Ph.D. Qualifying Exam, Real Analysis
Fall 2007, part |

Do all the problems. Write your solution for each problem separate blue book.

Two short problems:
a.  Suppose thatX, A, ) is a measure space, and = U2, X; with X; C X, for all
j. Letx; be the indicator (characteristic) function &f;, and letA/; denote the multiplication
operator byy; acting onZ = LP(X,du), 1 < p < oo. Show thatM/; — I, the identity
operator, in the strong operator topology, i.e. the weakgstiogy on bounded linear operators
L(Z) in which the maps

E.:L(Z)2A— Az€e Z, z€ Z,
are continuous, but not necessarily in the norm topology.
b. Forfe L'(R)letf(€) = [, e ¢ f(x)dx denote the Fourier transform gf

Show that if f has compact support (i.e. has a representative vanishisglewa compact
set) thenf extends to an analytic function on all Gf

If 1 is ao-finite measure on a measurable spakeA) (i.e. on.A, whereA is ac-algebra of
subsets ofX), then there is &inite measure’ on (X, A) with v << pandy << v.

Suppose that/; and H, are separable Hilbert spaces atid H; — Hs is a bounded linear
operator. Suppose that there exise L£(H,, H;) and compact operatois; on H;, j = 1, 2,
suchthatBA = I, — E1, AB = I, — E», wherel is the identity operator o/ ;. Show that the
nullspace ofA is finite dimensional, the range ¢f is closed inH,, and its orthocomplement
is finite dimensional.

Suppose thata, : n =0,1,2,...} isanysequence of real numbers. Show that there exists
a real valued functiorf € C*(R) such thatf (™ (0) = a,,. (Hint: let y € C2°(R) identically
1 near0, and choose,, > 0 appropriately so thdim,, .., ¢, = 0 and

> (wfen)

n=0

converges irC'°.)

Let L2([0, 1]) denote the Hilbert space of complex valued square integfabctions orj0, 1]
with the usual inner produdyf, g) = [ f(z) g(x) dz. DefineT : L([0,1]) — L2([0,1]) by
Tf(x)= [y f(t)dtforz e [0,1].

a. Show thatl" is bounded and compact.

b. Show thatT” has no eigenvalues, i.€.,f = \f, A € C, f € L?([0,1]), implies f = 0.

c. Findlim, . |7, and using this or otherwise prove that the spectrufi &f {0}, i.e.
T — A is an isomorphism of.2([0, 1]) onto itself if and only ifA # 0.
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Let C([0,1]) denote the Banach space of real valued continuous funabiofi 1] with the

sup norm, and suppose that c C([0,1]) is a dense linear subspace. SuppbseX — R
is a linear maprfot assumed to be continuous in any sense) such/ftfat> 0 if f € X and
f > 0. Show that there is a unique Borel measuren [0, 1] such that/(f) = [ f du for all
feX.

Prove that in the Banach spac|0, 1]), theC'! functions form a set of the first category.

Find a Lebesgue measurable functipn [0, 1] — [0, 1] that is not the a.e. limit of any mono-
tone sequence of continuous functions, jds such that there are no monotone sequences
fr +10,1] — [0, 1] of continuous functions such thiin_,, fr = f a.e.

(Hint: Show that ifE£' C [0, 1] is measurable and botfi and its complement have positive
measure in every interval if9), 1], then the indicator (characteristic) function bf has the
property. Then construct such a #&)

Let H be a separable infinite dimensional Hilbert space, and Sfgpfitate;, es, .. ., resp.
f1, f2, ..., are orthonormal systems f. Assume thaf{ )\, : n € N} is a bounded sequence
of complex numbers, and let

Tz = Z Az, €en) fu-
n=1

Show that
a. T is abounded linear operator ¢h, and||T’|| = sup,,cy |Anl-
b. T iscompactif and only if\,, — 0 asn — oo.

c. if K is a compact operator ol then there exist orthonormal systefes, : n € N} and
{fn : n € N} and a sequencg\,, : n € N} of complex numbers converging tosuch that
Kz =52 Mz, en) fn forallz € H. (Hint: consider first the self-adjoint operatir*K'.)

Fors > 0, let H*(T) be the space of.2 functions f on the circleT = R/(2nZ) whose
Fourier coefficientsf,, = [ e~ f(z) dx satisfy>_(1 + n?)*|f,|* < oo, with norm|| f||? =
(2m) 7t S2(L 4 n?)* | ful.

a.  Show that forr > s > 0, the inclusion map : H"(T) — H*(T) is compact.

b. Show that ifs > 1/2, then H*(T) includes continuously int@’(T), and indeed the
inclusion map is compact.



