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Fall 2005 Qual, Part I: 1b, 3, 4;: Part Il: 1, 4, 5

L.1b Suppose that u is a continuous linear functional on C®(T) (i.e. a distribution on
the circle), which has the property that (u,¢) > 0 whenever ¢ > 0, ¢ € C*(T). Show
that u is a measure.

We know that the dual of C(T) is the set of finite measures on T, so it suffices to show
that u extends to a linear functional on C(T). We know that u is linear, so it suffices to
show that u is bounded with respect to the C°(T) norm, i.e.

[(u,¢)| < Csup [¢].

Let ¢ € C®(T). Let M = sup |¢|, and let ¢y = R(¢), P = J(¢p) be the real and
imaginary parts of ¢. Observe that |¢;| < M fori = 1,2, so we have that M £ ¢; > 0 for
i = 1,2. The hypothesis on u then gives us that

(u, M — ;) >0, (u, M+ ;) > 0.

In other words, we have that
+(u, ;) < M(u,1).

Let C = (u,1). The above inequality may then be rewritten as
[(u, i) | < CM

because (1, {;) is real. We then have that

[(u, )| < [, 1) | + [, 92))|
< CM + CM < 29| corry-

This tells us that u € (C%(T))" and so is a measure. .

1.3 Show thatif ¢ € L'(T), u € M(T) (a finite measure on T), and u(x + a7m) — u(x) =
gdt, for some irrational «, then y is absolutely continuous.

We begin by decomposing y = pi4c + 1s into its absolutely continuous and singular parts.
We wish to show that ps = 0.
By adding p(x) to both sides, we see that

Mac(t +ar) + ps(t +ar) = (pac(t) + g(t)dt) + ps(t).



The uniqueness of this decomposition means that the singular parts of the two sides must
be equal, i.e.
us(t+ ) = ps(t).
Measures on T are certainly distributions on T, so we may consider the Fourier coef-
ficients of us. Recall that if u; = u(t — 1), then

i (n) = i (n).

We must thus have that ‘

e s (n) = fis(n)
for all n. « is irrational, so e "7 =£ 1 for all 1, and so we must have that ji5(1n) = 0 for all
n,i.e. us = 0. Thus y is absolutely continuous. n

L4 Let f € C®°(R) (the space of infinitely differentiable functions on the line). Assume
that for every x € R, f")(x) = 0 for at least one 1 > 0. Prove that f is a polynomial.

The outline of our solution is as follows: First we will use the Baire category theorem to
show the existence of a dense open set U such that the restriction of f to any component
of this set agrees with a polynomial. We will then show that the complement F of this set
has no isolated points. We will use Baire again to show that there is some open interval |
such that ] N F C U, which will give us a contradiction.

Start by considering the sets

F{xeR:fM(x)=0}.

F, is closed because f is smooth, and R = U,F, by hypothesis. Let U = U, EF;, i.e. U is the
union of all the neighborhoods in R on which f agrees with a polynomial. Differentiation
is a local property, so F; C F; ;. U is clearly open. For any interval [a, b], we may write

[a,b] = UF, N [a,b].

The Baire category theorem tells us that there is some n such that F, N [, b] has nonempty
interior, i.e. U N [a, b] is nonempty. Thus U is dense.

Suppose that | C U is a component interval of U (we know already that the connected
components of an open set in R are intervals). Let K; be an exhaustion of ] by compact
intervals, i.e. K; is a compact interval, K; C K; ;1 and | = UK. (For example, if ] = (a,b),
thenlet K; = [a+1,b — }].) K; is compact and the F{ provide an open cover of K;, so there
is some finite subcover. The F; are nested, so there is some 7; such that

K; C F,Z,

i.e. fis a polynomial of degree at most n; on K;. The polynomial f|k. is determined by
at most n; + 1 points, which we may take to be in Kj, so f is a polynomial of degree less
than 77 on all of K;, and so on J. In particular, if U = R, then f is a polynomial on I and
we are done.



Our goal then is to show that the nowhere dense closed set F = R\U is empty. We'll
start by showing it has no isolated points. Indeed, if x € F is an isolated point, then
there must be intervals (4, x) and (x,b) in U. f is a polynomial when restricted to those
intervals, and so if we take n high enough, f(*) vanishes on (4, x) and (x,b). Continuity
then implies that (") (x) = 0 as well, so in fact (a,b) C U.

