to the estimate (24). For
the construction of such subspaces, we first introduce the notion of asymptotic summability
of symbols.

Definition 2.1.2. Suppose a; € S™7(Q;R") for j = 1,2,---. The series a; is said to be
asymptotically summable if there exists a € S™(£2; R™) such that
N-1
a—Y a;eS"NQR"Y)  YNeEN

J=0

We write this relation as a ~ Z a;.
j=1
Indeed, we can show that any series of symbols with a; € S™7(Q;R") for j =1,2,--- is
asymptotically summable and the asymptotic sum is well-defined up to an additive term in
ST(Q,R™).
Now we introduce one important class of subspaces of S™ (2, R").

Definition 2.1.3. For any m € C, the space of polyhomogeneous symbols, denoted by
T, R"), is defined by the requirement that a € S (Q2,R") if and only if there ex-
ist elements a,,—; € S™¢™(Q;R") which are homogeneous of degree m — j on the set

{(2,€) € QA x R™: [¢] > 1} for all j € Ny such that a ~ Zam_j.
J

Clearly we have

T, R™) - ST (Q,R™) C ngfm (Q,R"™)
because the asymptotic expansion of the product is given by the formal product of the
asymptotic expansion. In fact we have equality here, because

bz, ) = (1+[¢[*)* € SRQ,RY)
and multiplication by b is an isomorphism of the space SJ, (2, R™) onto STt (2, R").

2.1.2 Pseudodifferential operators

Recall from (22) that the action of a differential a differential operator with C*> coefficients
on S(R™) can be written
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Pz, Dyu = (27)" / / D€ Pz Eyuy)dyde

We now consider an analogous integral

Aw Dju=(20) " [[ € Deate g ulpdyds.  wes@). (@9
where we assume that, for some w, m € R,
a(z,y,€) = (1+ |z — y[*) ale, y,€) a € S™(R*™R").
We can show that if a € C®°(R?" x R") then a € (1 + |z — y[?)2 S™(R?*"; R") if and only if

2D Dla(e,,6)| < Capr 1+ |2 — )" (L + )™ Va8, € N,

If m < —n then, for each u € S(R™), the integral in (29) is absolutely convergent, locally
uniformly in x, since

CL+ e =y L+ 1)@+ lyh ™
CL+ [z (T + €)™ (1 + |y[)™

la(z,y, Huly)| <
<

Here we used the following simple consequence of the triangle inequality

(14 fz —yl) < (T + 2T+ |y])

from which it follows that

w 1+ Jz))*(1+Jy))* fw>0
(I+]z—y])" < { (1 + |2 (1 + |§|)*w if w<0

Thus, we conclude that, provided m < —n,
A: S(R") — (14 |z|*)z CO(R™).

To show that, for general m, A exists as an operator, we need the easy part of thefollow-
ing important theorem.

Theorem 2.1.4. (Schwartz kernel theorem) If X; and X, are open sets in R™ and R™,
every K € D'(X, x Xs) defines a linear map K from C°(Xs) to D'(X;) by

<Ko, >= K © ¢), b e O (Xa), ¢ € G5 (Xa). (30)

The map is continuous in the sense that Ko; — 0 in D'(X;) if ¢; — 0 in CF°(X2).
Conversely, to every such linear map IC there is one and only one distribution K such that
(30) is valid.
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Here ® denotes the tensor product, that is, ¥ ® ¢ is a map on X; x X, defined by
@ d(x1, 1) = Y(x1)d(22). K is called the kernel of K.

Now we construct the Schwartz kernel of A.

Lemma 2.1.5. The map I : (1+ |z —y|?)2S™(R*;R") — (1+|z|> + |y|?) 2 C°(R®") defined
for m < —n as a convergent integral

I(a) = (2m)" / ¢ Ea(r, y, €) de (31)

extends by continuity to

I (14 ]z —y)2smR™R") — S'(R*™) (32)
for each w, m € R in the topology of S™ (R*";R") for any m' > m.

