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1 Introduction

We will discuss evolution problems of the form

0
a—f — iL¢ — . (1.1)

Here, L and I" are two operators, and we think of (1.1) as a perturbation of the background
dynamics
do

5 = iLe. (1.2)

The parameter € < 1 is small. The operator L is self-adjoint, so that (1.2) is non-dissipative.
The basic question is how a combination of the mixing or dissipative properties of L and T’
leads to a non-trivial behavior of the solutions of (1.1) on long time scales that is very different
both from the dynamics of (1.2) and that of

¢ _

= = —To. (1.3)

The perturbation I may be either random or deterministic.

We will focus on two complementary situations. The first regime is when L is very mixing
but non-dissipative, while I' is dissipative. Their interaction leads to a dramatically increased
dissipation, that can not be achieved by either of them alone. This phenomenon is known as
relaxation enhancement. The second set of problems involves random perturbations I' of a
simple deterministic background operator L. Here, the long time dynamics leads to diffusive
limits that are a result of the interaction of the deterministic dynamics generated by L and
the random dynamics coming from I'.  We will look at several examples of such diffusive
behavior, in the order of increasing difficulty.

In this introductory section, we will consider two simple examples of each of these two
classes of problems, just to illustrate what one may expect.
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An example of relaxation enhancement: the Dirichlet eigenvalues
The eigenvalues of the Laplacian

Before we explain how relaxation enhancement comes about, let us first recall some very basic
facts about the principal Dirichlet eigenvalues for the Laplacian on a bounded domain [14]. For
any smooth bounded domain € there exists an eigenvalue \; (called the principal eigenvalue)
that corresponds to a positive eigenfunction ¢; > 0 in Q:

—A¢1 = /\1¢1, T € Q, (14)
¢1 = 0 on 0.

Moreover, A; is the smallest of all eigenvalues of the Dirichlet Laplacian on €2, Ay is a simple
eigenvalue and all other eigenfunctions of the Laplacian change sign in €. For example, if €2
is an interval (0, 1), the eigenvalues of the operator Lu = —u” with the Dirichlet boundary

conditions u(0) = u(1) = 0 are A, = n?7?, and the corresponding eigenfunctions are

Uy (x) = sin(nwz).
In this case, the principal eigenvalue is \; = 2.
In general, the principal eigenvalue of the Laplacian is given by the variational formula:

M= inf /|w|2dx. (1.5)
veHS(Q) JO

lI4[l2=1

The principal eigenvalue determines the long time decay of solutions of the parabolic initial
value problem in the following way. Consider the initial value problem

vy =AY, t>0,z € Q, (1.6)
Y(t,x) =0 on 09,
¥(0,2) = g(z).

As ¢1(z) > 0 in Q, and, as follows from the Hopf lemma, d¢;/0v < 0 on 02, we can find
a constant C' > 0 so that |¢(t = 1,2)| < C¢i(z) — we can not quite have such estimate at
t = 0 since the initial condition g(x) may not satisfy the Dirichlet boundary conditions. The
maximum principle implies that

W(t,x) < C’e”\l(t’l)@(az), (1.7)
for t > 1, and, similarly,
—(t,x) < C’e_’\l(t_l)gzﬁl(x), (1.8)
so that
[W(t, )| < CeM Dy (), ¢ > 1. (1.9)

Therefore, all solutions of the Cauchy problem decay at the exponential rate determined by )\,
as t — +o00.



The Dirichlet eigenvalues with a drift

Let us now consider the Dirichlet principal eigenvalue problem in a smooth bounded domain €2,
for a diffusion with a strong incompressible flow:

“Aé+ éu Vo= M(E)g, blx)>0in Q. (1.10)
¢ = 0 on 0f).

This is an example of a problem like (1.1), with ' = —A, and iL = u - V. We assume that u
is an incompressible flow: V -« = 0, and that it does not penetrate the boundary:

u-v =0 on Jf. (1.11)

The effect of the positive parameter € > 0 will become clear very soon.

The operator in (1.10) is not self-adjoint (so that its eigenvalues are not necessarily real),
and its eigenvalues do not obey an integral variational principle such as (1.5). Nevertheless,
the Krein-Rutman theory for positive operators (see Chapter VIII of [11]) implies that it has
a unique eigenvalue \; () that corresponds to a positive eigenfunction ¢;(z). This eigenvalue
is real and simple, has the smallest real part of all eigenvalues, and is called the principal
eigenvalue. As for the Laplacian, the maximum principle implies that the principal eigenvalue
determines the long time decay of the solutions of the corresponding Cauchy problem:

¢t+§u-V¢:A¢, t>0,z €, (1.12)
Y(t,x) =0 on 012,
¥(0,7) = g(2),
that is,
U(t,z) ~ e MGG (x),  ast — 4o0. (1.13)

Note that when u = 0 (or, in our general terminology, L = 0) the exponential rate of decay
for the solutions of (1.12) is simply the principal eigenvalue of the Laplacian. On the other
hand, solutions of the Laplacian-less problem

¢t+§u-w:o (1.14)

do not decay at all — their L? norm is preserved, as are all LP-norms for p > 1. This is because
the flow u is incompressible and parallel to 02 on the boundary.

Let us now understand whether it is possible that solutions of the ”combined” Cauchy
problem (1.12) decay much faster in time than when u = 0 despite the fact that solutions
of (1.14) have no decay whatsoever. To quantify this questions, let us ask if it is possible that

A1(e) = 400 as e — 0. (1.15)

The above considerations make it clear that such phenomenon may only come from an inter-
action of the drift and the Laplacian.



Let us recall the probabilistic interpretation of the solutions of the Cauchy problem (1.12).
Consider the stochastic differential equation

1
dX, = —=u(X,)dt + V2dW,, X, =z, (1.16)
£

starting at a point x € €2, and let 7 be the first time that the process X; hits the boundary 02.
Then solution of the Cauchy problem (1.12) can be expressed in terms of the diffusion X; as

1/}<t,l‘) = Em[g(Xmin(t,T))]’ (117)

with the convention that
g9(X;) =0. (1.18)

When would we expect ¢ (¢, z) to be small as ¢ — 07 As one sees from (1.18), this would be
true if, with a high probability we have 7 < ¢t — the particle hits the boundary before a given
time t. Intuitively, if the trajectories of the incompressible flow are “sufficiently mixing”,
then, for any starting point x, in the interior of €2, the trajectory of (1.16) that starts at x
eventually comes close to the boundary 0€). Therefore, such flow, when sufficiently fast, will
force solutions of (1.17) very quickly to pass very close to 92, and at that time diffusion term
in (1.16) will force X; to exit {2 with a very high probability. Hence, when ¢ > 0 is sufficiently
small, the exit time 7 of the solutions of (1.16) should be smaller than a given time ¢t > 0
with a high probability. As we have mentioned, this makes v (t,z) given by (1.17) very
small because of (1.18). Physically, this means that a sufficiently mixing flow, together with
diffusion, should dramatically increase the cooling of the interior by the boundary. A natural
questions is what ”"mixing” means in this context, and how one can quantify such property.
Usually, the mixing properties of a flow are defined in terms of the dynamic properties of
the ODE
X =u(X),

behave. Here, we are asking a PDE question — hence, the first problem is to define what
“mixing” means for us. This is quantified by the following beautiful result due to Berestycki,
Hamel and Nadirashvili [4]. We denote by Z, the set of all first integrals of u, solutions of

u-V¢=0a.e. in (1.19)
in the space H} ().

Theorem 1.1 The principal eigenvalue Ai(g) of (1.10) tends to +oo as € — 0 if and only if
the flow u has no first integral in H(S). Moreover, if u has a first integral in Hg(S2), then

- Vwl|*d
A1(€) = A := min M as e — 0, (1.20)
welo o |w]*dx

and the minimum in the right side is achieved.

A couple of comments are in order. First, notice that the only information about the Laplacian
operator in (1.10) that survives in the statement of the theorem is in the condition that the
first integral lies in H}(€2). This regularity requirement comes exactly from the presence of the
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Laplacian in (1.10), as irregular first integrals do not prevent strong decay of the solutions
of the Cauchy problem. Second, the strong flow essentially forces the eigenfunction to be
close to a first integral, and then the variational principle (1.6) for the Laplacian operator is
replaced by essentially the same expression (1.20) except that the set of allowed test functions
is restricted to the first integrals.

Proof of Theorem 1.1

The proof of this Theorem is nicely short. First, we claim that if u has a non-zero first
integral w in HJ (), normalized so that

[wllz =1,

then we have
0< M(e /|Vw 2de, (1.21)

for any € € R. In order to show that (1.21) holds, we take any w € Zy, and multiply (1.10)
by w?/(¢ + 6) with § > 0 fixed:

w?A¢ w? _ w?
—/Q¢+5dx+/9¢+5(u-v¢)dx—)\1(s) [ o (1.22)

Integrating by parts in the first term gives

wA¢ 2 [ 2w(¢+0)Vo - Vw —w?Vo|?
_/Qab+6dx_/w v(¢+6)dx_/a (¢ +0)? o

< / |Vw|*dx.
Q

The second term in the left side of (1.22) vanishes because V- u = 0 and w is a first integral:

v 2 =— [ 2w u-Vw)dr =
/ng_i_a(u-qu)dx—/Qw(u~V(logq§+5))dx— /QQ log(¢ + d)(u - Vw)dx = 0.

The boundary terms above vanish since w € H}(Q) (it vanishes on the boundary). We

conclude that
A / / Vw|*dz, 1.23

for any w € Zy. Passing to the limit 6 — 0 gives (1.21). Thus, existence of a first integral
implies that A;(¢) are uniformly bounded for all € € R.
On the other hand, if there exists a sequence &,, — 0 such that A;(g,) are bounded, then

/Q Véu(a) Pz = M (e) / 6u(2) P = M (en). (1.24)

Here, ¢,,(7) are the associated positive eigenfunctions ¢, (x) normalized so that ¢y r2@) = 1.
Then, there exists a subsequence ny, so that the sequence ¢, converges weakly in HJ(f2) and



strongly in L?*() to a function w(z) € H(Q). Moreover, multiplying (1.10) by &,, and
passing to the limit k£ — 400 gives

uw-Vw =0, weaklyin H}(Q),

and
@]l z2(0) = 1. (1.25)

Hence, w is a first integral of v in H}(2). Thus, the non-existence of the first integral in H}(€2)
implies that
lim A (£) = +o00. (1.26)

e—0
Finally, to show that (1.20) holds, let us assume, once again, that there exists a se-
quence &, — 0 such that \;(e,) are bounded. As the convergence of the subsequence ¢, to
the first integral w is strong in L?*(Q2) and weak in H} (), it follows from (1.24), (1.25) and
Fatou’s lemma that

liminf A, (g,) > / |V (z)|*dz. (1.27)
Q

n—-+o0o

[t remains to notice that (1.27) and (1.21) together imply the Rayleigh quotient formula (1.20),
finishing the proof of Theorem 1.1.

When do things happen in a weakly random medium?

Before turning to an example of the second set of problems of the type (1.1), with a random
perturbation I', let us illustrate when one can expect a weak random fluctuation to have a
non-trivial effect. Probably, the simplest such situation is evolution of a particle in a random
time-dependent velocity field:

dX(t)

==V, X(0) =0, (1.28)

that is, t
X(1) :g/ V(s)ds. (1.29)

One can think of (1.28) as (1.1) with the background L = 0.

We need to make some assumptions on V(¢): we assume that it is a statistically homoge-
neous in time random field. Intuitively, it means that the statistics of V() is “the same at
all times” — which is a reasonable model for “unknown complex environments”. On a more
formal level, this condition holds if given any collection of times ¢, ts,...,ty, and a shift A,
the joint law of the random variables V (¢, +h), V(ta+h),...,V(tx+h) does not depend on h.
This means, in particular, that the expected value V' = (V(¢)) does not depend on ¢, and that
the two-point correlation matrix R;;(t,s) = E[Vi(¢)V;(s)] depends only on the difference t — s.
Accordingly, we define

Ri;(t) = E[Vi(0)V;(8)],

and the power-spectrum matrix as the Fourier transform of the two-point correlation matrix
Rij(W) = /G_itwRij(t)dt.
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The stationarity condition can be relaxed to local stationarity — so that the random medium
characteristics can vary on a macroscopic or mesoscopic scale but we will not discuss this
direction here.

Going back to the particle trajectory (1.29), we see that its average position is

X(t)=E[X(t)] =eVt,

where V' = (V(0)) is the mean velocity. Therefore, if V' # 0, then the particle moves by
a distance O(1) after a time t ~ ¢~!, which is by no means a surprising result. If V = 0,
then X (t) = 0 for all t > 0, and the way to find out if the particle performs a non-trivial
motion is to look at its variance:

(X;(t) / dsl/ dsoE(Vi(s1)Vi(s2)) =€ / dsl/ dsaR;j(s1 — S2)
= / dSl/ dSQRZ] +5 / dSl/ dSQRZ] S1 — )
/ dSl/ dSQR” 82 +¢€ / dSl/ dSQRU 82) (130)

=¢? (t — 89)[Rij(82) + Rij(—s2)]dsa = *[Dyjt + O(1)], ast — +oo.

with the diffusivity matrix
Dy = / Ryy(s)ds = B,5(0). (1.31)

Expression (1.30) tells us (at least) two things: first, we should expect a non-trivial behavior
for the particle at times of the order ¢ ~ 72, and, second, that the particle behavior at
this time scale should be a Brownian motion Bp(t) with the correlation matrix D;;. Strictly
speaking, we have only computed that its variance agrees with that of Bp(t) but it is not
difficult to make this rigorous.

