Ph.D. Qualifying Exam, Real Analysis
Spring 2007, part |

Do all the problems. Write your solution for each problem separate blue book.

Two short problems:

a. Suppose thak andY are Banach spaces, adg,, n = 1,2,3,..., andA are bounded
linear operators fronkX to Y. Suppose also tha4,, — A in the weak operator topology, i.e.
the weakest topology on bounded linear operatifiX, Y) in which the maps

Epp : LX) Y)2 A l(Az), 2 € X, L€ YT,
are continuous. Show th@fi A, || : » € N} is bounded.

b. Leta;,j=1,...,N beasequence of real numbers with each- 0 andzj.\f:1 a; = A.
Prove that

Y1 N2

Sz

= a; A

When is equality achieved?
Let f € L'(R), and
o= [ sy
T)=— t)dt, > 0.
g 20 Jump g
Show that the functiorf, is continuous for each > 0, andf, — fin L'(R) asp — 0.

Let H be a separable infinite dimensional Hilbert space, and sgpftate;, e, ... iS an
orthonormal system ilf. Let f1, fo,... be another orthonormal system which is complete,
i.e. such that the closure of the span{¢f} is all of H.

a.  Provethatify >, |le, — fal|? < 1, then{e,} is also a complete orthonormal system.
b.  Suppose only thdf >, ||e,— fn||* < co. Prove thatitis still true thafte,, } is a complete
orthonormal system. (Hint: choogéso thaty > \ ., [len — fn|[* < 1; consider the subspace

S spanned by the vectors, = f,, — Z?;n+1<fn> en)en, forn < N.)

Let ¢y denote the closed subspace/ifi(Z) consisting of all bilateral sequences= (z;)
such thatz; — 0 when|j| — oco. The sequence of Fourier coefficients of any function
f € L'(S') lies incy. Denoting this map byF, prove that the image of is not all of .

Let . be a non-negative Borel measure Rf such thatu(A) < oo for each bounded Borel
subsetd C R".

a  SettingB,(x) = {y : |y — x| < p}, prove that for eaclp > 0, u(B,(x)) is a lower
semi-continuous function oR™. (A real-valued functiord onR"™ is lower semi-continuous if
forall z € R", §(z) < liminf, ., 6(y).)

b.  Prove that the uppér-density©** () = limsup . o p~*1.(B,(z)) is a Borel measurable
function onR” for eachk > 0.
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Let f : [0,1] — R be any function of bounded variation. Prove that

/ 1@ de <T(P),
whereT'(f) is the total variation off, i.e. the supremum over all partitions
O=zxg<m<...<zy_1<zy=1
of S50, £ (25) = f(ajma)l.
Let pg = a™'1{_4/2,4/2)- ASSume that,, > 0,n =1,2,..., Y a, < co, and let
Dy, = gy * Pay ¥ ¥ Py,

Prove thatforeach =0,1,2...,®,isin C’“(R) for n sufficiently large, and there is a function
® € C*(R) which is supported in an interval of lengii a,,, and satisfie§ ®(z) dx = 1,
such that for each, ®,, converges ta in C* (on compact intervals) as — oc.

Let F denote the Fourier transform initially defined as a map flor(iR) to L>°(R).
a. Prove thatF extends to a bounded mdp/3(R) — L(R).
b. Prove, on the other hand, thatdoes not extend to a bounded maf{R) — L*/3(R).

Let X be a Banach space such thét is separable. Prove that is separable.

If f € LY(SY), then we write

N .
Sv(H@) = > ape™
n=—N

and
1 N-—1
on(F)(@) =5 D Su(f)(@)
M=0

the N*" partial sum and thé&/*" Fejer sum of its Fourier series, respectively. Prove thét f
are two smooth functions witfi < g, thenox (f)(z) < on(g)(x) for all z, but that there exist
functionsf < g such thatSx (f)(0) > Sn(g)(0).