Proof. Since we already have the density of S™°°(R?*"; R") in S™(R?"; R") in the topology of
S™(R?"; R") for any m’ > m, we only need to show the continuity of the map (31) on this
residual subspace with respect to the topology of S™ (R**;R") for any m’ which we may as
well write as m. What we shall show is that, for each w, m € R, there are integers N,k € N
such that, in terms of the norms in (25) and (13)

[1(a)(9)] < Cllal|wmlloll (33)
whenever ¢ € 8, a € (1 + |z —y[*)2a, a € S~ (R*™;R").
To see this we just use integration by parts. Set ¢(z,y) = (1+|x—y|?)2¢(x,y). Observe
that

(14+&- D)@ = (14 [¢]?)eile€
(1= Dy)e % = (L4 [¢P)el s,

Thus we can write for any ¢ € N,
Ha@) = [[en [eemsas g - ¢ D1+ €Dty 0)) dé do dy
— i(z—y)-€, "
= Z/// V¢l (2, y,£) dE) DY, d(x,y) de dy.
Iv1<2q
Here the a(fyq) arise by expanding the powers of the operator

(1—=& D) (1+&- D)= > Cu&"DLDy.

lililvI<q
Thus agq) arises from terms in which 2¢ — |7y| derivatives act on @ so it is of the form
=1+ D CuDL

|l <yl 1v1<2q

= ”avHN,m < Cm,q,N|’&HN+2q,m+2q vm, N,q.
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So if we take ¢ so that we have —2¢+m < —n and use the integrability of (1+ |x|+|y|)~2"~*
on R?", then

1(a)()] < Clallzguml@llzgranss < Clllzgmlll2qw2n1-

This is the estimate (33), which proves the desired continuity.
With its Schwartz kernel constructed, we can finally show that A exists as an operator.

Theorem 2.1.6. If a € (1 + |z — y|?)2 S™(R*;R") then the operator A, with Schwartz
kernel I(a) as defined in Lemma 2.1.5, is a continuous linear map

A: S(R") — S(R™).

We shall denote by W (R") the linear space of operators corresponding to a € (1 + |z —
y|2)%Sm(R2”; R™). We call these operators pseudodifferential operators.

To transfer the definition of pseudodifferential operators to manifolds we need invariance
under diffeomorphisms between open subsets. Once we have local coordinate invariance, we
can define the spaces U™ (X) for any manifold X C R".

Proposition 2.1.7. Suppose that F : Q — Q' is a diffeomorphism where Q and Q' are two
open subsets of R™. Let W (Q') be the set of all A € W™(R™) which has kernel satisfying
that supp A is contained in 2 x . Define Apu = F*A(F~1)*(ulq) for A € ¥™(Q'). Then
Ap € ¥ () and the map YT'(Y) > A:— Ap € VT (Q) is an isomorphism.

Now we define the principal symbol of a pseudodifferential operator.
Consider the Schwartz kernel I of a pseudodifferential opertator A as in Lemma 2.1.5. It
can be shown that the special case w = 0 and 9,a = 0 gives an isomorphism

qr = ST(R™;R") — ™ (R"). (34)

The map qy, is called the left quantization map and its inverse oy, is called the left full symbol
map. We can indeed give an explicit formula for the left quantization.

gr(a) = (2m) ™" / eV (r, £) A, a€ ST(RRY). (35)

As well as the left quantization map leading to the isomorphism (34) there is a right quan-
tization map

4r(a) = (2m)" / GOy € e, ac SRR, (36)

which also gives an isomorphism between S™(R"; R") and ¥™(R"). Its inverse op is called
the right full symbol map.

20



For a pseudodifferential operator A € U (R"), we can relate o7,(A) and og(A) using the
full asymptotic expansion.

—g)lel
(A ) ~ 3 0 De Dt ()2 8) (37)

Notice that the term that correspond to « is in S™~*/(R"; R"). From this relation therefore
we deduce that o7(A) — ogr(A4) € S™H(R™;R"). For a € S™(R";R"), we write [a] for its
equivalence class in the quotient space S™(R™; R™)/S™ 1 (R™; R™).

Definition 2.1.8. The principal symbol map o, : ¥™(R") — S™(R";R")/S™ 1(R";R") is
defined by

The principal symbol can be defined as above for any A € U™ (X) where X is a manifold.
The principal symbol o, is homogeneous degree m on T%(X) \ o where o denotes the zero
section of the cotangent bundle. It is indeed easy to verify that this definition extends the
definition of the principal symbol for differential operators in Definition 1.2.5.

Below we list some basic algebraic properties of the space W"(X).

Theorem 2.1.9. Suppose X is a manifold of dimension n.
(i) The spaces W™(X) increases with m. That is, V™(X) C W™ (X) whenever m < m'.
(i) If A € U™ (X) then A* € U™ (X).
(iil) ™(X) - U™ (X) ¢ O™ (X). That is, if A € V™ (X), B € V" (X) then
AB € Ut (X).