Theorem 1.2 Let V (t) be a stationary in time random process with mean zero and correlation
function

E(V(s)V(t)) = R(t — s).
Assume that the function R(t) is of the Schwartz class. Then the process

t/e?
Y.(t) = ¢ /0 V(s)ds

converges in law to Y (t) = DB(t). Here, B(t) is the standard Brownian motion, and the
diffusion coefficient
D:/ R(s)ds. (1.32)

That is, we have the following result: if X (¢) solves (1.28) with a mean-zero statistically
time homogeneous random field V'(¢) then the process X, (t) = X (t/e?) converges, as t — +o0,
to a Brownian motion with the covariance matrix D;;. The main observation here is that
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“mean-zero randomness of size £ has a non-trivial effect on the time scales of the order £=2”

— something that any probabilist knows very well from the classical central limit theorem,
going at least as far back as de Moivre and 1733.

It is instructive to observe that the diffusivity matrix D;; is positive-definite (otherwise,
the above claim would make no sense). This is a consequence of Bochner’s theorem that
asserts that for any statistically time homogeneous process V (t) € R™ the power-spectrum
matrix ]%ij (w) is nonnegative-definite for each w € R.

Of course, in order for the above discussion to make sense, the diffusivity matrix D;;
needs to be finite — otherwise, obviously, the conclusion can not hold. This imposes a decay
condition on the two-point correlation matrix D;;. What happens if it is violated, that
is, if the matrix D;; is infinite? This tells us that by the times of the order ¢ ~ £72 the
particle is “already at infinity”, hence something non-trivial happens before the “classical’
times scale ¢t ~ £~2 — this has very interesting implications beyond the scope of these notes.

A toy example: advection equation with a random potential

Let us now give an extremely simple example of dynamics (1.1) with a random operator T’
and L # 0, where everything can be computed quite explicitly. One of the "real” examples is
the Schrodinger equation

idy + Ad — eV(z)p =0 (1.33)

with a random potential ¢V (x). This is an instance of (1.1) with L = A, and I' the multi-
plication operator by the random function V' (z). Instead, as a toy model, let us consider a
linear advection equation with the same perturbation:

g—f +u-Vo+icV(z)p =0, ¢(0,2)= do(x). (1.34)

Here, u # 0 is a constant drift, and V(x) is a spatially homogeneous random field. For the
moment, we will not make the assumptions on V(x) very precise, except that its mean is zero:

EV(z) = 0. (1.35)
The two-point correlation function of V() depends only on the displacement between x and y:
E(V(2)V(y)) = R(z — ). (1.36)

This follows from spatial homogeneity of V' (z). We assume that the function R(x) is of the
Schwartz class for now. Equation (1.34) is easy to solve explicitly:

o(t,x) = po(x — ut) exp ( — i€ /Ot V(z — sﬂ)ds). (1.37)

In order for the integral in the exponential to have a non-trivial effect, we need to wait until
times of the order ¢ ~ O(¢™2). Hence, we define

Pe(t, ) = ¢(;—2,x), (1.38)



so that e
Oe(t,z) = ¢o(x — ;—2u) exp < — is/o V(x — sﬂ)ds). (1.39)

The first term is simply the solution of the ”fast” homogeneous problem (1.34) with V' = 0,
and the second factor

((t,z) = exp ( — i€ /Ot/E2 V(i — sﬂ)ds) (1.40)

comes from the "slow” random dynamics. Its limit can be computed from Theorem 1.2, which
implies that (.(¢,z) converges in law to

(t,x) = exp(—iVDB(t)). (1.41)
The diffusion coefficient D is -
D= / R(us)ds. (1.42)
Let us formulate this result as a theorem.

Theorem 1.3 Let V (x) be a spatially homogeneous mean-zero random field with a correlation
function R(t) € S(R). Let ¢(t,z) be the solution of (1.34), ¢.(t,x) = ¢(t/e?, ), and ¢(t,x)
the solution of (1.34) with V- = 0. Then ¢.(t,z) can be decomposed as

(bs(t?I) = ¢(€i2,a:)gs(t,x). (143)

The function (.(t, ) converges in law, as € — 0 to ((t,x) given by (1.41).

This example is very simple but it has the main features that are much harder to prove in
even slightly more complicated situations. In particular, the dynamics can be decomposed
into a fast deterministic part that does not have a limit but is quite explicit, and the ”slow”
component that converges in law to a stochastic limit. As we have noticed before, the back-
ground dynamics is crucial for the limit theorem here: if 4 = 0, the conclusion of Theorem 1.3
fails. Thus, the long time dynamics of the solutions of (1.34) involves a non-trivial interaction
of the background dynamics and the random fluctuations.

Organization of the notes

The notes will be organized one day.

2 Relaxation enhancement

Relaxation enhancing flows

As we have discussed, one interpretation of the eigenvalue enhancement estimate in Theo-
rem 1.1 is in terms of the long time decay rate of the solution of the Cauchy problem

¢t+éu-vw:Aw, t>0,z€Q, (2.1)
Y(t,x) =0 on 01,
(0, z) = g(),



in 2 with the Dirichlet boundary condition. Its solution has the long time asymptotics

U(t,x) ~ e M g() (2.2)

for t > 1. Here, ¢(x) is the principal eigenfunction of the operator

—A¢+ éu Vo = Ai(e)o, (2.3)

with the Dirichlet boundary conditions. We have seen in Theorem 1.1 that the principal
eigenvalue, or the exponential rate of decay in (2.2), satisfies

M(e) = +ooase — 0 (2.4)

if and only if the flow u has no first integrals in Hj ().

Here, we focus on similar questions in the case of a compact manifold without boundary
or the Neumann boundary conditions. Then, the principal eigenvalue is simply zero and
corresponds to the constant eigenfunction. One may instead study the second eigenvalue
but that is not simple since we do not even know a priori that the second eigenvalue is
real, and finding estimates for the real part of a complex eigenvalue that corresponds to
an eigenfunction that also need not be real would not be an easy task. Moreover, even if
the spectral gap estimate were available, generally it only provides a long time dynamical
information, and how fast the long time limit is achieved may depend on ¢, since the operator
in the left side of (2.3) is neither self-adjoint nor normal: it does not commute with its formal
adjoint operator

L6 =—Aé— V- (up).

On the other hand, our general interest is in the speed of convergence of the solution to
its average, the relaxation speed, and there are other ways to measure than in terms of the
spectrum. Therefore, rather than try to address the spectral behavior, we will reformulate
our questions purely in terms of the Cauchy problem.

Let € be a smooth compact n-dimensional Riemannian manifold. We consider solutions
of the passive scalar equation

6 + Tulr) V" — A6 =0, ¢7(0.7) = n(a). (25)

Here, A is the Laplace-Beltrami operator on €2, u is a divergence free vector field, V is
the covariant derivative, and ¢ > 0 is a parameter regulating the strength of the flow. For
the sake of concreteness we will assume that €2 is a torus, and (2.5) is supplemented by
periodic boundary conditions but the results of this section apply verbatim to advection-
diffusion equations on a compact manifold without boundary, or with the Neumann boundary
conditions on a compact domain €2 C R", and with very slight modifications to the Robin
boundary conditions on such domains — see [8] for the full cornucopia.

As time tends to infinity, the solution ¢°(¢, z) tends to its average,

M/thw_m/% (26
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Here |Q2] is the volume of 2. To see that, first, integrating (2.5) over M and using incom-

pressibility of u gives
d
— t,r)dr =
pn /Q o(t, x)dr =0,

hence ¢(t) = ¢(0) is preserved in time. Next, multiplying (2.5) by ¢°(t,z) — ¢, and using
incompressibility of u(z), we have

1d _
2dt /Q lp(t, 2) — *dx = — /Q Vo (t, )| dx. 2.7)

The Poincaré inequality implies that

1d

24t /QW@ — ¢*de < =G, / [6°(t, ) — of*de, (2.8)

whence

lo(t, ) — (EHLQ(Q) < 670““050 — <5HL2(Q)- (2.9)

Exercise 2.1 Strengthen this result to show that
|p(t, ) — @) — 0 as t — +oo. (2.10)

We would like to understand how the speed of convergence to the average in (2.10) depends
on the properties of the flow and determine which flows are particularly efficient in enhancing
the relaxation process. We will use the following ”fixed time” (no long time limit!) definition
as a measure of the flow efficiency in improving the relaxation of the solution to a uniform
state.

Definition 2.2 An incompressible flow u is relaxation enhancing if for all 7 > 0 and § > 0,
there exists e(7,0) such that for any e < &(1,9) and any ¢y € L*(Q), with ||¢o||r2@) = 1, we
have

16°(7,+) — &l 120y < 0, (2.11)
where ¢(t, ) is the solution of (2.5) and ¢ the average of ¢y.

Exercise 2.3 Show that the choice of the L? norm in the definition is not essential and
can be replaced by any LP-norm with 1 < p < oo, without changing the class of relaxation
enhancing flows.

Let us mention that there are various results on Gaussian and other estimates on the heat
kernel corresponding to the incompressible drift and diffusion on manifolds such as in the work
of Norris [41] and Franke [20], but these estimates lead to upper bounds on the convergence
rate to the equilibrium which essentially do not improve as ¢ — 0, and thus do not quite
address the effect of a strong flow. Such general estimates often deteriorate as the flow gets
stronger, which is exactly the opposite of what interests us.

The original motivation for this definition came from the work of Fannjiang, Nonnemacher
and Wolowski [15, 16, 17|, where relaxation enhancement was studied in the discrete setting
(see also [33] for related earlier references). In these papers, a unitary evolution step (a
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certain measure preserving map on the torus) alternates with a dissipation step, which, for
example, acts simply by multiplying the Fourier coefficients by damping factors. The absence
of sufficiently regular eigenfunctions appears as a key for the enhanced relaxation in this
particular class of dynamical systems. In [15, 16, 17|, the authors also provide finer estimates
of the dissipation time for particular classes of toral automorphisms — they estimate how many
steps are needed to reduce the L? norm of the solution by a factor of two if the dissipation
strength is €.

To understand why and when we expect relaxation enhancement, let us first look at the
time-splitting approximation for (2.5), in the spirit of [15, 16, 17]. Assume that ¢ (¢, z) solves
the advection equation

2
wt+gu-v¢:o, nt <t <(n+1/2)T, (2.12)
followed by the heat equation
v =200, (n+1/2)7 < nr, (2.13)

and then again (2.12) followed by (2.13), and so on. As the time step 7 — 0, the solution
of this time-splitting scheme converges to the solution of (2.12). However, the smallness of 7
that is required to make the error small depends on ¢ in a way that is very difficult to control
efficiently. If we, in a cavalier fashion, instead fix the size of 7 that is independent of €, then
solution of the very first step is

PY(1/2,2) = ¢po(X(7/e,x)), (2.14)
where X (¢, x) is the trajectory
X(t) = —u(X), X(0)=uzx (2.15)

If the flow of (2.15) is sufficiently complex and ¢ is sufficiently small, the points X (7/¢,x)
and X (7/e,2') may be very far apart, even if z and 2’ are very close. This would make
the difference ¥(7/2,2) — (7/2,2') large, so that the function ¥(7/2,z) given by (2.14)
would have a large gradient. This means that the initial condition for the second step in the
time-splitting scheme

v =200, T/2 < T, (2.16)
has a very large gradient. On the other hand, the dissipation identity for (2.16)
s = ir =2 [ 1vupa (217)
- — —_ — T .

tells us that solutions with a large gradient and zero average decay very fast. Therefore, we
would deduce that for ”sufficiently mixing” flows u(x) solutions of this time splitting scheme
converge to their average very fast if € is small. The problem with making this argument
rigorous is that, as we have mentioned, for the convergence of the time-splitting scheme to
the true solution we would need to take 7 not fixed but 7 < e, making the interaction of
advection and diffusion non-trivial and very difficult to account for carefully. Neverthless,
this intuition is correct. Here is the main result of this section.
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Theorem 2.4 ([8]) A Lipschitz continuous incompressible flow w € Lip(S2) is relazation
enhancing if and only if the operator u -V has no eigenfunctions in H*(S)), other than the
constant function.

The ”sufficiently mixing” property of u is encoded in this theorem in the requirement that
it does not have an eigenfunction in H'(Q). The reason for that condition can also be seen
from the time-splitting scheme (2.14)-(2.16). The operator u - V is skew-symmetric when u
is divergence free:

/Q(u -Vn(z))n(x)dx =0, (2.18)

for alln € H'(Q). Therefore, all its eigenvalues A = iw are purely imaginary, and if w € H'(Q)
is an eigenfunction, then solution of (2.14)

¢t+§u-w:o, 0<t<7/2 (2.19)

with the initial data (0, x) = w(z) satisfies
U(t, ) = ¥ w(x).