F is thus a complete metric space (because it is closed) with no isolated points. We
apply Baire again to the decomposition F = (J,, F, N F. This tells us that there is an open
interval | such that

@ #JNFCF,.

Moreover, by using a sequence of points x; € F tending to x € ] N F (because F has no
isolated points), we may see that ] N F C F,, ; forall k > 0.

We finally claim that | C F,, which would imply that ] C U, contradicting that | N F #
@. It is enough to show that each component L of ] N U lies in F;;. L is a component of
JNU, so L is an interval contained in U, meaning that L C F;, for some minimal m.
Suppose that n > n. Then by integrating, we can see that f("~1) is constant on L. Note
that L is a component of ] N U, so f(") vanishes on the endpoints of L. In particular, if
m > n, f"=1) must vanish on L by continuity, contradicting the minimality of 7. Thus
m<mn,andsoL C F, C F;.

We may thus conclude that F is empty, and so f is a polynomial. u

I1.1

1. Describe anorm || - ||o on R® such that the unit vectors (1,0,0), (0,1,0),and (0,0, 1)
have norm 1 while [|(1,1,1)]o < 755-

2. Let f,(t) = Zjezfn(j)eiﬁ, where |£,(j)| < |j|~'°8l/ for |j| > 75, uniformly in n.
Assume that for all j, lim, fn (j) exists, and denote it cj. Prove that g = X c]-eijt €

C>®(T) and that f,, converges to g in the topology of C* for every k > 0.

1. The idea here is to note that the unit ball must be convex (because we are looking
for a norm) and must contain (100, 100, 100), while the standard basis vectors must
have norm 1.

We consider an (®-type norm. Indeed, consider the vectors v; = (1,0,0), v, =
(0,1,0), and v3 = (200,200,200). This is a basis for R?, so any vector in IR® may be
expressed uniquely as a linear combination of these three. We may thus specify a
norm by letting
|a101 + azv; + azvsllo = sup |a;].
i=123
We then note that

1
(0,0,1) = m% — 01 — 0y,

so that [|(0,0,1)[|o = 1, while ||(1,1,1)]|o = 55



2. Recall that to see that g € C*, it is enough to show that
k
2 |il¥lesl < oo
j€Z

for all k. Our hypothesis is that

()] < ||~ o8l

for all |j| > 75, uniformly in 1, so we may pass to the limit and observe that c;
satisfies the same bounds. log |j| is unbounded, so it is easy to see that for some Cy
depending on k,

Yolilflel <Gt Y [jIT18lHF < oo,
log |j|>k+2

and so g € C*(T).

To see that f, — g uniformly, it is enough to obtain similar bounds on |[c; — ()1,

i.e. that A
Y 1il¥lej = fu() — 0
jez

as n — oco. Fix € > 0. By taking N large enough, we may assume that
. A €
Y il — fali)] < 5
lj[>N
By taking n large enough, we may also guarantee that
. P €
¥ ikl - fu)l < 5,
ljI<N

proving the claim.

114 Let T = R/27Z be the circle group. Let k € L}(T) and let K be the integral
operator on L?(T) defined by

K:fe %/k(x — ) f(bdt.

1. Prove that K is compact and normal (i.e. commutes with its adjoint). When is it
actually self-adjoint?

2. What is the spectrum of K and what are the corresponding eigenfunctions and
eigenvalues?

3. If we replace T by R, then is the analogous operator on L?(R) (with k € L!(R))
compact?




1. To see that K is compact, we use Fourier series. Observe that for f € L2, we have

that
= Gy / / e~ M5k (x — t) f()dtdx
_ @ / / e in(=Dg=int(x _ 1) F(£)dtdx
— e (e k) ([ e scoar)
= k(n

)f(n).

Thus we may consider K as acting on ¢?(Z) (which is isometrically isomorphic to
L2(T)) via multiplication by k(n).

k € L(T), so the Riemann-Lebesgue lemma tells us that k(1) — 0 as |n| — oo.
Consider the operators Ky, which act on L2 by

k(m)f(n) |n| <N
0 n| >N~

st - {
If N is large, then |k(n)| < € for || > N. In this case, we have

1K = Kn)fI22 = (K= Kn) f 1%
~ 20 . 2
= ¥ [kon| [

[n|>N
<eY|fm)| < elfii,

so that ||K — Ky/|| < €. Thus K may be approximated in norm by finite rank opera-
tors and so is compact.