Here A* denotes the adjoint of A as a linear operator. The adjoint is taken with respect
to any inner product given by a smooth density. The property (iii) is sometimes refered as
the composition property of pseudodifferential operators. The properties (ii) and (iii) can
be also stated in a single statement.

(iil) U°(X) = U U™(X) is an order-filtered *-algebra.

Observe that these properties are analogous to the properties of the symbol spaces we
discussed above. Indeed (i) and (iii) are consequences of (26) and (28) respectively.

The space of pseudodifferential operators also exihibits L? boundedness.

Theorem 2.1.10. If A € V(X)) where X is a compact manifold, by continuity from S(X),
A defines a bounded linear operator

A LA(X) — LA(X).
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We say an element of U™(X) is elliptic if it is invertible modulo an error in ¥~>°(X) with
the approximate inverse of order —m. In other words, A € ¥ (X) is elliptic if and only if
there exists B € ¥~ (X) such that AB — Id € ¥~°°(X) where Id is the identity operator.
We call B the left parametriz of A. It can be shown that if B is the left parametrix of A, it
also satisfies that BA — Id € W~>°(X). Thus we say that the left parametrix of A is also the
right parametrix of A, and hence we simply say that B is the parametriz of A. Hence the
parametrix can be thought as the approximate inverse of a pseudodifferential operator. We
also remark that the ellipticity of an operator is equivalent to the invertibility of its principal
symbol.

For elliptic operators, we can also find their approximate square root as suggested in the
following proposition.

Proposition 2.1.11. Suppose A € V™ (X) with m > 0 is elliptic and self-adjoint, i.e.

A = A*, with a positive principal symbol. Then we can find B € W2 (X) with B = B* such
that

A=B*+G, G e U >(X).

So far we have been considering operators A € U (X) which correspond, via (29), to
amplitudes satisfying the symbol estimates (24). As already remarked, there are many vari-
nats of these estimates and corresponding spaces of symbols, namely the spaces of one-step
polyhomogeneous symbols. Just as we constructed the space of pseudodifferential operators
via symbols, we can also construct a family of subspaces of pseudodifferential operators via
polyhomogeneous symbols.

Definition 2.1.12. The spaces of classical pseudodifferential operators on R"™, denoted by
WL (R™), are defined by the condition that the kernel of A € W7 (X) should be of the form
I(a) as in Theorem 2.1.5 for some a € (14 |z — y[*)2 ST (R*™; R™).

Note that if m is real, W7} (R") is a subspace of W™ (R"). Therefore the definition can be
extended for manifolds X as subspaces of the spaces U™ (X) and we can even define their
principal symbols. We can also show that Theorem 2.1.9 holds for the space of classical
pseudodifferential operators. Sometimes we use the notation U™ (R") instead of W7 (R") if
there is no confusion.

For elements of A € WJt (X), the principal symbol o,,(A) has a preferred class of rep-
resentatives, namely the leading term in the expansion of o (A). In other words, we often
write

on(A4) = p(E)an(r,€)  mod S (RYR)
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where p(§) = 1if || > 1 and p(§) = 0 if |¢| < £. It is even natural to identify the principal
symbol with a,,(z,£) as a homogeneous function.

2.2 Wavefront set

Now we will develop a notion of singularity of a function or distribution. One of the most
commonly used notion is the wavefront set, which locates at which points and in which
direction a given function is not smooth.

2.2.1 Characteristic set

Recall from Definition 1.2.6 that the characteristic set of a differential operator is the set
of points at which the operator is not elliptic. In order to define the characteristic set of a
pseudodifferential operator in the same way, we need to generalize the notion of ellipticity.

Definition 2.2.1. If A € U™(X) with the principal symbol o,,, A is said to be elliptic at

(z,€) € T*(X) \ o if there exists € > 0 such that

lom(A)(z,€)] > €&|™ whenever |z — Z| <€, \i — é] <e | >

€l 1€l
The characteristic set (A) of A is defined as for differential operators by

A | =

Y(A)={(z,&) e T(X) \ o: Aisnot elliptic at (z,§&)}

Bicharacteristics are integral curves of H,, (1) inside 3(A).

We can easily verify that ¥(A) is a closed conic subset of X x (R™\ {0}). In other words,
it is closed and (7,€) € L(A) implies (7,t£) € X(A) for every ¢ > 0.