Therefore, ||¢(7/2, )| m1 (@) = |[|w|| a1 @) does not increase, hence the advection step does not
prepare an irregular initial data for the heat equation in the second step, and there is no
intuitive reason to expect relaxation enhancement when £ — 0.

Furthermore, as in the eigenvalue enhancement in Theorem 1.1 the way the Laplacian
operator (that is responsible for dissipation) enters the statement of Theorem 2.4 is in the
requirement that the eigenfunction lies in the space H'(Q) — rough eigenfunctions (outside
of H'(Q)) do not prevent a flow u(z) from being relaxation enhancing.

The discrepancy between Theorems 1.1 and 2.4 may seem surprising — after all, on the
physical level the conditions for the relaxation enhancement and eigenvalue enhancement need
not be very different but the eigenvalue enhancement (with the Dirichlet boundary conditions)
requires that the operator u - V does not have first integrals while relaxation enhancement
(with the periodic or Neumann boundary conditions) requires that this operator does not
have eigenfunctions in H'(2) with any eigenvalue (the first integral corresponds to a zero
eigenvalue). This issue is resolved by the following

Proposition 2.5 Let u € Lip(Q). If ¢ € H*(Q) is an eigenfunction of the operator u - V
corresponding to an eigenvalue iw, w € R, then |¢p| € HY () and it is the first integral of u,
that is, u - V|¢| = 0.

Proof. The fact that |¢| € H' follows from the well-known properties of Sobolev functions
(see, for example, [14]). If ¢(x) satisfies

u-Vo =iwo

then
w-VI|g]* =u-V(pd) = dp(u- Vo) + d(u- Vo) = —iwd¢ + iwpd = 0,
hence u - V|¢| = 0. O
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Therefore, in the case of the Dirichlet boundary conditions, if ¢ € H}(€) is an eigenfunc-
tion of the operator u-V then |¢| is its first integral. Naturally, |¢| can not be equal identically
to a constant since ¢ satisfies the Dirichlet boundary conditions, as it lies in H}(Q), and ¢ # 0.
Moreover, if ¢ € H}(Q) is a first integral: w-V¢ = 0 then it is an eigenfunction corresponding
to eigenvalue A = 0. Hence, for the Dirichlet boundary conditions the requirement that u -V
does not have a first integral in HJ () is equivalent to the condition that it does not have
eigenfunctions in H} ().

On the other hand, existence of mean zero H'(Q) eigenfunctions, without imposing the
Dirichlet boundary condition, need not guarantee the existence of a mean zero first integral,
as can be seen from the following well-known example. Let a € R™ be a constant vector gen-
erating an irrational rotation on the n-dimensional torus €2, in the sense that the components
of « are independent over the rationals. The operator « - V has eigenvalues 2mi(« - k), with
any k € Z". The corresponding eigenfunctions are

wk(x) — 627rik-x.

Their absolute value is 1, which is a first integral of a.- V but there are no other first integrals
since « is irrational. Indeed, if there exists a function ¢ € L'(Q) such that

(x4 at) =(z), forallz € Qandallte€R,

then the Fourier coefficients of the function 1, defined by
Wla) = Ry, gy = / e 2V (y)dy,
kezn Q

should satisfy

~

U = e¥™ oty for all k € Z", and all ¢ € R.
Therefore, either all zﬂk = 0 for k # 0, or there exists k # 0 such that
k-a=0.

The latter, however, is impossible since « is irrational. Hence, 1), = 0 for all k # 0, and
the only first integrals of o - V for an irrational o are constant functions. Thus, this flow is
not relaxation enhancing, since it has eigenfunctions in H'(Q), even though it has no first
integrals other than a constant function.

Mixing and weakly mixing flows

An important class of relaxation enhancing flows is given by mixing and weakly mixing flows.
Let us recall how they are defined. An incompressible flow v € Lip(2) generates a unitary
evolution group U' on L*(Q), defined by

U'f(x) = f(X(t; ).
Here, X (t;x) is the measure preserving map associated with the flow, defined by (2.15):

dX
© = —u(X), X(0x) = (2:20)

14



The group U? is a convenient tool to set up everything in L?*(€2) rather than at the level of
trajectories. For example, a function f is a first integral of u if

Ulf(z) = f(z), for all z € Q and all t € R. (2.21)

We say that a flow u is ergodic if its only first integrals are constant functions.
A flow is mixing if the following condition holds: for any two functions f,h € L*(Q) we
have

t—-+o0

lim /Qf(X(t;x))h(:L‘)d:L‘:/Qf(x)dx/ﬂh(x)dx. (2.22)

The mixing condition (2.22) can be interpreted as follows. Let us start (2.20) at a random
point x, equally distributed over the set ). The Lebesgue measure on () is invariant under
the dynamics (2.20) since u is incompressible: for any measurable set A we have

P(X (1) € 4) = / ya(X () d = / yal@)dz = |A].

Consider two measurable sets A C Q and B C (), and the corresponding characteristic
functions h(x) = ya(z) and f(x) = xp(x). Then (2.22) says that

P(X(t) € Band X(0) € A) — |A|-|B| — 0, as t — 400, (2.23)

that is, the events {X(0) € A} and {X(t) € B} become asymptotically (as t — +00)
independent — the fact that you end up in B does not depend on where you start.
Mixing implies ergodicity: if U’ f(x) = f(z) for all t € R then

/Qf(X(t; x))h(x)dx = /Qf(a:)h(x)dx, for all t > 0, (2.24)

for all h € L*(2) which is incompatible with mixing unless f is a constant function.
A function f € L*(Q) is an eigenfunction of the flow u if for any ¢ € R there exists ¢(t) so
that

U'f(x) = c(t) (2). (2.25)

This definition is equivalent to the condition that
u-Vf=Af (2.26)
Indeed, the function g(t,z) = U’ f(x) satisfies the advection equation
g+u-Vg=0, g(0,2) = f(x). (2.27)

therefore, if (2.26) holds then
FX(t ) = e f(x).
On the other hand, if (2.25) holds then the solution of (2.27) has the form

g(t,x) = c(t) f(2).
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Inserting this expression into (2.27) gives

() f (@) + c(tu(z) - Vf(r) =

Separation of variables now implies that there exists A € C such that (note that ¢(0) = 1

automatically)
c(t) = e,

and
u(z) -V f(z) = Af(z).

Moreover, as the map x — X (¢;x) is measure preserving for all t € R, |¢(t)| = 1 for all ¢,
whence A is purely imaginary: A\ = iw with a real number w

An incompressible flow u is called weakly mixing if the corresponding operators U’ have
only continuous spectrum, that is, the only eigenfunctions of U! are constants. An equivalent
definition is that (2.22) holds on average, that is:

X (t: 2))h(x)dz — /Q F(@)dz /Q h(x)da

and the convergence in (2.23) holds for a set of times of density one.

Weakly mixing flows are ergodic: first integrals are eigenfunctions with eigenvalue zero
but weakly mixing flows are not necessarily mixing (see, for instance, [9]). On the other
hand, mixing flows are weakly mixing: essentially for the same reason that mixing flows are
ergodic — if

lim —

JJim T dt =0, (2.28)

U'f =c(t)f, forall t € R,
then

/ f(X(t;2) / f(z)h(x)dx, for all t > 0, (2.29)

for all h € L*(Q2) which is also incompatible with mixing unless f is a constant function.
A direct consequence of Theorem 2.4 is the following Corollary.

Corollary 2.6 Any weakly mizing incompressible flow u € Lip(2) is relazation enhancing.

There exist fairly explicit examples of weakly mixing flows [2, 18, 19, 35, 44, 40], some of
which we describe below but delving into the detailed constructions would take us too far
outside of the PDE realm.

Examples of relaxation enhancing flows

Before embarking on the proof of Theorem 2.4 we present in this section some examples of
relaxation enhancing flows on a torus so as to assure the reader that this class is not empty.
We first describe flows that have no eigenfunctions — they are weakly mixing, and then flows
with very rough eigenfunctions none of which lie in H'(€2).
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Weakly mixing incompressible flows on a torus

According to Theorem 2.4, a flow u € Lip(Q2) is relaxation enhancing if and only if it has
no eigenfunctions in H*(£2). As we have mentioned, a natural class satisfying this condition
is weakly mixing flows — which have no eigenfunctions in L?*(2) at all. Examples of weakly
mixing flows on T? go back to von Neumann [40] and Kolmogorov [35]. The flow in von
Neumann’s example is continuous, in the construction suggested by Kolmogorov the flow is
smooth. The technical details of Kolmogorov’s construction have been carried out in [44],
a good review of these results is [27]. More recently, Fayad [18] generalized this example to
show that weakly mixing flows are generic. To describe the result of [18] in more detail, let
us recall that a vector a € R™ is called S-Diophatine if there exists a constant C' such that
for each k € Z" \ {0} we have

. N '
inf [{a, k) +p| = o
The vector « is Liouvillean if it is not Diophantine for any g > 0. The Liouvillean numbers
(and vectors) are the ones which can be very well approximated by rationals.
In order to construct a weakly mixing flow on a torus T"*! we start with a very simple

flow that is a local time change of a linear translation flow:

dX Q@ dy 1

ot - X(0)= Y(0) = 2.30
with a smooth positive function F(x,y), x € T", y € T. Such flows have a unique invariant

measure
dp = F(z,y)dzdy.

Indeed, for any smooth function f(x,y) set

g(t,z,y) = U fz,y) = f(X(t,z,y),Y (L, 2,y)),
so that
/ U' fdp = fX(t2,y),Y(tz,y)dp = / g(t,z,y)dp.
Trt1 Tr+1

Tn+1

This function satisfies the first order advection equation

dg ! 1 Jg
_— . T —_ _—= O’ O’ 5 = 3 . 231
o Fley) Vag Fle.y) Oy 9(0,z,y) = f(z,y) (2.31)
Using this equation, we compute:
d t d Q 1 8g(x,y)
— dp = — t dp = — - V.g(zx, d
= / Ulfdu=— | g(t.z,y)dp / {F@y) Vag(@,y)) + Fag) oy |
Tn+1 Tn+1 Tn+1
dg(t
= / |:Oz -Vag(t,z,y) + %} dxdy = 0. (2.32)
Tn+1

Therefore, i is, indeed, an invariant measure for the flow (2.30). Let us denote by C” (T%)
the set of positive C" functions on the torus. Fayad’s result is
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Proposition 2.7 ([18]) Assume that the irrational vector a € R is not $-Diophantine, for
some 3 > 0. Then, for a dense Gs set of functions F' in Cern(T”“) the flow (2.30) is weakly
mizing (for the unique invariant measure F(x,y)dxdy).

The flows given by this proposition have an invariant measure F'(z,y)drdy and not the
Lebesgue measure dzdy — they are not quite divergence free, rather they satisfy

V- (Fu)=0.

To obtain examples of relaxation enhancing flows, we need to modify these flows so that the
resulting flow is divergence-free but the weakly mixing property is preserved. Obviously, if
the flow (2.30) is weakly mixing for some F' then it is also weakly mixing for all positive
multiples of F' — multiplication of F' by a constant amounts to a simple rescaling of time by
the same constant. Thus, we may assume that F' given by Proposition 2.7 is normalized so
that

/ F(z,y)dzdy = 1. (2.33)
’]I‘n+1

As T™*! is the unit torus, a theorem of Moser [39] says that then there exists a measure
preserving invertible transformation

Z . TN (F(2,y)dxdy) — T (dpdy),
that is as smooth as the function F. If we denote by
w(z,y) = (a/F(z,y),1/F(z,y))
the vector field in (2.30), then the vector field
u(p,q) = Zowo Z"!

is going to be incompressible (with respect to the standard Lebesgue measure dpdq). More-
over, the unitary evolutions generated by w and u in L*(F(x,y)dzdy) and L?*(dpdq), respec-
tively, are unitary equivalent and so have the same spectra. Therefore, the flow u(p,q) is
weakly mixing and thus relaxation enhancing.

Flows with rough eigenfunctions

We now describe an example of a different class of flows to which Theorem 2.4 applies. Namely,
we will sketch a construction of a smooth incompressible flow u(z,y), V-u = 0, on a torus T?
that has a purely discrete spectrum but none of the eigenfunctions are in H'(T?). The idea
of the construction goes back to Kolmogorov [35]. We only sketch the construction, without
presenting the full technical details [2, 27].

As before, we denote by U the flow on L?*(T?) generated by wu:

U'f(z) = f(X(t2)),
and by X (t,z) the trajectory of

P e u(x), X0 =2
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Proposition 2.8 There exists a smooth incompressible (with respect to the Lebesgue measure)
flow u(z,y) on a two-dimensional torus T? so that the corresponding unitary evolution U' has
a discrete spectrum on L?(T?) but none of the eigenfunctions of Ut are in H*(T?).

Proof. The example will be given by a flow of the type (2.30):

X Q@ ay 1

o m, o m, X(0) =z, Y(0) =y, (2.34)
with d = 2 and appropriately chosen @ € R and F(z,y). The idea of the construction is to
find a flow of this form which can be mapped to a constant flow («, 1) by a measure preserving
map S with very low regularity properties. Since the eigenfunctions of the constant flow are
explicitly computable, we can compute the eigenfunctions of the original flow. Due to the
roughness of S, these will be highly irregular. To obtain an incompressible flow, rather than a
flow that preserves the measure F'(x,y)dzdy, we will then proceed as in the previous example.

