Ph.D. Qualifying Exam, Real Analysis
Spring 2009, part |

Do all five problems. Write your solution for each problem isegarate blue book.

Fix a real numbep € (1,00), and define a linear operat@’ : LP(0,00) — LP(0,00) by
(TH) =3 Jo ) dy.
a. Show that

IT w0 < =2 I v
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forall f € LP(0,00). (Hint: write | f(y)| =y #* [ypT? | f(y)|] and apply Holder's inequality.)
b. Show that the operator norm @fis equal to}%.

Suppose thaX, Y are Banach spaces, and Etdenote the norm topology oX, U the norm
topology onY'. Let 7, denote the weak topology ok, andi/,, denote the weak topology an.

a.  Show that(X, 7,,) is (T3), i.e. ifz € X then{z} is 7,,-closed, and ift € X, andC C X is
Tw-closedx ¢ C, then there exist,,-open setd/, V suchthal NV =0,z € U,C C V.

b. Show that alinear map : X — Y is continuous as a map fro(X, 7;) to (Y, Us) if and only
if it is continuous as a map frofX, 7,,) to (Y, U,,).

Suppose thatg, } is a sequence of positive continuous functions|@r], x is a positive Borel
measure of0, 1] and that (i)lim, .~ g,(z) = 0 a.e., (ii)fo1 gn dx = 1for all n and

1 1
(i) lim / fondx = / fdu
for every continuous functiofi € C0, 1]. Does it follow thatu is mutually singular with respect to
the Lebesgue measure? Prove this or give a counterexanmpl@i@ve that it is a counterexample).

Let s(Z) denote the vector space of rapidly decreasing bi-infinitaglex-valued sequences, i.e.
sequences = {ay, }nez : Z — C such thatpy({a,}) = sup|n*a,| < oo for all k& > 0 integers,
and let7 be the weakest topology o:iZ) in which the functions

Jrp(a) = pr(a —b) : s(Z) — [0,00),
k> 0,b € s(Z), are continuous.

a. Show that7 is metrizable, and give an explicit metric giving rise to thpology7 .
b.  Show that there exists no noriri| on s(Z) such thatZ is the topology given by the norif||.

A Banach space is uniformly convex if for every e € (0,1) there existsy < 1 such that if
z,y € B, ||zl = |ly| = 1 and|z — y|| > 2¢ then||3(z + )| <.

a. Show that every Hilbert space is uniformly convex, and ong taken = (1 — €2)'/2.

b. Forl < p < oo, show thatL? is uniformly convex. (Hint: For (b), write |f + g|P du =

S 16+ 1P dv where = i ¥ = iy andv = (f|P +|gl?) . This reduces the
general case to that where the functions are boundeddmnd the measure space has total mass 2.
Use the convexity of the functiog? in [—1,1].)
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Two quick problems.

a.  Suppose thaf € C(T), T = R/(2nZ). Let My be the multiplication operator ob”(T), p €
[1,00), (Msop)(x) = f(x)¢p(x) for ¢ € LP(T). Show that the spectrum @, is o (M) = f(T).

b. Suppose thaX is a Banach spacd) is a dense subspacd,, € L(X),n € N, A € L(X).
Show thatA,, — A in the strong operator topology if and only{if A,,||z(x) : n € N} is bounded
andA,x — Az (in the topology ofX) for all x € D.

a. Suppose that” is a normed complex vector space with ngfri, and\ : Y — C is linear but
is not continuous. Show thaf = A~1({0}) is dense inv".

b. Show thatZ?([0, 1]) has an orthonormal bas{g, : n € N} such that each,, € C*([0,1])
and¢! (1/4) = ¢,(1/2) for eachn.

Suppose thak € L?(]0,1] x [0,1]), 1 < p < co. Letq be the dual exponeng,* + ¢! = 1.

a. Forf e L[0,1]), let (Af)(z) = [ K(z,y)f(y)dy. Show that(Af)(z) indeed exists for
almost everyr andA € £(L9([0,1]), LP([0,1])).

b. Suppose that for every € L([0, 1]), (Af)(x) = 0 for almost everyc. Show thatk' = 0 a.e.

Let S"(R™) denote the set of tempered distributions, d#t(R") be the subspace &f'(R")
consisting of distributionsf whose Fourier transforms are functioiissuch that|| f|| s@ny =

JA+EP)IF ()7 dE < +oco.

a.  Showthatif2 < p < ocothenfors > 3 — 2 every element off*(R") is in LP(R"™), and there
existsC' = C(n,p, s) such that| f|| »(wn) < C||f]|frs(rn) for every f € H*(R™). (Hint: consider
p = 2, 0 first.)

b. Forp = oo, show that this is sharp, namely if = 3, there is no constanf’ such that
I fllrny < C|l f || s mny fOr every f € H*(R™).

Suppose thak is a Banach space ové&r, M and N are closed subspaces ®f and letM + N =
{reX:3ImeM neN, x=m+n}.

a. Show thatM + N is closed if and only if there exists > 0 such that for ale € M + N
there existn € M, n € N such thatt = m + n and||m| + ||n| < C|z|.

b. Suppose thaty; : M — Candly : N — C are continuous linear functionals atig |y =
¢N|pmnn- Show that ifA/+ N is closed, then there existss X* such that|y, = ¢y andl|y = £y .

c. Give an example of a Banach spakeand closed subspacdg, N such that\/ N N = {0}
but M + N is not closed.