The characteristic set of a pseudodifferential operator has an additional property. Since
the product of two symbols is only elliptic at (z,¢) if they are both elliptic there, it follows
from the composition property of pseudodifferential operators that

Y(AB) = 2(A) UX(B) AeU™(X),Be W™ (X) (38)

Observe that the definition of bicharacteristics in Definition 1.2.7 makes sense as well
for pseudodifferential operators as for differential operators because the pricipal symbol of a
pseudodifferential operator can be regarded as a map on the cotangent bundle and we can
consider its Hamilton vector field.

The Hamilton vector field turns out to be extremely useful for our commutator analysis
of pseudodifferential operators.

Theorem 2.2.2.(See [1], page 4) Suppose A € V" (X) and B € U™ (X) are pseudodif-
ferential operators where X is a manifold. Then [A, B] = AB — BA € U ~Y(X) and

O-m+m/_1 (Z [A7 B} ) = HU7VL(A) O-ml (B)
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2.2.2 Wavefront set

Now we are ready to define the wavefront set of a distribution. Among several different
versions, we adapt the following definition.

Definition 2.2.3. If u € Cy>°(X) = {u € §'(X) : suppu is a compact subset of X} then
the wavefront set W F(u) is defined by

WF(u) = M S(A).

AP0 (X),AueC>(X)

The definition can be extended to general distributions by setting

WF(u)= | WF(¢u).

peCE

For u € Cy°°(X), the wavefront set W F'(u) is always a closed conic set in X x R™\ {0} ,
being the intersection of such sets. For u € D'(X), W F(u) is a closed conic set in X x R™\ {0}
as well, being the union of such sets.

The definition can be further extended to general distributions. Even for general distri-
butions, the wave front set is still a closed conic set in X x R™\ {0}.

The following theorem gives an equivalent definition of the wavefront set.

Theorem 2.2.4. Suppose that u € D'(X). (z,€) € T*(X) \ 0 is not in WF(u) if and only
if there exists A € WO(X) such that A is elliptic at (x,£) and Au € C°(X).

We will find this definition more useful when we define the wavefront set of a pseudodif-
ferential operator on a manifold with boundary because it is simpler.

One of the most important facts about the wavefront set is that it is a refinement of
singsupp u.

Theorem 2.2.5. Let 7: X x R*"\ {0} 3 (x,&) — x € X be the projection in X. Then we
have

7(WF(u)) = singsupp u Vu € D'(X).

Therefore the wavefront set contains all information in the singular support. Recall that
X \ singsupp u is the largest open set to which the restriction of u € D'(X) is a C* function.
One immediate but important consequence of the theorem is that WF(u) is empty if and
only if u is a C'**° function.
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Next we shall consider the notion of the wave front set of a pseudodifferential operator.

Definition 2.2.6. If a € S™(Q); R") we define the cone support of u by

(conesupp a)¢ = {(z,&) € @ x (R"\ {0}): Je > 0s.t. VM € R, 3C); with
o, €)] < Curle) ™ i o — 7| < e | £ — 5 < )
where (€) = (1+[¢[*)2.

This is clearly a closed conic subset in R™ x (R™ \ {0}. By definition symbol decays
rapidly outside this cone, in fact even more is true.

Proposition 2.2.7. Suppose that a € S®(2;R™). If (z,€) ¢ conesupp a, we can find € > 0
such that VM € R, 3C)y; with

3

D2 Dla(z,€)| < Carl) ™ if |2 — 2] <, ||§5 -l

For a differential operator A € U™(X) we associated two symbols of order m, namely
or(A) and og(A). From their asymptotic relation (37) we can show that their cone supports
coincide. Because the principal symbol o,,(A) is defined as a representative of the equiva-
lence class of o, (A) and ox(A), we can define the operator wave front set as follows.

Definition 2.2.8. For every A € U™(X), the wavefront set WEF'(A) of A is defined by

WE'(A) = conesupp o(A) = conesupp or(A).

Sometimes we use a terminology essential support instead of wavefront set.

In our analysis we usually need to consider the wavefront set of a sum or a composition
of operators and the following theorem turns out to be very useful.

Theorem 2.2.9. Suppose X is a manifold and A € V(X)) and B € W™ (X). We have
following inclusions.