It would be very convenient to take F'(x,y) in the form

F(z,y) = Q(r — ay), (2.35)

so that F(z,y) would be constant on each trajectory of the flow (2.34). However, for F(z,y)
as in (2.35) to be l-periodic both in x and y, the function Q(x) has to be both 1-periodic
and a-periodic. If « is irrational, this is impossible unless Q(x) = 1.

Thus, instead of trying (2.35), we take a 1-periodic function Q(z) > 0, and choose m > 0
so that m < min Q(s). We also take a smooth cut-off function ¢ (y) > 0 such that

/ )y =1, (2.36)
and
Y(y) =0for 0 <y <ypand y; <y <1 with yy close to zero and y; close to one.  (2.37)
The choice of m ensures that the function
F(r,y) =m+ ) (Qr —ay) —m), 0<z,y<1 (2.38)

is positive. Next, we extend F(z,y) periodically in both variables to the whole plane R2.
The periodicity of @(x) and (2.37) imply that the extension is smooth. In addition, because
of (2.42), it has total mass over the torus equal to one:

11
/ / F(z,y)dzdy = 1.
o Jo

In order to map the flow (2.34) to a constant speed flow (c, 1) moving along the same
straight lines, it is natural to attempt to define the transformation S : (z,y) — (X,Y) as

X(z,y) =+ aY(z,y) —y), Y(z,y)=T(x—ay,y), (2.39)
with T'(z,y) defined by



The transformation (2.39) satisfies x —ay = X —aY/, thus it preserves the flow trajectories. In
addition, T'(x,y) is simply the time it takes for the particle to move from the point (z —ay, 0)
to the point (z,y). Hence, the particle would move with a constant speed in the new variables,
and the speed in the y-direction would equal to one. However, the transformation (2.39) is
not well-defined: X (z,y) and Y (z,y) are not 1-periodic (even modulo 1) in = and y, so this
is not a map of the torus T? to itself. Thus, we modify (2.39) as [35, 45]

X(zy)=r+alY(v,y) —y), Y(z,y)=T(x—ay,y)+ Rz —ay), (2.40)

adding a shift R(z — ay) that is constant on each trajectory.
We claim that if we choose the 1-periodic function R(z) that satisfies the homology equa-
tion

RE+a)-R(E)=0Q() -1, (eS8, (2.41)

then the map (2.40) is well-defined on T?. Note that for (2.41) to have a measurable solution
the function Q(§) should satisfy the normalization [2]

1
| aic-1 (2.42)
0
The shift in x is simple: the function T'(z,y) is clearly 1-periodic in z since F(z,y) is

periodic in x, thus
Y(z+1,y) =Y(z,y), (2.43)

while
X+ 1,y) = 1+ X(a,y). (2.44)

To verify what happens under the shift y — y+1, we first make some preliminary observations.
The normalization (2.36) implies that the functions F' and @ are related by

/0 F(é +az, 2)dz = / m 4+ 0(2)(QE) — m)ldz = Q(€), D<E<T, (2.45)

while for £ > 1 we have

/O F(é + az 2)dz = QUE}), (2.46)

where {£} = £ — [¢] is the fractional part of £, and [¢] is the integer part of £. Furthermore,
we have

/n+ F+azz2)dz= /0 F(+na+az, z)dz = Q({€ + na}). (2.47)

Now, it follows that
1+y 1 y+1
T(x,y+1 / F(x 4+ az,2)dz = / F(x+az,z)dz+/ F(z+ az,z)dz
0 1
=Q(z) + / Flz+a+az,2)dz=T(x+ a,y) + Q(x) (2.48)
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because of (2.45). Using this identity, and the homology equation (2.41) for the function R
gives

Y(z,y+1)=T(x—ay—a,y+ 1)+ R(x — ay — a) (2.49)
=T(x—ay,y)+Qx—ay—a)+Rlx—ay) —Q(r —ay —a) +1
=T(x—ay,y)+ Rx—ay)+1=Y(x,y) + 1.

Finally, for X (z,y) we have

X(z,y+1) = 2+a(Y(z,y+1)—y—1) = a+a(Y(z,y)+1-y—1) = z+a(Y (z,y)—y) = X(x,y).
(2.50)
We conclude from (2.43), (2.44), (2.49) and (2.50) that S is a well-defined mapping of T? to
itself.
A key observation is that solutions R(x) of the homology equation (2.41) can be very
rough even if the function Q € C*(S!) is smooth. To see that, let us go back to the homology
equation

R€+a)—R(E)=Q() -1, ¢esh (2.51)
Note that it can be solved explicitly using the Fourier transform:
R() =) R,e™™™, (2.52)
nez

with the Forueri coefficients .
> Qn
R, = : . 2.53
exp(2mian) — 1 (2.53)

The denominators in (2.53) can be dangerously small if an can be very close to an integer,
that is, if « is a Liouvillean irrational number. The following Proposition is a particular case
of Theorem 4.5 of [27].

Proposition 2.9 Let o be a Liouvillean irrational number. There exists a C™(S') func-
tion Q(&) so that the homology equation (2.41) has a unique (up to an additive constant)
measurable solution R(£) : S' — R such that for any A € R\{0}, the function Ry(£) = &)
1s discontinuous everywhere.

Without loss of generality we may assume that Q(&) given by Proposition 2.9 is positive —
otherwise we choose M so that Q(§) + M > 1 and consider a rescaled function

Qu(&) = (M + Q&) /(M +1).

Then, the function

Ru(§) = ]\];Li)l

is the solution of (2.41) with Qs in the right side and, of course, Ry(£) has the same set

discontinuities as R(§).
Let us see what happens to the flow (2.34) under the map (2.40):

dx «Q @_ 1

dt  F(z,y) dt  F(x,y)

2(0) = zo, y(0) = yo. (2.54)
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Note that
z(t) — y(t) = zo — oo,
hence Y'(t) is given by
Y(t) = T(x(t) — ay(t),y(t)) + R(z(t) — ay(t)) = T(xo — ayo, y(t)) + R(zo — ayo),

so that

dY 0T (zo — ayo,y(t)) ..\ 1
p 3y y(t) = F(xo — ayo + ay(t%y(t))w
— Fla(t) — ay(t) + ay(t), y(t) = = 1.

Fa(t), y(t)
On the other hand, for X (¢) we have

ax . : ()= =—~——Fa——=————=q
@ = =0 = manm YT R -

Therefore, the image of the flow (2.34) under S is simply the uniform flow:

dX ay

7

as we desired. We will denote wy,ir = (a, 1).
Note that S is invertible with a measurable inverse. Indeed, we have

X —aY =z — ay,

so that
Y=T(X—-aY,y)+R(X —aY).

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

As the function F' is positive, the function T'(x,y) is strictly increasing in y so that (2.60) has

a unique solution y(X,Y’), and then (2.59) defines 2(X,Y’) uniquely.
In addition, S is measure preserving in the following sense:

/@vawwwmw=/?w@wwwwmwz/ﬂXYMWY

(2.61)

for any function f € C(T?). In order to see that, let us introduce intermediate changes of

variables: S = S30 S0 Sy, with S} : (z,y) — (2,y1) with
c=r—ay, Y1 =Y,
followed by Sy : (z,11) = (Z,y2)
Z =2z vy =T(z,11)+ R(2),
and finally S3 : (Z,y2) — (X,Y), with

X=Z+ay, Y=y.
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The corresponding Jacobians are:

oT
Ji=J3=1 Jy= @(%yl) = F(Z + Oéyhyl) = F(ﬂ%y)-
1

Therefore, the Jacobian of S is, indeed,
J - J1<]2J3 = F(l’,y),

hence (2.61) holds and S is measure-preserving.

Hence, S* may be extended as an operator L?(dzdy) — L?(du) with the preservation of
the corresponding norms. It follows that the unitary evolutions U,, and Uy, generated by
the flow w given by (2.54) and the uniform flow w,; s, respectively, are conjugated by means
of the unitary transformation

S* 1 L2(T2,dXdY) — L2(T2, dy),
that is, we have
Therefore, Uy, and U, have the same spectrum:

A = 2mina + 2mil,  I,n € Z.

It also follows that the eigenfunctions of the operator U, may be written as

2minX (z,y)+2milY (z,y) _ 62m’n(x—ozy+o¢Y(:r:,y))+27rilY(:t7y) (262)

n(T,y) = e
_ 627rin(x—ay)e(27rino<+27ril)(T(x—ay,y)+R(z—ay)) _ g(:p, y)e(QTrina—l—Qﬂil)R(;t—ay)
with a smooth function ((z,y) € C*°([0,1]?*). Note that the function
C(CC) y) _ eQwin(z—ay)6(27rina+27ril)T(m—ay,y)

is not periodic in y even though the function % (z,y) is periodic. In order to verify that ¢,
are not in H'(T?) it suffices to check that the function

Oy (z,y) = B~ = R\ (z — ay)

is not in H'([0,1]?) for any real A # 0. Here, Ry(s) is as defined in Proposition 2.9. Since the
function ©,(x,y) is constant on the lines

T — oy = const,

if it were in H'([0, 1]?), it would force the function Ry(s) to be in H'(S') and hence contin-
uous. However, R, is discontinuous everywhere according to Proposition 2.9. Therefore, the
eigenfunctions 1% cannot be in H'(T?) unless n =1 = 0.

Finally, to obtain an incompressible flow (with respect to the standard Lebesgue measure)
with rough eigenfunctions, we introduce a smooth transformation of the torus

S (v,y) = (p,q)
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by setting

z Y B 1
P :/ F(s)ds, q= / F(x,z)dz, where F(x) :/ F(z,z)dz.
0 0 0

Note that F(x) is periodic, and

plx+1,y) = /Ox F(s)ds = p(z,vy) +/0 F(s)ds = p(z,y) + 1.

We also have g(z + 1,y) = ¢(x,y) and

Q(x7y+1) i

1 y+1
m/o F(z,2)dz = q(z,y) + 1.

Therefore, indeed, S is a mapping of T? to itself. Since F(z,y) is positive, S is one-to-one.
It is immediate to verify that it maps the measure dp onto the Lebesgue measure dpdq — the
Jacobian of S is F(x,y). Hence, the evolution group generated by the image u(p,q) of the
flow w(z,y) will have the same discrete spectrum as U,,. In addition, the eigenfunctions %
of U, are the images of the eigenfunctions 1% of u under S*:

U@, y) = (S"¥m)(2,y) = U (S(@,y)).

As the functions ¥% are not in H'(T?) and the map S is smooth, it follows that all the
eigenfunctions of the incompressible flow u(p, ¢) are not in H'(T?). This finishes the proof of
Proposition 2.8. [

An abstract criterion for relaxation enhancement

Theorem 2.4 follows from a rather general abstract criterion, which connects us back to
the abstract set-up of (1.1). We start with a self-adjoint, positive, unbounded operator I'
with a discrete spectrum on a separable Hilbert space H. In the setting of Theorem 2.4, T’
corresponds to —A, with H the subspace of mean zero functions on L?*(€2). We denote by

O< A <A< ...

the eigenvalues of I', and by e; the corresponding orthonormal eigenvectors forming a basis
in H. The (homogenous) Sobolev space H™(I") associated with I is formed by all vectors

¢:chej EH,
J

such that
HwHJQLIm(F) = ZAT‘CJ'\Z < 0.
J

Note that H?*(T") is the domain D(T") of I'. The crucial assumption is that A\, — +oo — this
makes the set where the dissipation by I' is not too large a compact subset of H.
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The analog of the operator w - V in Theorem 2.4 (or, to be precise, of the self-adjoint
operator generating the unitary evolution group U! which is equal to iu - V on H'(Q)) is a
self-adjoint operator L such that, for any ) € H'(T') and ¢ > 0 we have

1LY < Clldbllzry and [l ]|y < BO¢ ) (2.63)

with both the constant C' and the function B(t) < oo independent of ¥ and B(t) € L2 [0, 00).
Here e is the unitary evolution group generated by the self-adjoint operator L. Consider a

solution ¢°(t) of the rescaled in time version of (1.1):

So) = Lo () - T (), 670) = n. (2.64)

3

Theorem 2.10 Let I" be a self-adjoint, positive, unbounded operator with a discrete spectrum
and let a self-adjoint operator L satisfy conditions (2.63). Then the following two statements
are equivalent:

(i) For any 7,8 > 0 there ezists o(T,d) such that for any 0 < ¢ < go(7,9) and any ¢po € H
with ||¢o||zr = 1, the solution ¢°(t) of (2.64) satisfies ||¢°(T)||% < 6.

(i1) The operator L has no eigenvectors in H'(T).

Theorem 2.10 provides a sharp answer to the general question of when a combination
of fast unitary evolution and dissipation produces a significantly stronger dissipative effect
than dissipation alone. It can be useful in any model describing a physical situation which
involves fast unitary dynamics with dissipation (or, equivalently, unitary dynamics with weak
dissipation). The proof of Theorem 2.10 uses ideas from quantum dynamics, in particularly
the RAGE theorem (see e.g., [10]) describing the evolution of a quantum state belonging to
the continuous spectral subspace of a self-adjoint operator.

