ALGEBRA QUAL, SPRING 2009, PART 1

1. (a) [5 points} Prove that if A is a commutative noetherian ring then the polyno-
mial ring A[T] is noetherian. (That is, prove the ‘Hilbert Basis Theorem’.)

(b} [3 points] Suppose k is a field and B is a commutative ring finitely generated
over k. Let § C B be a multiplicative set. Explain why the localization S~'B is a
noetherian ring.

(c) [2 points) Give an example (with proof) of the situation in part (b) where § -iB
is not finitely generated over k as a ring.

2. Let k be a field, f{z) € k[z] a monic, non-constant polynomial.

(a) [2 points] Define what it means for a field K 2 & to be a splitting field of fix)
over k.

(b) [8 points} Prove the existence of such a splitting field K, and the uniqueness of
K up to isomorphism over k.

3. Let K be a splitting field for ¥ — 7 over Q.

(a) 5 points] Determine |K : Qf and give field generators for K over Q. Describe
G = Gal{K/Q) in terms of generators and relations, and describe how the group
generators of G act on the fleld generators of K.

(d) [5 points] List all intermediate flelds L with Q & L & K, their degrees over @,
and the inclusion relations that hold between the fields L. The fields L should be
named in terms of generators over Q.

4. Consider the finite groups SL(2,¥s) and PSL(2,Fs) = SL(2,Fs)/{£Id}. In the
foliowing problem, you are not allowed to use the fact that PSL(2,Fs) is isomorphic
to a more familiar group, unless you give a complete proof of that fact.

(a) [2 points| Calculate |SL(2,Fs)|. Explain why SL(2,F5) # S5, the symmetric
group.

(b) [3 points] Show that there are no elements of order 15 in PSL(2, 5).

[Hint: Work in SL{2,Fs).]

{c) [6 points)] Exhibit & 3-Sylow subgroup and & 5-Sylow subgroup of PSL{2,F5)
and determine (with proof) the number of distinct 3-Sylow subgroups and 5-Sylow

subgroups:

[Hint: Part (b) is usefu} for (c), but there are various approaches.]




5. Let Q[zy, -+ ,zk] be the polynomial ring in k variables over @@, and let Q be the
algebraic closure of @, say inside C. A special case of the weak Nullstellensatz states
that if I C Q[z1,--- , | Is any proper ideal, then

VID={F=(n,me@ | fH=0forall fel}#£a.

(a) [3 points| Use the weak Nullstellensatz in the form stated above to prove the
strong Nullstellensatz, in the form that for any proper ideal J C Qlz1,- -+ ,Zn) the
radical v/J 1s given by

Vi ={g€ Q- | o) =0 forall € V(J) € (@7}
[Hint: Make use of k = n+1 in the weak Nullstellensatz.]

(b) [2 points] Explain why V7 is the intersection of all mazimal ideals @ C Qz1, -+ , 2x]
with J C .

(¢) |5 points] If P C Qxz1,-- - ,Zx] is a minimal nonzero prime ideal, prove that P =
(f), where f € Q[z1,- -+ ,@n] is irreducible. Then prove that thereisa j, 1 <7 <mn,
so that the n — I elements {£; = x; mod P | i # j} are algebraically independent
over Q in the integral domain Q[xy, -+ , zx]/F.
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1. (a) {2 points] Prove that every finite field F has order ¢ = p™ for some prime
integer p and some integer n = 1.

(b) [5 points] Prove that for each such ¢ = p"* there is up to iéomOrphism exactly
one field F, of order g.

[You may use the existence and uniqueness of splitting fields of polynomials.]

(¢) [3 points] Prove that K = Fsjz]/(z? + £ — 1) and K' = Falyl/(y* + 1) are fields
and exhibit an ezplicit isomorphism between them.

2. Suppose G and Gz are groups and H © 1 x Gq is a subgroup so that the two

compositions
o H c Gix Gy — &
f1o3 H ¢ i x Gy — Gs

are surjections. Let Ny = ker(p;) and Ny = ker(p1). Thus, ife; € Gy and ez € G
are the identity elements then

Ny = Hn (G X fea}} C G x {62}
No = Hn({e1} x Ga) C {e1} x Ga.

(a) [5 points| Show that N1 < Gq % {ez} and Nz < {e1} x Gz are normal subgroups.

(b} {5 points] Show that
G x {62} — {61} x (g
N Nz
3. Let T: V — V be a linear endomorphism of a non-zero finite dimensional vector
space over C.

(a) {4 points) State precisely the theorem on the eristence and unigueness of a
Jordan canonical form for 7', and prove it using the structure theorem for modules
over a PID.

{b} 12 points} Using the Jordan form, prove that T' = T + Tr, where T : V—-Vis
diagonalizable and T, 1 V — V is nilpotent, and where TsT, = TnTs.

(c) [4 points] It is a fact that the T, and T}, from part (b) can be expressed as
polynomials in T with coefficients in C. You don’t need to prove this fact, but
assuming it, prove that there is a unique decomposition T = Ty + Ty, where T is
diagonalizable, T2, is nilpotent, and T3T;, = TiTe.




4. Let Q C E be a finite Galois extension and let B ¢ E be the ring of algebraic
integers in E. Suppose P C B is a non-zero prime ideal with PNZ = (p}, a prime
ideal in Z. Set & = B/P and suppose § € E is a primitive generator for ¥ over
Fp, = Z/p.

(a) [3 points] Explain why there exists T € B such that £ =z mod P € B/P = E
and such that z € 7P C B for all 7 € Gal(E/Q) with 7P # P.

(b) [7 points] If Gp = {o € Gal(E/Q) | oF = P} C Gal(E/Q), prove that the
obvious homomorphism Gp — Gal(E/Fp} is surjective.

5. Suppose that A is a noetherian integral domain. Suppose further that for every
mazimal ideal Q C A, the quotient @/ ? is a one dimensional vector space over the
field A/

{a) [5 points] Prove that every non-zero prime ideal of A is maximal.
[Hint: Prove something about the localizations A(g) for mazimal ideals @]
{b) [5 points} Prove that A is integrally closed.

[In both (a) and (b), give precise statements of any lemmas you use.]