WF'(Ao B) C WF'(A)NWF'(B)
WF'(A+ B) C WF'(A)UWF'(B)

Now we can consider the relationship between these two notions of wavefront set.

Theorem 2.2.10. Pseudodifferential operators are microlocal in the sense that

WF(Au) C WEF'(A) N WF(u) VA € U*(X), ue D'(X)
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Here we notice in particular that we have the following inclusion.

WF(Au) C WF(u) VA € U*(X), ue D'(X) (39)

Indeed we can show a weak converse of (39).
Theorem 2.2.11. For any u € D'(X) and any A € V" (X)

W F(u) C WF(Au) U $(A).

For the proof, we first refine the notion of a parametrix for an elliptic operator to that
of a microlocal parametriz.

Lemma 2.2.12. If A € V" (X) and z ¢ X(A) then there exists B € ¥V~"™(X) such that

2 ¢ WF'(Id— AB), z ¢ WF'(Id — BA)

where Id denotes the identity operator. B s called the microlocal parametriz at z.

Proof. We write z = (Z,£) where Z € X and £ is its dual variable. We can construct a
symbol v, € S°(X, R") with its support in

. _ 1 & ¢
C={(x,8)eT(X): |lx—Z|<e, |§{|>=—, | =—=>|<e 40
{(z,6) e T(X) | | €1 = o \|§| ‘£|| } (40)
and is identically equal to one, and hence elliptic, on a smaller set
. € 1 & & e
C:{([E,f)GT*(X) |Jf—$|§—, |§|2_7 |____|§_}
2 S 1S B [
Now we define L. by o1(L¢) = .. Then for any € > 0,
S WP(Id— L), WF(L) € {(2.) € T'(X): o =7 < [ — 1 < o)

Pick G, € U?™(X) so that it is a globally elliptic operator with positive principal symbol.
Namely, we can simply take or(Gan) = (1 + [£]*)™. Now consider the operator J = (Id —
L)Gay + A*A € ¥?™(X). The principal symbol of J is (1 —v.)(1 + |£|*)™ which is globally
elliptic if € > 0 is small enough, so we can find a parametrix H € ¥~2"(X) of J. Now if we
take B = HA* € ¥7"(X), we have

BA—1Id=HA*A—Id=(HJ—ID)+ H(Id — L)Ga,A.

The first term on the right is in W= while z is not in WF’(Id — L) and hence not in the
operator wavefront set of the second term. Therefore z is not in WF’(Id — BA). Similarly
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we can also show that z is not in WF'(Id — AB), which completes the proof of the lemma.
Theorem 2.2.10 is then easily derived from Lemma 2.2.12.

Proof of Theorem 2.2.11. 1f (z,£) € T*(X) is not in ¥(A) then, by definition, A is elliptic
at (z,€). Thus, by Lemma 2.2.11, A has a microlocal parametrix B, so

u = BAu+ Su, (7,€) ¢ WF'(S).
It follows that (z,&) ¢ W F(Au) implies that (Z,£) ¢ W F(u) proving the theorem.

Below we list some important immediate consequences of Theorem 2.2.11.

Corollary 2.2.13. Suppose that Au € C*(X) whereu € D'(X) and any A € Y™ (X). Then
WF(u) C 3(A).

Corollary 2.2.14. If A € V(X)) is (globally) elliptic, that is, A is elliptic at all points in
T*(X) \ o where o is the zero section of the cotangent bundle, then

WFu) =WF(Au),  ueD(X).

In particular we have singsupp u = singsupp Au, u e D'(X).

Corollary 2.2.13 immediately follows from Theorem 2.2.11 if we recall that the wavefront
set of a distribution is empty if and only if the distribution is a C*° function. If A € U™(X)
is globally elliptic, its characteristic set must be empty by definition, so the first identity of
Corollary 2.2.14 follows from Theorem 2.2.11. Then we apply Theorem 2.2.5 to deduce the
second identity of Corollary 2.2.14.

2.3 Propagation of singularities

Here we state the main facts about the analysis of pseudodifferential operators on manifolds
without boundary.

Theorem 2.3.1. (See [1], page 5) Suppose A € V™(X), a = 0,,(A) is real, u € D'(X)
and Au = 0.

(i) WF(u) C X(A)

(ii) WF(u) is a union of maximally extended bicharacteristics in X(A). That is, if
q € WF(u) then so is the whole bicharacteristic through q.

Observe that (i) is just a restatement of Corollary 2.2.13. It is restated here for analogy
with the manifold with boundary or corners.

