Ph.D. Qualifying Examination, Real Analysis
Spring 2006, part |

Do all the problems.

Quickies
a Let f, € LP([0,1]) wherel < p < oo. Suppose thaf f,||, < 1 and moreover that
fn(x) — 0 for a.e.x. Prove thatf,, — 0 weakly in L?.

b. Letw,...,vy be a finite sequence of unit vectors in a Hilbert spateSuppose that
there exists a numbere (0, 1) such that

<’l)i,vj>§—(l7 v’L#]

Find an upper bound fawv in terms ofa.
c. Leth e L%(S') and assume thai(t) + 0 for a.e.t € S*. Prove that the subspace

V = {P(t)h(t) : P(t) atrigonometric polynomigl c L*(S")
is dense.

Let { fx} be a sequence of real-valued functions define¢-an 1] such that
1
|fi(@) = fu()] < Ve =yl + %

forall £ > 0 andz,y € [—1,1]. Suppose also that eagh(0) = 0. Prove that some subse-
quence of thef, converges uniformly to a continuous functigron [—1, 1].

a. Construct a sequencgf,,} of positive continuous functions oR such thatf, (z) is
bounded as — oo whenz € Q, but f,,(x) is unbounded for € R \ Q.

b. Prove that there is no sequenag, } of positive continuous functions such thgt(x) is
bounded wher € R\ Q, butg, (x) is unbounded when € Q.

Let A C R be a Lebesgue measurable set Witk 11(A) < oo (u is Lebesgue measure). Let

d(z,r) = w(AnN [a;ﬁr,a-ﬁ-r])'

Prove that there is a point € R such that

0 < lim i(I]lf d(z,r) <limsupd(z,r) < 1.

r—0

Let C be a closed convex set in a Hilbert sp&¢eProve thatC contains a unique element of
minimal norm.
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Let f € C%([a, B]), where0 < a < 3 < 1. Foreachm = 1,2, ..., define
Tl = (w - 2% du
f_ll(l —u2)" du ‘

Show thatP,(x) is a polynomial of degree at mo8t and that for any closed subinterval
[a,b] C (, ), P, — f uniformly.

Pa(x)

Let W be any vector space, and suppose that, . . . , v; be linear functionals ofl”. Endow
W with the weakest topology such that the functionals. . . , v are all continuous. Suppose
thatw is continuous in this topology. Prove thats a linear combination of the;.

a. Let f be a measurable real-valued function on a finite measure $ad, 1.). Define

ma(f) = p ({z: 2" <|f(z)] < 2"H1}),
forn =0,1,2,.... Show how to estimate the” norm of f purely in terms of the quantities

fin (f)-
b. LetS be abounded operator dri°(X, B, ) with norm2. Assume that is also bounded
on LY(X, B, ), with ||Sf||1 < C1]|f]|z1. Prove that there exists sorag > 0 such that

1S fllzz < Coll ]2
Hint: Let f,,(z) = f(z)if | f(x)| < 2™, but f,,(z) = 0 otherwise. Observe that

mn(Sf) =ma(S(f = fa2)) S 27"S(f = fa—2)llL1-

Suppose thaf(z) is a continuous function oR, and that in fact:" f"") () € Co(R) (con-
tinuous functions which tend to zero as— +oo0) for 0 < m,n < 3. Prove the Poisson
summation formula

e o] 1 [e o] . )
> flw+2mm) = o k:zoo fk)e™=.

n=—oo

Suppose that € L'([0, 1]). Prove that there are nondecreasing sequences of corifmz+
tions, {¢r 152, and{yy}72,, on [0, 1] such that for a.ex € [0, 1] (with respect to Lebesgue
measure), botly, () andy,(z) are bounded sequences, and moreover,

flz) = lim p(z) - Um 9y(z).