Exercise 2.11 Show that neither of the two conditions in (2.63) implies the other.

The proof of Theorem 2.10

The general idea of the proof is quite straightforward. The dissipation balance for our problem
1s
1d |12 € € € 2
5797 lw) = —(T6%, 6%) = —ll¢" Ol - (2.65)
Therefore, if ||¢| g1 (r) is large on a time interval [t1, ;] then ||¢°(¢)|z will drop significantly
over this time. On the other hand, we will show that if ||¢°(7)| g1 (r) is small at some time 7
then, as L does not have H'(T')-eigenfunctions, the free evolution
d¢® i
Wl P =), 127 (266
dt €
will make the H!(T')-norm of ¢° very large in a time so short that the free evolution is close
to the true evolution over this short time interval. This means that the H'(T')-norm of ¢°(¢)
will also he very large. Hence, even if the H'(I')-norm of ¢¢ drops, it will go back up again
very quickly, forcing the dissipation to be large most of the time, and reducing ||¢(¢)||y very
efficiently. Making this argument careful will take us some time, no pun intended. A crucial
role is played by the fact that the unit ball in the H'(T")-norm is compact in H.
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Preliminaries

We first collect some elementary facts and estimates for equation (2.64). For simplicity, we
will denote the norm in the Hilbert space H by || - ||, the inner product in H by (-,-), the
Sobolev spaces H™(I') simply by H™ and the norms in these Sobolev spaces by || - ||,,. We
have the following existence and uniqueness result.

Proposition 2.12 Assume that for any ¢ € H', we have
L[] < Cl#l- (2.67)

Then for any T > 0, there exists a unique solution ¢(t) of the equation

) _ (L~ T)o), 6(0) = 6y € '
This solution satisfies
o(t) € LA([0,T], H*) N C([0,T), HY), ¢(t) € L*([0,T], H). (2.68)

Exercise 2.13 Proposition 2.12 can be proved by standard methods using Galerkin approx-
imations and then establishing uniqueness and regularity. Fill in the details of the argument.

Next we establish a few properties that are more specific to our particular problem. It will

be more convenient, in terms of notation, to rescale the time back by the factor ¢!, arriving
at the equation )
do®(t _ - ~.
"0 _ (iL - en)d ). #0) =0 (2.69)

Lemma 2.14 Assume that (2.67) holds, then for any initial data ¢ € H, [|¢o|| = 1, the
solution ¢°(t) of (2.69) satisfies

(2.70)

N | —

: / 16° (1) 2t <

Proof. Recall that if ¢ € H'(T), then T'¢p € H~}(T') and (T'¢, ¢) = ||¢]|2. The fact that L is
self-adjoint allows us to compute

d - - - _
EII@‘SII2 = (67, ¢%) + (95, 9°) = —2¢[|¢°]I3. (2.71)

Integrating in time and taking into account the normalization of ¢y, we obtain (2.70). OJ
An immediate consequence of (2.71) is the following result, that we state here as a separate
lemma for convenience.

Lemma 2.15 Suppose that for all times t € (a,b) we have ||¢°(t)||> > N||¢°(t)||*>. Then the
following decay estimate holds:

1657 < e |6% (a) |
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Next we need an estimate on the growth of the difference between solutions corresponding
toe >0 and € = 0 in the H-norm.

Lemma 2.16 Assume, in addition to (2.67), that for any ¢» € H' and t > 0 we have

le™y iy < B®)I9 ]l (2.72)
for some B(t) € L2 [0,00). Let ¢°(t), ¢°(t) be solutions of

de°(t) doF (t)
dt dt

satisfying ¢°(0) = ¢°(0) = ¢ € H'. Then we have

= iL¢(t), = (il —el)¢ (1),

B*(t)] o3 (2.73)

w|>—l
)

d G 2 1 0
o7 () = I < 52l @ <

Proof. Note that ¢°(t) = e¢t¢y by definition. Assumption (2.72) says that this unitary evo-
lution is bounded in the H'(T') norm. The regularity guaranteed by conditions (2.67), (2.72)
and Proposition 2.12 allows us to multiply the equation

d

(0 =) =L~ ¢) — T

by ¢¢ — ¢°. We obtain

d
N7 = @17 < 2e(l " [l Il — l6°) < el

which is the first inequality in (2.73). The second inequality follows simply from the assump-
tion (2.72). O
The following corollary is immediate.

Corollary 2.17 Assume that (2.67) and (2.72) are satisfied, and the initial data ¢ € H'.
Then the solutions ¢°(t) and ¢°(t) defined in Lemma 2.16 satisfy

16°(t) — &) < 1||¢>o||1/ 2(1) dt

(]

for any time t < 1.

Eigenvectors in H!(T') preclude relaxation enhancement

One direction in the proof of Theorem 2.10 is much easier: existence of H!(T') eigenvectors of

the operator L ensures existence of 79,dp > 0 and ¢¢ with [|¢g|| = 1 such that ||¢°(70)|| > do

for all € — that is, if such eigenvectors exist, then the operator L is not relaxation enhancing.
Assume that the initial condition ¢y € H! for

d & _Z & & & _
SO°() = LLE(W) ~To(D), ¢(0) = b 274
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is an eigenvector of L corresponding to an eigenvalue E, normalized so that ||¢o| = 1. Take
the inner product of (2.74) with ¢o. We arrive at

%<¢E(t), bo) = %(Qﬁe(t),%) — (D¢*(t), o).

This and the assumption ¢q € H' lead to
d (S 2 2
pr (Io“ @I + lleoll?) -

| —

(=2 (1), ) \ <

Note that the value of the expression being differentiated in the left side equals to one at ¢t = 0.
By Lemma 2.14 (with a simple time rescaling) we have

/0 67 (1) 2 dt < 1/2.

Therefore, for t < 7 = (2[|¢o||3) ™" we have [{(¢°(t), ¢o)| > 1/2. Thus, ||¢°(7)|| > 1/2, uniformly
in e. 0

The RAGE theorem and the time spent in high modes

The proof of the other direction in Theorem 2.10, that the absence of eigenfunctions implies
relaxation enhancement, is more subtle, and will require some preparation. We switch to
the equivalent formulation (2.69), and drop the tilde (hoping that this will not cause any
confusion). We need to show that if L has no H' eigenvectors, then for all 7,8 > 0 there
exists 9(7,d) > 0 such that if ¢ < gy, then ||¢°(7/¢)|| < 6 whenever ||¢o| = 1. Recall that
the main idea of the proof can be naively described as follows. If the operator L has a purely
continuous spectrum or its eigenfunctions are rough, then the H'-norm of the free evolution
(with e = 0) is large most of the time. On the other hand, we will show that for small € the
full evolution is close to the free evolution for a sufficiently long time. This clearly leads to
dissipation enhancement.

Our first task is to get good control of the free evolution e?**. The first ingredient that we
need to recall is the so-called RAGE theorem, first proved by Ruelle [43] and later generalized
by Amrein and Georgescu in [1], and by Enss in [13].

Theorem 2.18 (RAGE) Let L be a self-adjoint operator in a Hilbert space H. Let P, be the
spectral projection on its continuous spectral subspace, and C be any compact operator. Then
for any ¢o € H, we have

T
. ]‘ 1Lt 2 o
Jim / [Ce Pug |2 dt = 0.
0

The result can be equivalently stated for a unitary operator U, replacing et with U*.
The proof of the RAGE theorem can be found, for example, in [10]. This theorem is a
generalization of the following classical theorem by Wiener.
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Theorem 2.19 Let du be a finite measure on R with the Fourier transform

F(t) = /R e~ dp(z).

Then

iz [ IFOFd: = 3 lntP (2.75)

T—+o0 1
reR

Note that the sum in the right side of (2.75) is finite since p is a finite measure.

A direct consequence of the RAGE theorem is the following lemma. Recall that we denote
by 0 < A1 < Ay < ... the eigenvalues of the operator I' and by ey, es,... the corresponding
orthonormal eigenvectors. Let us also denote by Py the orthogonal projection on the subspace
spanned by the first NV eigenvectors eq, ..., ey and by

S={¢eH: |¢]=1}

the unit sphere in H. The following lemma shows that if the initial data lies in the continuous
spectrum of L, then the L-evolution will spend most of time in the higher modes of T'.

Lemma 2.20 Let K C S be a compact set. For any N,o > 0, there exists T.(N, o, K) such
that for all T > T.(N,o,K) and any ¢ € K, we have

T

1 .

= / | Pve™ P.g||* dt < o. (2.76)
0

The key observation of Lemma 2.20 is that the time T.(N, o, K) is uniform for all ¢ € K.

Proof. Since Py is compact, RAGE theorem implies that for any vector ¢ € S, there exists
a time T,.(N, o, ¢) that depends on the function ¢ such that (2.76) holds for ' > T.(N, o, ¢).
To prove the uniformity in ¢, note that the function

T
1.0 = 1 [ I1Pwe P
0

is uniformly continuous on S for all 7' (with constants independent of T):

T
1 ) ) ) .
[f(T,¢) = [T )l < / || Pyve™ Pegl| — || Pxe™ Papl|| (Il Pye'™ Pegl| + || Pxe™ Pop|]) dt
0

A

T
1 )
< (l[¢ll + H¢||)f/Hsze’LtPc(d)—w)Hdt <2/l = .
0

Now, existence of a uniform 7,.(N, o, K) follows from compactness of K by standard argu-
ments. [J
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H'-norm of free solutions with rough eigenfunctions

We also need a lemma which controls from below the growth of the H' norm of free solutions
corresponding to rough eigenfunctions. We denote by P, the spectral projection on the pure
point spectrum of the operator L.

Lemma 2.21 Assume that not eigenvectors of the operator L belong to H(T'). Let K C S
be a compact set. Consider the set K1 = {¢ € K : || P,¢|| > 1/2}. Then for any B > 0 we
can find N,(B, K) and T,(B, K) such that for any N > N,(B,K), any T > T,(B,K) and
any ¢ € Ky, we have

T

1 .

?/HPNeZLthqufdt > B. (2.77)
0

Note that unlike in (2.76), we have the H' norm in (2.77).

Proof. The set K; may be empty, in which case there is nothing to prove. Otherwise, let
us denote by Ej the eigenvalues of L (distinct, without repetitions) and by (); the orthogonal
projection on the space spanned by the eigenfunctions corresponding to E;. First, let us show
that for any B > 0 there is N (B, K) such that for any ¢ € K; we have

> 1PvQsgll; > 2B (2.78)

if N > N(B,K). It is clear that for each fixed ¢ with P,¢ # 0 we can find N(B,¢) so
that (2.78) holds, since by assumption @Q;¢ does not belong to H' whenever Q¢ # 0. Assume
that N(B,¢) cannot be chosen uniformly for ¢ € K;. This means that for any n, there
exists ¢, € K; such that

J

Since K is compact, we can find a subsequence n; such that ¢,, converges to 6€ K, in H
as n; — 0o. For any N and any n;, > N we have

ST IPNQGIE < 3 1P, @017 < limint 37 [ Pa, Qs I (2.79)
J J J

The last inequality follows by Fatou’s Lemma from the convergence of ¢,, to ¢ in H and the
fact that

1Py @il = ML21Qul < N2,

for any n;,. The expression in the right hand side of (2.79) is less than or equal to

limin Y~ |17, Qs 1} < 2B.
J

Thus, we have
> I1PyQ;6lIF < 2B for any N,

J
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a contradiction since ¢ € K;. As a consequence, there exists N (B, K) so that (2.78) holds for
all N > N(B,K) and all ¢ € K.
Next, take ¢ € K; and consider

T
1 .
7 [1pvespolar - > T = Qe (2:80)
0 El

In (2.80), we set
ei(Ej_El)T _ 1

i(E; — E)T
Notice that the sum in (2.80) converges absolutely. Indeed,

=1ifj=1.