We also note that (ii) may be vacuous; indeed, if H, is radial, i.e. tangent to the orbits
of the RT-action, then it does not give any information on WF(u), as the latter is already
known to be conic. Such points are called radial points, and in recent work, they have been
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extensively analyzed under nondegeneracy assumptions. If A is the wave operator, there are
no radial points in X(A), but such points are very important in scattering theory.

3 Singularity propagation theorem of wave equation in
the manifold with boundary

3.1 b-calculus

For pseudodifferential operators on a manifold with corners or boundaries, the definitions of
the wavefront set and the bicharacteristics change significantly. These modifications require
us to extend various concepts of differential calculus on manifolds. Because developing these
concepts is just a repetition of what we have done to define the set of pseudodifferential
operators in the boundaryless setting with more complexity, we will mostly focus on describ-
ing their main properties and studing how these properties are analogous to those in the
boundaryless setting rather than stating concise definitions.

Our goal is to construct an algebra of pseudodifferential operators on a manifold X with
boundary 0X. Sometimes we call these operators b-pseudodifferential operators in order
to distinguish them from pseudodifferential operators on a manifold without boundary we
defined in the preveious section. Throughout this section all manifolds are with boundary
unless specified.

Our construction begins with a Lie algebra V,(X) consisting of all C™ vector fields on X
that are tangent to 0.X. Because X is a manifold with boundary, locally it is diffeomorphic
to an open subset U of [0,00) x R""!. In terms of the corresponding local coordinates (x,y)
with = a boundary defining function, it is easy to verify that V(X)) is spanned over C*°(X)
by x0,, 0,.

Indeed we can define the b-tangent bundle of X, denoted by °T(X), so that V,(X) is
the space of all smooth sections of *T'(X). The b-cotangent bundle *T*(X) of X is simply
defined as the dual vector bundle of *T'(X).

There is a natural map y : 7%(X) — °T*(X), which in our local coordinates takes the
form

X(,9,§,¢) = (z,y,2,() (41)

where ¢ and ¢ are dual variables of x and y in T*(X). Note that y is a C° map, but on 90X
it is not a diffeomorphism.

Being a O section of *T'(X), every V € V,(X) defines a linear functional on each fiber of
bT*(X). This is the principal symbol map oy, of V,(X) to the set of C*° fiber-linear functions
on T*(X).

Now consider the set Difly"(X) whose elements are finite sums of tems of the form
aViVa---Vi, 1 <m, V; € V(X), a € C*(X). Then Diff;*(X) = _JDiffj’(X) is a filtered

algebra over C*°(X). Defining 0 ¢(a) = 7*(a) for a € C*°(X), 7 being the bundle projection
"T*(X) — X, o, extends to a map oy, of Diff;’(X) to the set of C* fiber-homogeneous
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polynomials of degree m on *T*(X). We can show that this is a filtered ring-homomorphism
in the sense that

Obmim (AB) = 0y (A) Ty (B) A € Diff*(X), B € Diff™ (X). (42)

The spaces Diff;"(X) extend to the spaces of b-pseudodifferential operators. The space
of b-pseudodifferential operators of order m is denoted by W;*(X). They have the algebraic
properties analogous to W (X) as the following theorem states.

Theorem 3.1.1. Suppose X is a manifold (with boundary) of dimension n.
(i) The spaces Wy (X) increases with m. That is, V(X)) C U7 (X) whenever m < m'.
(ii) If A € V(X)) then A" € U (X).
(iti) wp(X) - U (X) C UP™(X). That is, if A € U (X), B € U (X) then
AB € U (X).

Just as in (iii)’ of Theorem 2.1.6, we can combine (ii) and (iii) into a single statement.
(iil) U(X) = U U™ (X) is an order-filtered *-algebra.
L? boundedness is also valid for b-pseudodifferential operators.

Theorem 3.1.2. Suppose that X is a compact manifold. Every A € W)(X) extends from
S(X) by continuity to define a continuous linear map on L*(X).

The principal symbol map, which is already defined above for Diff)"(X), extends to a
map o, on ¥;*(X). The extended map is still a filtered ring-homomorphism as (42) holds
for b-pseudodifferential operators.

Opmim (AB) = 0y (A) Ty (B) A e UMX), Be W (X). (43)

Now we can define the b-wavefront set of distributions. For simplicity we define the b-
wavefront set for u € LE(X ) where g is a Riemannian metric. The complete definition of the
b-wavefront set involves some advanced concepts that are not of our interest. The complete
definition can be found in [] with all the necessary concepts explained.