We may also see that K is normal by using Fourier series. Indeed, observe that for
f,g € L*(T), we have
>g

(KF.
D k(m)f(n)

(Kf,8)12

so that - S
Keg(n) = k(n)g(n).

To see that K is normal, we simply observe that

KK*f(n) = k(n)k(n)f(n) = k(n)k(n)f (n) = K*Kf(n),

Pl



and so KK*f = K*Kf for all f € L2. Finally, note that K will then be self-adjoint
y )

whenever k(1) = k(n), i.e. whenever k() is real. Note that this requirement can be
rephrased as

/ei”xk(x)dx = /ei”xk(x)dx = /ei”xE(x)dx = /ei”xmw.

The density of trigonometric polynomials in L! mean that we must have that k(x) =
k(—x)in L',

. Let A, = k(n). Note that we must have A, € ¢(K), as
Keinx — f((n)einx — Aneinx'

Moreover, because k(1) — 0,0 € (K) because it is closed. We claim that this is the
entire spectrum. Note that this also implies that 0 is the only limit point of {k(n)}.
Suppose now that

A¢{0,A,}.

This set is closed (it contains all of its limit points), so there is some € > 0 such that
|A — Ay| > € for all n. Consider the map on ¢? defined by

1
This is bounded because , .
‘A—M ~ e

Using the isometry between L? and ¢, we define the bounded operator A, by

AF(n) = o).

Note that we then have

—

AA=K)f(n) = f(n), (A= K)Af(n) = f(n),
andso A = (A —K)7}ie A ¢ o(K).

. In terms of intuition, it is important to think about what we used to prove K was
compact. We relied very heavily on our representation of K as a multiplier on ¢?(Z)
and that such operators are compact if and only if they tend to 0. The analogous
fact is not true on R. While it is true that we can represent the analogous opera-
tor as a multiplier on L?(R) using the Fourier transform, we only know that it is
multiplication by a continuous function tending to 0 at co.

To be (somewhat) more rigorous, we fix a smooth compactly supported function
thatis identically 1 on [—1, 1]. Let k be the inverse Fourier transform of this function.



We know that such a function is Schwartz and so is certainly L!. The analogous
operator then is

K:f Zi/Rk(x—t)f(t)dt.

s

The Fourier transform gives us an isomorphism of L?(IR), and we may write

Kf(&) =k@)f (@)

Note that K is compact on L?(RR) if and only if this multiplier (call it A) is compact
on L?(R). We claim that it is not. Indeed, consider the characteristic functions

fu(§) = \/EX[—l/Zn,l/Zn](g) € L*(R).

Note that || fu||;2 = 1, so this is a bounded sequence and that Af, = f, (because k
is constant on [—1, 1]). Moreover, this sequence can have no bounded subsequence
because f, — 0 a.e., so that any convergent subsequence must converge to 0, which
is impossible because || f,,|| = 1. Thus A is not compact and so K is not compact.

n

IL5 Suppose that for some p, 1 < p < oo, f, € LP([0,1]) and || f,1|, < 1, uniformly in n.
Assuming that f,(x) — 0 a.e., prove that f, — 0 weakly in L.

To show that f, — 0 weakly in L?, it is enough to show that fol fug — 0 for each g €
L9([0,1]), as L7 is the dual of L*.

Let ¢ € L7 and fix € > 0. Recall from measure theory that there is some § > 0 such
thatif A C [0,1] has m(A) < J, then

1/q e
q s
(f1s) " <5

fn — 0almost everywhere, so by Lusin’s theorem thereisaset A C [0, 1] withm(A) <
0 such that f, — 0 uniformly on [0,1]\ A. In other words, there is some N such that for

all n > N we have .

()] < 2

AN on [0, 1]\ A.

We then have that

ugl < [ Vsl + [ sl
1/p

<l ([ 1)+ ([, 1) lsly

€ €
<fh S sl =e
2" 2[lgf, 8l



