
Ph.D. Qualifying Exam, Real Analysis

Spring 2007, part I

Do all the problems. Write your solution for each problem in aseparate blue book.

1 Two short problems:

a. Suppose thatX andY are Banach spaces, andAn, n = 1, 2, 3, . . ., andA are bounded
linear operators fromX to Y . Suppose also thatAn → A in the weak operator topology, i.e.
the weakest topology on bounded linear operatorsL(X,Y ) in which the maps

E`,x : L(X,Y ) 3 A 7→ `(Ax), x ∈ X, ` ∈ Y ∗,

are continuous. Show that{‖An‖ : n ∈ N} is bounded.

b. Let aj, j = 1, . . . , N be a sequence of real numbers with eachaj > 0 and
∑N

j=1 aj = A.
Prove that

N∑
j=1

1

aj
≥

N2

A
.

When is equality achieved?

2 Let f ∈ L1(R), and

fρ(x) =
1

2ρ

∫ x+ρ

x−ρ
f(t) dt, ρ > 0.

Show that the functionfρ is continuous for eachρ > 0, andfρ → f in L1(R) asρ → 0.

3 Let H be a separable infinite dimensional Hilbert space, and suppose thate1, e2, . . . is an
orthonormal system inH. Let f1, f2, . . . be another orthonormal system which is complete,
i.e. such that the closure of the span of{fj} is all of H.

a. Prove that if
∑∞

n=1 ||en − fn||
2 < 1, then{en} is also a complete orthonormal system.

b. Suppose only that
∑∞

n=1 ||en−fn||
2 < ∞. Prove that it is still true that{en} is a complete

orthonormal system. (Hint: chooseN so that
∑∞

n=N+1 ||en−fn||
2 < 1; consider the subspace

S spanned by the vectors̃fn = fn −
∑∞

k=n+1〈fn, en〉en, for n ≤ N .)

4 Let c0 denote the closed subspace in`∞(Z) consisting of all bilateral sequencesx = (xj)
such thatxj → 0 when |j| → ∞. The sequence of Fourier coefficientsan of any function
f ∈ L1(S1) lies in c0. Denoting this map byF , prove that the image ofF is not all ofc0.

5 Let µ be a non-negative Borel measure onR
n such thatµ(A) < ∞ for each bounded Borel

subsetA ⊂ R
n.

a. SettingBρ(x) = {y : |y − x| < ρ}, prove that for eachρ > 0, µ(Bρ(x)) is a lower
semi-continuous function onRn. (A real-valued functionθ on R

n is lower semi-continuous if
for all x ∈ R

n, θ(x) ≤ lim infy→x θ(y).)

b. Prove that the upperk-densityΘ∗k(x) ≡ lim supρ↘0 ρ−kµ(Bρ(x)) is a Borel measurable
function onR

n for eachk > 0.
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1 Let f : [0, 1] → R be any function of bounded variation. Prove that
∫ 1

0
|f ′(x)| dx ≤ T (f),

whereT (f) is the total variation off , i.e. the supremum over all partitions

0 = x0 < x1 < . . . < xN−1 < xN = 1

of
∑N

j=1 |f(xj) − f(xj−1)|.

2 Let φa = a−11[−a/2,a/2]. Assume thatan > 0, n = 1, 2, . . .,
∑

an < ∞, and let

Φn = φa1
∗ φa2

∗ · · · ∗ φan
.

Prove that for eachk = 0, 1, 2 . . ., Φn is inCk(R) for n sufficiently large, and there is a function
Φ ∈ C∞(R) which is supported in an interval of length

∑
an, and satisfies

∫
Φ(x) dx = 1,

such that for eachk, Φn converges toΦ in Ck (on compact intervals) asn → ∞.

3 LetF denote the Fourier transform initially defined as a map fromL1(R) to L∞(R).

a. Prove thatF extends to a bounded mapL4/3(R) −→ L4(R).

b. Prove, on the other hand, thatF does not extend to a bounded mapL4(R) −→ L4/3(R).

4 Let X be a Banach space such thatX∗ is separable. Prove thatX is separable.

5 If f ∈ L1(S1), then we write

SN (f)(x) =
N∑

n=−N

aneinx

and

σN (f)(x) =
1

N

N−1∑
M=0

SM (f)(x)

theN th partial sum and theN th Fejer sum of its Fourier series, respectively. Prove that iff, g

are two smooth functions withf ≤ g, thenσN (f)(x) ≤ σN (g)(x) for all x, but that there exist
functionsf ≤ g such thatSN (f)(0) > SN (g)(0).