N
PyQio = (Q0,ees,
i=1
and (T'e;, ex) = \;dix, therefore

N
(CPyQ;¢, PxQid) = > \i(Q;6,€:)(Qio, ).
i=1

Hence, the sum in the right side of (2.80) does not exceed

ZA Z| Qi €:)(Qud, )] < ANZZ Qs8I Qull[(Q;¢/ 1561, €:) (Qud/ |, €5)]

=1 ’Lljl

< ANZ > 1@l HQs0/1Qs¢ll, e < AwN. (2.81)

i=1 g

The second step above is obtained using the Cauchy-Schwartz inequality, and the third
since ||¢|| = ||e;|| = 1. Then for each fixed N, it follows from the dominated convergence
theorem that the expression in (2.80) converges to

> IT2PuQsoll* = 3 I1Pn @l

as T' — oo.
Now assume N > N,(B,K) = N(B,K), so that (2.78) holds. We claim that we can
choose T,,(B, K) so that for any T' > T,,(B, K) we have
L[ Pyet Bl a P02 R YN B
— i t — , — - - . <
7 | 1Pt po D IPsQuolE) = 32 e (P Paid) <

(2.82)
for all ¢ € K. Indeed, this follows from convergence to zero for each individual ¢ as T' — oo,
compactness of K7, and uniform continuity of the expression in the middle of (2.82) in ¢ for
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each T (with constants independent of 7). The latter is proved by estimating the difference
of these expressions for ¢, € K; and any T by

Z [(TPNQj¢, PnQu(d — ¥))| + (T PnQ;(¢ — ), PnQuib)l,
I#j

which is then bounded by 2ANN||¢ — || using the trick from (2.81). Combining (2.78)
and (2.82) proves the lemma. [

Tracking the full dynamics with free evolution

We can now complete the proof of Theorem 2.10. Recall that given any 7,6 > 0, we need to
show the existence of g9 > 0 such that if ¢ < g(, then solution of the rescaled problem

£
WO _ (ir - ) (v), #(0) = o0 (2.53)
satisfies ||¢°(7/¢)|| < 0 for any initial datum ¢y € H, ||¢o|| = 1. Let us outline the idea of the
proof. Lemma 2.15 tells us that if the H' norm of the solution ¢°(t) is large, relaxation is
happening quickly. If, on the other hand, ||¢°(79)||? < Aar]|6°(70)]|?, where M is to be chosen
depending on 7 and ¢, then the set of all unit vectors satisfying this inequality is compact,
and so we can apply Lemma 2.20 and Lemma 2.21. Using these lemmas, we will show that
even if the H' norm is small at some moment of time 7y, it will be large on average in some
time interval after 79. Enhanced relaxation will follow.
We now provide the details. Since I' is an unbounded positive operator with a discrete
spectrum, we know that its eigenvalues \,, — oo as n — oo. Let us choose M large enough,
so that

6—)\1\/[7'/80 < 5

Define the sets
K={6€5: 62 <A} S,

and as before,
Ky ={¢eK: [[Fol =1/2}.

It is easy to see that K is compact. Choose N so that N > M and N > N,(5\y, K) from
Lemma 2.21. Define

7 20AN 7

lemax{Tp(E))\M,K),Tc(N Ay K)},

with T}, from Lemma 2.21, and T, from Lemma 2.20. Finally, choose €5 > 0 so that 7 < 7/2¢,,

and
T1

1

2 < — .84

50/B(t)dt_20)w, (2.84)
0

where B(t) is the function from condition (2.72).
Take any € < gy. If we have

l6=(s) 11T = Aarll 67 (s)]1®
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for all s € [0, 7], then Lemma 2.15 implies that
lg(r /)|l < e <,

by the choice of M and we are done. Otherwise, let 7y be the first time in the interval [0, 7/¢]
such that

l¢=(r0)I13 < Aarll6° (7o) I (2.85)

(it may be that 79 = 0, of course). We claim that the following estimate holds for the decay
of [|¢°(t)|| on the interval |1, 7o + 71]:

167 (0 + m)|* < e =20 67 () |2 (2.86)

For the sake of simplicity, we will denote ¢°(79) = ¢o. On the interval [ry, 79 + 71], consider
the function ¢°(t) satisfying

SO0 =L (1), ¢(n) = by

Note that by the choice of g¢, (2.84), (2.85), and Corollary 2.17, we have
Ay
I6°6) = DI < ol (2.57)
for all t € [ry, 79 + 71]. Split
¢ (t) = ¢e(t) + &5 (1),

where ¢., also solve the free equation

d .
beplt) = Ly (1),
but with initial data P.¢¢ and P,¢o at t = 79, respectively. We will now consider two cases.
Case I. Assume that 3
[Petol* = ~lloll,
or, equivalently, ||Py¢o||? < $]|¢ol/>. Note that since ¢o/||do|| € K by the hypothesis, we can
apply Lemma 2.20. Our choice of 7y implies that

T0+71

1 Ay
— P, 2dr < —— 2, 2.
= [ IPvoP e < el (2.8%)

70

By elementary considerations,

II=PS @I > 21T~ Pa)sedIP— TPy 0 > S80I~ 5 | Puoel) Pl (e)I

Taking into account the fact that the free evolution e**

on || P.,¢0|| and (2.88), we obtain

tis unitary, Ay > A7, our assumptions

To+T1
1 1
= [ 1= Podlra = ol (280

70
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Using (2.87), we conclude that

T0+T1
1 1
— I — Py)oe(H)|)* dt > — ||| 2.90
= [ 1= PsP ez gl (290)
70
This estimate implies that
T0+T1
c ANTL
lo* ()13 dt = == 6ol (2.91)
70
Combining (2.91) with (2.71) yields
5 )‘ ET 5 —ANETL &
ot 7P < (1= 2550 ) ol < Rl (202

This finishes the proof of (2.86) in the first case since Ay > Ay;.
Case II. Now suppose that |[Pygo|? > 1]|¢ol|>. In this case ¢o/||do]| € K1, and we can
apply Lemma 2.21. In particular, by the choice of N and 71, we have

To+T1
1
= [ 1P, dt = hsion] (2:93)

70
Since (2.88) still holds because of our choice of 75 and 7, it follows that

T0+T1

1 2 )\M 2
< . .
- / [Pnge(t)1 dt < 20 [0l (2.94)

Note that the H-norm in (2.88) has been replaced in (2.94) by the H'-norm at the expense
of the factor of Ay. Together, (2.93) and (2.94) imply

To+T1
1
= [ 1P IR de = 270 (2.5

70

Finally, (2.95) and (2.87) give

To+T1
JAEECIE

70

AMT1
2

l$oll” (2.96)

since || Py¢® — Pn@P||? < Ay||¢° — ¢°||2. As before, (2.96) implies

l6°(r0 + m)I* < ™™= |67 (o) I, (2.97)

finishing the proof of (2.86) in the second case.
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Summarizing, we see that if ||¢°(70)||? < Aasrl|¢°(70)||?, then

167 (ro + ) [|* < e =20 6 (7o) |12, (2.98)

On the other hand, for any interval I = [a,b] such that ||¢%(¢)]|? > Aas]|¢°(¢)]|* on I, we have
by Lemma 2.15 that
lg=(@)* < =M=~ 6% (a) |2, (2.99)

Combining all the decay factors gained from (2.98) and (2.99), and using 7, < 7/2¢, we find
that there is 7 € [7/2¢,7/¢] such that

by our choice of M. Then (2.71) gives ||[¢°(7/e)| < [[¢°(72)|| < 9§, finishing the proof of
Theorem 2.10. [

3 Dynamics in randomly perturbed problems

We now describe some results for equations of the form (1.1) when the perturbation is random,
and the background operator L is not mixing at all, so mixing comes from the interplay of
the simple deterministic dynamics, and randomness, as in toy example in Theorem 1.3.

Avergaging or homogenzation?

Let us briefly discuss the “general philosophy” in this class of problems. Most of the examples
we will consider are in a general form

¢y =1iLo + V. (3.1)

Think of L as the (linear) deterministic background problem, and V" as an (also linear) ran-
dom perturbation. As the randomness is weak, its effects will not be seen in the leading order
at “short” times t ~ O(1), but eventually the random fluctuations will manifest themselves in
the leading order, on some long time scale, which we will call T,. The most basic questions are
how large the “non-trivial behavior time” T is, in terms of ¢, that is, “how long do we have to
wait to see anything interesting”, and what the effect of randomness on ¢ will be on this time
scale, in other words, what is it that we will see at the time T.. A typical answer is given by
the central limit theorem: if the random fluctuations in the physical parameters have mean
zero, then T, ~ £72, and there is some sort of diffusive limit for some observable. A simple
example of such behavior is in Theorem 1.2. This answer is not absolutely universal, and
depends on the nature of the random fluctuations, so that in systems with slowly decaying
spatial correlations, the non-trivial observation time will depend on the physical observable
— various observables are affected in a non-trivial way on different time-scales. Thus, a more
specific formulation of the above questions is: (1) when will a particular physical observ-
able deviate from its deterministic behavior, and (2) how will it behave after it does that?
There is an obvious necessary condition for this problem to be of any “practical” interest: the
operator L has to be non-dissipative, so that the solutions of the unperturbed problem

b =iLo (3.2)
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would not essentially vanish at large times, long before T.. Otherwise, the random fluctuations
would be acting on something that is probably too small to be of interest, though, in principle,
the above questions can still be asked. In addition, it greatly helps if the dynamics of the
unperturbed problem (3.2) is very well understood (preferably, very simple) so that we know
very well what we are perturbing. The no-dissipation requirement is not an issue for a large
class of interesting physical systems, but the second requirement is a big restriction on the
class of problems we can analyze.

These questions are broadly similar to what is usually understood by random homoge-
nization, even though the random fluctuations are typically not weak in the latter context.
For example, the classical random diffusion homogenization problem

6 =V (a(2)V9) (33)
¢(0,z) = do(z),

with a (not weakly) random, or periodic, diffusion matrix a(x), comes from the microscopic
problem with slowly varying initial data

by =V - (a(2)Vi)) (3.4)
with a simple rescaling

That is, we start the microscopic problem (3.4) with an initial condition which is locally
very close to an equilibrium (a constant). Hence, we need to wait for a “long” time, of the
order t ~ €72, to observe a non-trivial deviation from the trivial deterministic dynamics for
that underlying equilibrium solution. However, here the time scale t ~ £72 is not really due
to the random nature of a(x) — the same result holds in the periodic case. This is really the
law of large numbers rather than a central limit theorem type of a result.

The commonality between these two problems seems to be that in order to get a macro-
scopic description at the ”"large” time T, one needs to know quite precisely the dynamics of
the unperturbed system: be it (3.2) in the weak randomness case, or the trivial dynamics
of the constant state in (3.4). The techniques in the analysis are, however, quite different.
There is one important “poetic” difference between the ”"weak randomness” and homogeniza-
tion set-ups. The non-trivial observation time 7} is dictated by the medium in the former but
by the initial condition in the latter, and is therefore beyond our control in the first problem
but is controlled by the input in the second. Another obvious difference is that the underlying
dynamics in the homogenization problem is trivial until the time ¢ ~ ¢~2, while in the “weak
randomness” case the dynamics of (3.2) is (hopefully) simple but non-trivial, and will have
to be taken into account.

The fast/slow dynamics decomposition

A useful way to look at the general dynamics (3.1)
& = il + eV (3.5)
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is to factor out the fast dynamics, making the interaction of the fast dynamics of L and the
slow dynamics of V' more visible. This is what leads to a non-trivial behavior of ¢. Let us
rescale the time variable ¢t — ¢/e?, so that (3.5) becomes

by = ém + éng. (3.6)

In some sense, the leading order term is

= 5L, (3.7)
that is, ) o
b(t) = 4. (3.8)

As the operator L is self-adjoint (or otherwise non-dissipative), one would expect ©(t) to
converge weakly to zero as € — 0 but not strongly. It is convenient to write

ot) = eH7Y(1). (39)
The function ¥ (t) satisfies
1 t
v=2B(5)v. (3.10)
with the operator ‘ .
B(t) = e Hyeltt, (3.11)

When the operators L and V' do not commute, their interaction in (3.11) often leads to a
non-trivial limit for the function v (¢). Studying the ”compensated” solution () is often an
instructive approach.

Particle motion in a random velocity field

Maybe the simplest example of a non-trivial weakly random dynamical system is particle
motion in a weekly random velocity field:

dX(t
% =u+ev(X(t)), X(0)=uzx. (3.12)
The corresponding first order linear PDE is
o1 + (u+ev(x)) - Vo = 0. (3.13)

Here, @ is a non-zero mean flow, and v(x) is a mean-zero random fluctuation. We will see
that appropriately re-centered particle position converges to a diffusive limit. More precisely,
the process
t _t

Y.(t) = X. (5—2) — i, (3.14)
converges to a Brownian motion. Notice that if « = 0 this result can not hold without
some extra miracles or hard work — the particle would be stuck close to the zeros of v(z).
Thus, the diffusive limit is a combination of the background dynamics (with € = 0) and the
random fluctuation that together lead to the diffusive limit, a recurrent theme in many of
such problems.
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Perturbed particle motion in a 2D Hamiltonian flow

The next example is a particle moving in weakly perturbed two-dimensional Hamiltonian
flow, described by a stochastic differential equation

dX, = —V*H(X,)dt + dB,. (3.15)

Here, X; = (x4, y;) is the particle position, B, is the standard two-dimensional Brownian mo-
tion, and H(z) is a background Hamiltonian. We use the notation V*H (x,y) = (H,, —H,).
Think of H(x,y) as a function growing at infinity, with finitely many non-degenerate critical
points, and there is at most one critical point on each level set of H. If one would like to
avoid the language of the stochastic differential equations, the corresponding ODE analog is

Cil_)t( = —VTH(X,)dt + cv(t), (3.16)

with a random flow v(¢). The results would be very similar to those for (3.15).

If e = 0, then the Hamiltonian is constant along the flow trajectories: H (X (¢)) = H(X(0)).
However, as can be immediately seen both from (3.15) and (3.16), when & > 0, the Hamilto-
nian is not preserved by the perturbed dynamics, and is slowly changing in time. One has to
wait for a long time for the evolution of the Hamiltonian to become non-trivial, and we will
show that the process

t
he(t) = H(X(5)), (3.17)
converges to a certain diffusion process on the Reeb graph of the function H(x).

