
Ph.D. Qualifying Exam, Real Analysis

Fall 2009, part I

Do all five problems. Write your solution for each problem in aseparate blue book.

1 Two short problems:

a. For a topological spaceM , let C(M) denote the vector space of real valued continuous
functions onM .

SupposeX,Y are compact Hausdorff topological spaces. LetD be the linear span of functions
of the formu(x, y) = φ(x)ψ(y), φ ∈ C(X), ψ ∈ C(Y ). Show thatD is dense inC(X × Y ).

b. Suppose thatX is a Banach space,{xj}
∞
j=1

is a sequence inX with the property that
∪∞

n=1
Xn = X, whereXn = Span{x1, . . . , xn}. Show thatX is finite dimensional.

2 LetX be a Banach space, and letS denote the unit sphereS = {x ∈ X : ‖x‖ = 1}.

a. Supposeyn ∈ S for all n, andyn → y ∈ X weakly. Show that‖y‖ ≤ 1.

b. Suppose thatX is a separable infinite dimensional Hilbert space,y ∈ X and‖y‖ ≤ 1. Show
that there exists a sequence{yn}

∞
n=1

with yn ∈ S for all n such thatyn → y weakly.

3 Let f, g ∈ L1(T), T = R/(2πZ), and assume that for anyψ ∈ C∞(T),
∫

f(t)ψ′(t) dt = −

∫

g(t)ψ(t) dt.

(If this holds, it is common to say that “g is a weak derivative off ”.) Prove thatf is absolutely
continuous andf ′ = g a.e.

4 Suppose thatX,Y are Banach spaces,T ∈ L(X,Y ) is compact.

a. If S ∈ L(X,X), R ∈ L(Y, Y ), show thatTS,RT ∈ L(X,Y ) are compact.

b. Show thatT ∗ ∈ L(Y ∗,X∗) is compact.

5 A Banach spaceB is uniformly convex if for every ǫ ∈ (0, 1) there existsη < 1 such that if
x, y ∈ B, ‖x‖ = ‖y‖ = 1 and‖x− y‖ > 2ǫ then‖1

2
(x+ y)‖ < η.

LetB be a uniformly convex Banach space.

a. Assume thatxn ∈ B for n = 1, 2, . . . andxn → x0 in the weak topology, and‖xn‖ → ‖x0‖.
Prove thatxn → x0 in norm.
Hint: Assume that{xn} is not a Cauchy sequence, and for suitable pairsnj,mj , nj < mj ,
nj → ∞, consideryj = (xnj

+ xmj
)/2.

b. Give an example that the statement in (a) is false for generalBanach spaces.



Ph.D. Qualifying Exam, Real Analysis

Fall 2009, part II

Do all five problems. Write your solution for each problem in aseparate blue book.

1 Two short problems:

a. Suppose thatX is a finite dimensional real vector space. Show that all normsonX are equivalent.

b. Let X be a complex Hilbert space,Y a subspace ofX (with the induced norm),f : Y → C

continuous linear. Show thatf has aunique continuous linear extensionF : X → C with the same
norm asf .

2 Let µ denote the Lebesgue measure on[0, 1]. For1 < p <∞ construct

a. a subspace ofLp([0, 1], µ) which is not dense inLp but is dense inLr for all r < p.

b. a subspace ofL∞([0, 1], µ) which is dense inLp but not dense inLs for anys > p.

3 Forf ∈ C([0, 1]), x ∈ [0, 1], let (Tf)(x) be given by

(Tf)(x) =

∫ x

0

f(y) dy.

Show thatT : C([0, 1]) → C([0, 1]) is bounded, find (with proof)‖T‖ and the spectral radius ofT .

4 Suppose thatX is a locally convex vector space with topologyT generated by a family{ρa : a ∈ A}
of seminorms.

a. If ‖.‖ is a continuous seminorm onX, show that there exista1, . . . , an ∈ A andC > 0, such that
‖x‖ ≤ C(ρa1

(x) + . . .+ ρan(x)) for all x ∈ X.

b. Let X = C∞(T), T = R/(2πZ). Show thatX does not have a norm generating its standard
topology (given by{ρk = ‖.‖Ck : k ≥ 0, k ∈ Z}).

5 Let f : R → C be a Schwartz function (i.e.f isC∞ andsup |xN dkf

dxk | <∞ for all N andk) satisfying
∫

R
|f(x)|2 dx = 1. Let f̂(y) = 1√

2π

∫

R
e−ixy f(x) dx denote the Fourier transform off .

a. Show that
(

∫

R

(x− x0)
2 |f(x)|2 dx

)(
∫

R

(y − y0)
2 |f̂(y)|2 dy

)

≥
1

4

for all x0, y0 ∈ R.
Hint: You may find it easier to reduce to, and then work with, the casex0 = y0 = 0.

b. Suppose that the equality sign holds in (a). Show that there exists a real numberλ > 0 and a
complex numberc such that|c| = 1 and

f(x) = c (πλ)−
1

4 exp
(

−
(x− x0)

2

2λ
+ ixy0

)

for all x ∈ R.