Definition 3.1.3. Suppose that u € L2(X). We say that (z,y,0,¢) € "T*(X) is not in
W Fy(u) if there is an A € UP(X) such that A is elliptic at (z,y,0,¢) and QAu € L*(X) for
all Q € Diffy(X).

The notion of ellipticity of b-pseudodifferential operators can be developed in an anal-
ogous way to that of pseudodifferential operators. Note that this definition is stated in a
parallel manner of our alternative definition of the wavefront set in Theorem 2.2.4.

The b-operator wavefront set can also be defined analogous to the operator wavefront

set. However, because the definition involves several complicated concepts, we will not give
any concrete descrption here.
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3.2 Bicharacteristic geometry

With the b-calculi preliminaries, we can now turn to the bicharacteristics. Throughout this
section, we will concentrate only on the wave operator.

Recall that if A € ¥™(X) with the principal symbol 0,,(A) = a, the characteristic set
Y (A) is a subset of 7%(X) and the bicharacteristics are integral curves of the Hamilton vector
field of a inside X(A).

Definitoin 3.2.1. Suppose that A € ¥;*(X) with the principal symbol 0,,(A) = a. Define
X @ T*(X) — "T*(X) as in (41). The compressed characteristic set %(A) C *T*(X) is
defined by X(A) = x '(2(A)). Generalized broken bicharacteristics are continuous maps
v : I — %(A), where I is an interval, satisfying

lim inf (f o ’7)(8) _ (f © 7)(30> > inf Ha(X*f)(b) (44)

550 5 — 5 X~ (7(50))NZ(A)

for all f € C®(*T*(X)) real valued.

The requirement (44) for is indeed very natural. For a manifold without boundary X, we
have defined bicharacteristics as integral curves of the Hamilton vector field of the principal
symbol a in the characteristic set. Thus if 7 is an bicharacteristic segment over X, then for

all f € C°(T*(X)), the derivative of f along gamma at sg, i.e. lim (fon)(s) = (fo W(SO),
§—50 S — 8o

is equal to H,f(7(s0)). When we return to the manifold with boundary X, H, is a vector
field on T*(X) while the image of v lies in ®*T*(X). Because X is not one-to-one even if
restricted to X(A), the preimage of (sg) under x often contains many points. Therefore
f is possibly not differentiable along ~. Still we can expect bounds for the liminf of the
difference quotients by taking the infimum of H,(7* f)(b) over x (v(so)) N X(A).

For the rest of this section, we will narrow our focus to the wave operator P = D — A,
where ¢ is a Riemannian metric on a manifold with boundary X. With the local coordinates
(x,y) on X with z a boundary defining function, we will correspondingly write the local
coordinates on T*(X) and *T*(X) by (z,v,&,¢) and (z,y, 0,(). Sometimes we will consider
a manifold Y = X x R with the local coordinates given by (x,y,t). The dual variable of ¢
on T*(Y) and *T*(Y) will be denoted by 7.

The generalized broken bicharacteristics for the wave operator P can be discribed more
consisely. First we divide the compressed characteristic set Y(P) into the following two
subsets: the glancing set G, the set of points in 3(P) whose preimage under x = x|x(P) is
a single point set, and its complement, the hyperbolic set H. Then we write the metric ¢ in
the form

9(z, 4,60 =Y Ay, 9)&¢ + Y 1,52C5(z, 9)6¢ + > Bij(r,9)&¢ (45)
i,j i,J

with A, B, C smooth. The coordinates on X can be further adjusted so that C(0,y) = 0,
and with this adjustment we have

alo=o(y, &, ¢, 1) =7 =& A(y)E — ¢ - B(y)¢
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on T*(Y') \ o with A, B positive definite matrices depending smoothly on y. Thus, with
U={(x,y,t,0,(,7) €*T*(Y)\ 0: z =0}, we have

GNU = {(0,4.4,0,,7) €T (V) : 7 =C- Bl)G, (¢.7) # 0},
GNU = {(0,y.1,0,¢,7) €"T"(Y) : 7> C- B(y)C., (C.7) # 0}

Note that ¥(P) is disjoint from all points (z,y,t,0,¢,7) € *T*(Y)) with = 0 at which
either 0 # 0 or 72 < (- B(y)(.