If H(x,y) has many critical points on the same level set, such as the function

H(z,y) = cosxcosy,

then the dynamics is quite different — particles perform a diffusion process between various
cells (invariant regions) of the flow.

Particle in a weakly random Hamiltonian flow

The next example is a particle moving in a weakly random Hamiltonian field. The simplest
example is a classical particle in a weak random potential force field:

PO _ ki, B covix). (3.18)

in dimensions d > 3. This is the motion corresponding to the classical Hamiltonian

2

H.(x,k) = 5+ eV(x). (3.19)

One may consider more general Hamiltonians of the form
H.(z,k) = Ho(k) + eHy(z, k), (3.20)

with a deterministic background Hamiltonian Hy(k) and a random perturbation H;(x, k), but
we will not do this here.
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As in (3.15) and (3.16), if € = 0 in (3.18), the Hamiltonan Hy(k) = k*/2 is preserved
along the trajectories, and the process K (t) stays on the sphere |K(t)| = [K(0)|. Of course,
when € = 0 in (3.18) we actually have K (t) = K (0) but that is beside the point. Now, unlike
for (3.15) or (3.16), the perturbation of the Hamiltonian Hy(k) in (3.20) is time-independent
and Hamiltonian, thus the full Hamiltonian H.(z, k) is preserved by the dynamics for € > 0.
Hence, you do not expect to see the diffusion across the level sets of the Hamiltonian Hy(k)
as the limit process, which is what we obtained for (3.15). Rather, as K(t) is a process on the
level sets of H.(z, k), in the limit ¢ — 0, we expect it to converge to a diffusion on the level
set Ho(K(t)) = Ho(K(0)). For the classical mechanics Hamiltonian (3.19), this is simply the
sphere |K(t)| = |K(0)].

Thus, we will consider the process

zg@y:K(é), (3.21)

and we will see that it converges to a Brownian motion K (¢) on the sphere |K(¢)| = |K(0)],
with a certain diffusivity matrix D(k). If we were to consider a more general background
Hamiltonian than Hy(k) = k?/2, we would see in the limit a diffusion process on its level set
rather than on the sphere {|k| = const}, which is a level set of Hy(k) = k*/2. As we are
dealing with long times, and X (¢) = K(t) is not small, by the times of the order O(¢72) the
particle will be ”very far” in space. Accordingly, the spatial component needs to be re-scaled:
the process

X.(t) = 52X<i) (3.22)
converges to .

X@_/K@@ (3.23)
In terms of PDEs, the Hamiltonian dynamics 0corresponds to the Liouville equation

G+ k-Viep—eVV(x) Viod=0. (3.24)
The above result says that
6u(t,2) = E(9( 5, 5. k)

converges to ¢(t, z, k), solution of

0 o
L (Djm<k>%) —0. (3.25)

Note, again, that the background dynamics is very important here: if we would consider
the (very artificial) Hamiltonian

H. (z. k) =¢eV(x),
with a random function V' (x), then the dynamics would be

X K

dt
Its solution is trivial: X (¢) = X (0), and
K(t) =eVV(X(0))t.
Thus, the long time limit of K(¢) would not be diffusive at all.
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The Schrodinger equation

The last example we will consider in this family is the Schrodinger equation with a weak
random potential:

ide + %Aqﬁ —eV(@)p = 0. (3.26)

One may think of this equation as an example of the infinite dimensional Hamiltonian dy-
namics with the Hamiltonian

1) = 5 [ (Vo + V(@) de

and view it as an infinite-dimensional version of (3.18). However, we will use completely
different tools for the analysis here, that are on the surface much less natural. The ”good”
tools are missing at the moment.

The Liouville-Green (Wentzel-Kramers-Brillouin) approximation

One natural way to look at weakly perturbed non-dissipative problems is provided by the
WKB approximation developed originally, and independently from each other, by Liouville
and Green in 1837. The idea is very simple, and we illustrate it for the Schrodinger equation
with a slowly varying potential

i)y + %Aw —V(ex)y =0. (3.27)

Rescaling time and space as t — t/e and @ — x /¢ leads to

ey + %ZAw —V(z)y =0. (3.28)

Let us seek an oscillatory solution of the wave equation in the form
U(t, ) = A(t, x)eSE2/E,

Here, A(t,x) is the wave amplitude and S(t, z) is its phase. Note that the amplitude and the
phase vary on the macroscopic scale (independent of €) but, for ¢ < 1, the function (¢, z)
oscillates on the scale ¢, which is the original microscopic scale in (3.27). Inserting this ansatz
for ¢(t, z) into (3.28), we get, in the leading order the eikonal equation

[VSP?

Sy + 5

+V(z) =0. (3.29)
The next order of powers in € gives the amplitude equation
(JA]): 4+ V - (JA]PVS) = 0. (3.30)
Let us make the following observation: consider the measure
W(t,z,€) = |A(t,2)]6(¢ — VS(t,x)),
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with A(t,z) and S(t,z) which solve the eikonal equation (3.29), and the amplitude equa-
tion (3.30). Then, a direct computation shows that W (¢, z, {) satisfies the Liouville equation
of the classical mechanics

ow
ra +&§-V, W -V, V.VW = 0. (3.31)
The corresponding characteristics are
dX dK
kY yv(x

which is nothing but Newton’s equations of motion. This is probably the simplest connection
between the classical and quantum mechanics. We can think of W (¢, x, ) as the phase space
energy density of the quantum particle: note that

pltva) = At = [ Wit €)de.
and if we think of (3.30) as the fluid equation
pt+V(pU) :07

with the velocity v(t,x) = V.S(t, z), then the support of W (t,z,§) is exactly at £ = v(¢, x).

A caustic: seductiveness of the kinetic approach

Let us now explain how we can see the formation of a caustic in terms of the Liouville equation.
To be concrete and simple, consider the Schrédinger equation with V' = 0, and let us take
the initial phase as Sy(z) = —z?/2 with a smooth initial amplitude Ag(z). Solution of the
eikonal equation

1
Sy + 555 =0,

is given explicitly by S(¢,z) = —2?/(2(1—1t)) — a caustic appears at t = 1. The corresponding
characteristics for the amplitude equation satisfy
' X
X=——— X0)=2
T X0

and are given by X (¢) = x(1 —t) — hence all characteristics arrive to the point x = 0 at the
time ¢t = 1. This is the caustic point. At this time the geometric optics approximation breaks
down and is no longer valid.

On the other hand, the Liouville equation (3.31) is linear, and its solutions should not
break down. Let us see what happens: as V = 0, the Liouville equation is

W, +k-V,W =0, W(0,z,k) =Wy, k). (3.32)

Its solution is W (t, z, k) = Wy(x — kt, k) and clearly exists for all time. Since the initial phase
is Sp(x) = —22/2, at t = 0 we have

Wo(z, k) = [Ao(z)[*6(k + 2),
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so that the solution of (3.32) is
Wi(t,z, k) = |Ao(x — kt)|*5(k +x — kt).
This means that at the time ¢ = 1 the solution
Wi(t=12,k) = |Ag(x — k)[*§(z)

is no longer singular in momenta k but rather in space, being concentrated at x = 0. On the
other hand, the solution of the Liouville equation exists beyond this time, unlike that of the
eikonal equation, and from the Liouville point of view nothing particularly dramatic happens
at t = 0.

Anticipating the need to study problems in a random medium, a natural question then is
the following: suppose that the initial condition for the eikonal equation is Sy(x) = ko - = —
this is a plane wave, and the medium is weakly random. How long will it take for the solution
to form a caustic? If it happens very quickly, then the geometric options ansatz in a random
medium can not be used for too long — this is a very important point, as it gives the need to
very interesting mathematics!

A stochastic caustic

Let us now make a jump of more than a hundred years and look at the question of when a
caustic would appear in a weakly random medium. This is the work of Kulkarny and White
in 1982 in 2D, and White in 1984 in 3D. Assume that the sound speed in the medium is
weakly fluctuating: it has the form

c(x) =1+ ep(),

where () is a mean zero random process, stationary in space, and € < 1 is a small parameter
measuring the strength of the fluctuations. Typically, a mean zero random fluctuation of size ¢
will produce a non-trivial effect on a time scale T, ~ 2 — this is the central limit theorem,
bringing us back to the 18th century (de Moivre (1667-1754) stated it in 1733). White (and
with Kulkarny) considered the ray equations in such medium, and in 2D it was shown (after
lengthy calculations) that on the time scale ¢ ~ ¢72/3 the ray curvature behaves as the solution
of the stochastic differential equation

dZ = —Z%dt + dB,.

Solutions of this stochastic differential equation blow up in a finite (but random) time, almost
surely. This means that (in the original time variables), a caustic will form at a random
time of the order T~ O(¢2/3) which is much shorter than the ”interesting” central limit
time scale O(¢72). Thus, a caustic happens relatively quickly, before one would expect the
macroscopic observables to be affected. This time is even much shorter than the naive “non-
trivial effect” time O(e7!). Thus, a straightforward geometric optics ansatz in a weakly
random medium can be expected to hold only for times which are much shorter than times of
"real” interest. A different description has to be used if we want to understand what happens
on longer time scales, and this is accomplished by the kinetic theory.
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The kinetic models of wave propagation in heterogenous media

We will not discuss much about the kinetic models in these notes but some comments are in
order.

We have at least three basic length scales in wave propagation problems: L — the overall
propagation distance from the source to our observation point, A — the scale on which the
initial source is localized, and [, — the typical scale of variations of the medium. The latter two
scales are often not defined in a precise way, and we will explain later what exactly we mean
by them. Generally, we will be interested in the situations when the propagation distance L
is much larger than both A and [., giving even small variations in the microstructure a chance
to have a strong effect on the macroscopic features of the wave. This brings us to the next
important parameter: ¢ < 1 is the relative strength of the microscopic fluctuations in the
parameters of the medium. We will always assume that this strength is small.

Note that A can often be chosen — this is, essentially, the wave length of the probing
signal, and we may modify it to suit a particular application. The propagation distance L
can also be chosen — this is the observation scale, that the observer can often (but not always)
control. On the other hand, the scale of the medium variations [. is typically outside of
our control — the medium is usually given to us, and we can not modify it. The same is true
for € — this parameter is a feature of the medium and not of a particular setting of the physical
experiment. A typical question we will be facing is “Given the strength of the microscopic
fluctuations ¢ < 1, and the medium variations scale [., as well as the probing signal wave
length A\, how large can the propagation distance L be, so that we can still have an effective
macroscopic model for the wave, and what will that model be?” The answer will, broadly
speaking, depend on two factors: the relative size of [, and A, and on the statistics of the
small scale fluctuations of the medium. The three regimes we would ideally describe in some
detail are random geometric optics, radiative transport, and random homogenization. It is
not very likely we will have time for all of them in these lectures.

The macroscopic models are often written in terms of the energy density in the phase
space. The underlying premise is that the multiple scattering of the waves by the medium
inhomogeneities will create “waves going in all directions at each point”. Thus, the primary
object is now not the wave field but the (empirical) wave energy density W (t, z,&) at the
time ¢ > 0, at a position x € R", with the wave vector £ € R"”. The wave energy evolution is
described in terms of the kinetic equation

oW (t,x,€)

S Vew(§) - Vol (2,6) = LW (t2,€). (3.33)

Here, w(§) is the dispersion relation of the wave and depends on the particular type of the
wave. The left side of (3.33) has nothing to do with the inhomogeneities of the medium®
and represents the free transport of the wave energy along the characteristics X = Vew(§)
(which are straight lines). On the other hand, the scattering operator L. incorporates the
macroscopic effects of the small scale inhomogeneities, and involves the possibility for waves
to scatter in different directions at a given point. Its exact form depends on the physical
regime of the problem, and the task of modeling is typically two-fold: to find the relation of

1Strictly speaking, this statement assumes that the fluctuations are sufficiently weak so that they do not
modify the wave dispersion relation.
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the phase space energy density W (t,z,&) to the underlying wave field that can be directly
measured (pressure, electric and magnetic fields, elastic displacements, and so on, depending
on the problem), and to identify the scattering operator L. for a particular physical problem.

4 A limit theorem for a particle in a random flow

We now go just one level up in difficulty compared to the toy problem (1.33), and consider
the same background dynamics: a uniform flow but instead of somewhat artificially adding
a random potential, we add a random fluctuation to the flow itself. That is, we look at a
particle moving in a random flow with a large mean:

dX
with the corresponding first order PDE
o1 + (a+ ev(x)) - Vo = 0. (4.2)
Rescaling the time variable t — /&2 gives
1
¢t + ;(ﬂ + E'U(ZL‘)) : qu =0. (43)

As in the previous example, the background dynamics is very simple:

b+ V=0, (14)

or "
o(t,x) = ¢o(x — ﬂg)-

Accordingly, we take out the background dynamics, as in the fast/slow dynamics decomposi-
tion (3.9):

6(t,2) = it v —155), (4.5
The function ¥(t, z) satisfies
Yy + év(m + ﬁé) -V =0. (4.6)

A convenient approach to this problem is via understanding the general problem of the
behavior of a particle in a rapidly varying in time random flow:

X = év (;—2)() . X(0) =, (4.7)

with a random field V' when ¢ < 1. When the random flow is spatially uniform, V' = V (¢),
then

t s t/e?
X(t) = 1/0 V(—Z)ds:g/o V(s)ds. (4.8)
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Thus, X (t) converges in law to a Brownian motion, according to Theorem 1.2. In the general
case, when V (¢, z) is not spatially uniform, this question goes back to the papers by Khas-
minskii [32] from the 60’s with subsequent contributions by various authors: without any
attempt at completeness we mention the work of Papanicolaou and Kohler [42], and Kesten
and Papanicolaou [30]. We present a version of the limit theorem due to T. Komorowski [36].