The following theorem provides a concrete description of the generalized broken bichar-
acteristics of the wave operator.

Theorem 3.2.2. [1, Lemma 7] Suppose v is a generalized broken bicharacteristic. We let
G and 'H denote the glancing set and the hyperbolic set contained in Z(P) where P s the
wave operator with the principal symbol p. We also define the map x : T*(X) — *T*(X) as
in (41).

(i) If v(s0) € G, let qo be the unique point in the preimage of v(so) under X = x|s(P).
Then for all f € C°(*T*(X)) real valued, f o~ is differentiable at sy, and

@bso = HpX*f(qO)-

(i) If v(so) € H, lying over the boundary given in local coordinates by x = 0, then there

exists € > 0 such that x(y(s)) = 0 for s € (so —€,50 + €) if and only if s = sg. That is, v
does not meet the corner in a punctured neighborhood of sg.

3.3 Propagation of Singularities

We are now ready to state the main theorem.
For a manifold X with boundary X, we define H}(X) as the completion of C5°(int(X))
in the norm

lullf ) = ldulza g + lullzzx

whose elements restrict as 0 to 0.X. Thus all u € Hg,loc(X ) satisfies the Dirichlet boundary
conditions.

Theorem 3.3.1.(cf.[1, Theorem 9]) Suppose A € ¥V} (X), u € Hj,;,.(X) and Au = 0.

(i) WFy(u) C %(A)
(i) WFy(u) is a union of mazimally extended generalized broken bicharacteristics in
Y (A). That is, if s € WFy(u), then so is the whole bicharacteristic segment through s.

This theorem can be stated in a completely microlocal manner. The theorem also holds
for Neumann boundary conditions.

It was proved in the real analytic setting by Lebeau [|, and in the C* setting with C*
boundaries by Melrose, Sjostrand and Taylor [|]. The main ideas of the proof are the positive
commutator estimates, b-microlocalization, and the Dirichlet form.
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Here we sketch the positive commutator proof in the boundarylesss setting. For A €
P> (X), we want to construct B € ¥ (X) such that i[B*B, A] is positive, modulo terms we
have control. Note that

(1[B*B, Alu,u) = (iB*BAu,u) — (iAB*Bu,u)
= (iB*BAu,u) + (u,iB*BAu),

and the PDE gives information about Au. Now if i[B*B, A] = C*C' + E + F where F is
lower order, hence negligible, we deduce that ||Cul|?> can be controlled provided we have
information about (Eu,u), i.e. about u microlocally on W F'(E).

In our positive commutator estimates we therefore assume that W F (u) is disjoint from
W F'(E) and propagate the regularity of u to conclude that W F'(u) is disjoint from the elliptic
set of C'. We accomplish this with an iterative argument showing that u is in the Sobolev
space H™(X) on the elliptic set of C, provided that it is in H m—3 (X) in a neighborhood, that
W F(u) is disjoint from W F'(E) and that Au = 0. Therefore we need C' € W (X), for then
the L2 norm of Cu is a microlocal H™ norm of u, and so we eventually need B € U™ 2 (X).

The equation i[B*B, A] = C*C' 4+ E + F is indded a condition on the principal symble b
of B, namely that

Hb=—c+e

where a, ¢ and e are the principal symbols of A, C' and F respectively. We want b to be
decreasing along bicharacteristics except in a region in which we have information about w.
We also want b to have small support.

In our simple setting, H, can locally be made into a constant vector field 8%1 by a change
of coordiates on S*(X) = (T*(X) \ 0)/RT. So we work with homogeneous degree zero
functions ¢ = (q1,§) on T*(X) \ o which give coordinates on S*(X). In such coordiates the
construction of b as a C* function on S*(X) is straightforward which is then regarded as a
homogeneous function on 7%(X) \ 0. More precisely, we can take b to be the product of a
compactly supported function #; of ¢;, on the derivative of which we have sign conditions,
and an arbitrary compactly supported non-negative function 6y of g. Here the compact
support should be small enough so that supp a is a subset of the region of validity of the
local coordiates.

Here supp e corresponds to the region where 6] is positive, or equivalently, where H,b =
016, is positive. Note that the positive commutator estimates gives us control of a solution
of Au = 0 over the rest of supp a provided we have control of u over supp e. Because we
can choose 6, to have its support in an arbitrary small set, we conclude that the control of
u propagates along the bicharacteristics.
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