Let us explain where the scaling in (4.7) comes from — why the time dependence of the
particle velocity is ”fast” and the space-dependence is "slow”. To see that let us start with a

dynamical system
dY (T Y)
=V (=, =
lo o
with a random time-dependent field V' (s, z) and introduce non-dimensional space-time vari-
ables X =Y/xq, s =T/ty:
dX t
— =eVi(s,X), e= ot

ds o

Let us now assume that ¢ < 1 is a small parameter — physically, this means that the time
it takes the particle to pass one spatial correlation length is much larger than the correlation
time of the random fluctuations. Therefore, in this regime the temporal randomness of V (s, x)
“dominates” the spatial variations. If we now introduce a slow time ¢ so that t = £2s, then
in the variables (¢, z) the particle obeys (4.7). The limit € — 0 now corresponds to observing
the particle at times much larger than the correlation time of the random fluctuations and
on the spatial scale of the order of the correlation length of the medium.
The first order equation corresponding to (4.7) is

-V (Ge) To=0. 60,0 =) (49)

ot
Its solution is ¢(t, z) = ¢o(X (¢;x)), where X (¢;x) is the solution of (4.7).

When does one expect the trajectories of (4.7) to behave diffusively? First of all, V" has to
have mean zero so that the mean displacement would not be clearly biased. Second, V' should
“mix things around” which means that the flow should be incompressible. It helps if dynamics
at “far away” points is nearly independent: this is formalized by the mixing assumption below
that eliminates the memory effect. Finally, there should be no distinguished times — this
requires stationarity of V' in time.

Assumptions on the random field

We now list the formal assumptions on the random field that we will use to prove the diffusive
limit.

Stationarity. The random field V (¢, x) is strictly stationary in time and space. This
means that for any ty,ts,...,t, € R, x1,...,x, € R", and each h € R and y € R” the joint
distribution of

Vity+h,x+y),V(ta+h,z+y),...,V(tm +h,x+y)

is the same as that of
V(tl, ill'), V(tQ, iIZ’), ey V(tm, .Z')
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We will denote by R, (t,x) the two-point correlation tensor of V' (¢, z):
Ro(t,2) = E{Vo(s,)Vin(t + 5,5 + 2)} . (4.10)

The spatial stationarity of V (¢, x) is not necessary but it allows to simplify a few expressions
in what follows. It can, however, be dropped and we adopt it here simply for convenience.
On the other hand, stationarity in time is essential for the limit theorem.

Mixing: attempt 1. We will assume that the field V' (¢, ) is mixing. Roughly speaking,
this means that the values of V/(t,z) are sufficiently independent at different times. One
possible way to formulate this assumption is to say that V' (¢,x) and V(¢ 4+ h,y) are nearly
independent if the time increment h is large enough, no matter what x and y are. This is
formalized in terms of the o-algebras f/g generated by the sets of the form

{w: V(t,z,w) € A},
where a <t < b, x € R", and A is a Borel set in R". The corresponding mixing coefficient is

30y _ |[P(ANB) — P(A)P(B)|
o= 150 sche. B P(B) '

t+h>
The mixing assumption would be that or any m > 0 the mixing coefficient satisfies

h"B(h) < C,, for all h > 0.

Heuristically, this means that events in ]}5 and )}Hh are basically independent.
The problem with this definition of mixing is that it would not apply to random fields of
the form
V(t,z) = v(x + ut), (4.11)

with @ # 0, and a random field v(z), which is our original motivation. Indeed, for such V (¢, z),
we have

V(t,z) =V (t+ h,y — hu), (4.12)

for all # and y such that y = x — hu. Thus, the assumption that V (¢, z) and V(¢ + h,y) are
nearly independent for all z,y € R™ can not hold for V(¢,z) given by (4.11). On the formal
level, this is reflected in the fact that all o-algebras f/fl’ are the same in this case, no matter
what a, b are.

Mixing: attempt 2. Thus, to allow for random fields as in (4.11), we need to modify the
definition of the mixing coefficient. One natural way is to assume that V (¢, x) and V(t + h, y)
are nearly independent only for "nearby” x and y if h is large. Identity (4.12) hints that it
suffices to have "near independence” of V (¢, ) and V (t+h, y) for z and y such that |z—y| < h.

To make this formal, we fix C' > 0 and, given a time interval I, = a <t < b, consider the
sets

St ={(t,x): a<t<b, |z| < C1+ V1))

We denote by VP the o-algebra generated by the sets of the form {w : V(¢{,z,w) € A},
with(t, z) € S, and A is a Borel set in R". The mixing coefficient is now defined as

s = wp  wp  PANBE) = PAPB)

Y
0<t<1+h3/2 A€V, ,BeV) P(B)

(4.13)
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and our mixing assumption is that it satisfies
r™B(h) < Cy, for all h > 0.

Let us see why this mixing condition is reasonable for velocity fields of the form (4.11), and
why we have the restriction
0<t<1+h?

in the supremum in (4.13). Consider two space-time points (s1,x1) € S, and (s2, z2) € 5%,
with 0 < ¢ <1+ h*?, then

V(s1,x1) = v(zy + s1u), V(s2,x2) = v(x2 + So1), (4.14)
and

d = |zy+ st — (x1 + s1u)| > (s2 — s1)|u| — |x2| — |z1] (4.15)

> (55— s1)|it] — C(1+ y/53) — C(L+/57) > (55 — sy)la| — 20(1 + /53).

Now, if s, < Ch°/3, then
d > hlu| — C(1 4 h®/%) > ch,

for h > C. On the other hand, if s, > Ch°/3, then, as s; <t < C(1 + h%?), we have
d > csg—Cy/sg > csg > ch®/3.

Thus, the distance between the points entering V'(s1,z1) and V(s9, 22) in (4.14) is large, and
spatial decorrlation of v(x) would imply that our mixing assumption on V (¢, z) holds.

Exercise 4.1 Formulate carefully a mixing condition on the field v(z) that would imply the
mixing assumption on V' (¢, z). See [30] for the precise details.

Boundedness. We assume that the random field V' (¢, z) has three spatial derivatives and
there exists a deterministic constant C' > 0 so that with probability one we have

oV (t,x)

<(C <+
827]' -

|V (t,z)| + ‘

0*V

PV
axlal’lal’]

for all 1 <1,7,1 < n. This assumption can be weakened considerably.
Incompressibility. The field V' is divergence free, that is, almost surely

— 9V}
V- Vtr) =) —L=0.
= &vj

The reason this assumption is made is to avoid sinks and sources that may exist in non-
divergence free flows. Random incompressible flows, on the other hand, act more like measure-
preserving random rearrangements.
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The limit theorem

Let us define the diffusion matrix
Upg = / E{V,(t,0)V;,(0,0) + V,(¢,0)V4(0,0) } dt = / [Rpq(t,0) + Ryp(t,0)] dt
0 0

and its symmetric non-negative definite square-root matrix o: 0? = a. Then the following
theorem holds.

Theorem 4.2 Suppose that the random field V (t, x) satisfies the assumptions above, and that
the matriz a,, is strictly positive definite. Then the process X.(t), which satisfies

. 1 t
X€ = EV (E—Q,XE) s Xa(O) =, (416)

converges weakly as € — 0 to the limit process X (t) = x + o B(t). Here, B(t) is the standard
Brownian motion.

The main result of [36] is actually much more general — it applies also to non-divergence
free velocities and allows for a mean drift. Then the large time behavior is a sum of a large
(order 1/¢) deterministic component that comes from the flow compressibility and an order
one diffusive process. One can also account for the possible small scale variations of the
random field looking at equations of the form

X _ 1, (t X(t)>

g2’ ga

dt e

with 0 < a < 1. We will not describe these generalizations in detail here. We should also
mention that when o = 1 a new regime arises — the time it takes the particle to pass one
spatial correlation length is no longer much larger than the correlation time of the random
fluctuations. This seriously changes the analysis.

5 Basic facts on weak convergence in C' and D

Weak convergence

Before we present the proof of Theorem 4.2, we recall in this section basic facts from [6] on
weak convergence of probability measures. All the proofs of the results of this section can
be found there as well as a wealth of other information. Recall that a sequence of Borel
measures P, defined on a space ) converges weakly to a Borel measure P on € if for every
bounded continuous real function f we have

/Q fdp, — /Q fdP.

Equivalently, for every set A with P(0A) = 0 we have P,(A) — P(A). A family F' of (Borel)
probability measures on () is relatively weakly compact if every sequence P, of elements
in F' contains a weakly convergent subsequence F,, which converges weakly to a probability
measure ().
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Weak convergence in C'

An effective way to verify weak compactness in the space C' = C([0,T];R") of continuous
functions (paths) is provided by Prokhorov’s theorem. Recall that a family F' of probability
measures is tight if for every € > 0 there exists a compact set K so that P(K) > 1 — ¢ for all
measures P € F'.

Theorem 5.1 If a famuly F is tight then it is relatively compact.
As a corollary we have the following basic criterion for weak convergence.

Corollary 5.2 Let P, and P be probability measures on C'. If the finite-dimensional distirbu-

tions of P, converge weakly to those of P and {P,} is a tight family then P, converge weakly
to P.

It is important to note that convergence of finite-dimensional distributions in C' in it-
self does not imply weak convergence and tightness assumption in Corollary 5.2 can not be
dropped. Indeed, consider a sequence of piece-wise linear functions z, which increase from 0
to 1 on the interval [0,1/n], decrease from 1 to 0 on the interval [1/n,2/n] and are equal to
zero for t > 2/n. Set the measure P, = §,, and let P = 4, the delta-function concentrated
on the function z = 0. Suppose that A is a finite-dimensional subset of C', that is, there
exists a finite set of times tq,...,t; so that if a path x(t) lies in A then so do all paths y(t)
such that x(t;) = y(¢;) for all 1 < i < k. Then, as soon as n is so large that 1/n < t; for
all ¢ = 1,...,k such that t;, > 0 we have P,(A) = P(A) simply because z,(t;) = z(t;) for
all j = 1,...,k (including the time ¢; = 0 if there is such an i) and thus z, lies in A if and
only if z € A. On the other hand, if we define f(x) = min[2, ||z||] with the uniform norm

2] = sup |z()]
0<t<1

then f is a continuous function on C' but

/fdPnzl
/fdP:O.

Therefore P, does not converge weakly to P. This example shows that convergence of finite-
dimensional distributions is not sufficient for weak convergence.

The advanatage of tightness is that it is a verifiable notion by means of various moduli of
continuity. The usual modulus of coninuity of a function x(t), ¢t € [0,1] is defined as

while

wy(e) = sup |z(s) —z(t)], 0<e<1.
[t—s|<e

The Arzela-Ascoli theorem implies that a set A is relatively compact in C'if and only if both
sup |z(0)| < +oo,
€A

and

lim sup sup w,(¢) = 0.
e—=0 z€A

The following theorem (Theorem 7.3 in [6]) is the most basic criterion for tightness in C.
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Theorem 5.3 A sequence of probability measures P, on C' is tight if and only if the following
two conditions hold: (i) for each n > 0 there exist ny and a > 0 so that

P,z : x(0) > a] <n for all n > ny, (5.1)
and (ii) for each 6 >0 and n > 0 there exists 0 < e < 1 and ny so that
P,lx: wy(e) > 0] <n for alln > ny. (5.2)

Condition (5.1) is usually easy to verify, especially so when we the measures P, are generated
by solutions of differential equations (with coefficients that depend on the parameter n) with
a prescribed initial point — then z(0) does not depend on n. On the other hand, verifying (5.2)
is the heart of the proof of many limit theorems. Some criteria for (5.2) to hold will be given
in the next section.

The space D

It is quite common that one has to deal with convergence of processes that have jumps but
are “nice” otherwise. The appropriate space to work with is of functions that have limits on
the left and are continuous on the right:

(i) For 0 <t < 1 the right limit z(¢t*) = lim,_;+ x(s) exists and z(t) = x(tT).
(ii) For 0 < ¢t <1 the left limit z(t7) = lim, ;- x(s). (5.3)

Such functions are often called cadlag functions (“continu & droite, limites & gauche”).
Cadlag functions can not be too bad: for instance, it is easy to check that for any cadlag

function z(¢) and any € > 0 one can find a finite partition 0 =ty < t; < --- < t, = 1 of the

interval [0, 1] such that the oscillation w,[t;_1,t;) < €. Here the oscillation of a function z(t)

on a set S is defined as
w,(S) = sup |z(s) — z(t)]. (5.4)
s,tes
It follows that any cadlag function z(¢) is uniformly bounded and, moreover, has at most
countably many discontinuities since the number of points where the jump magnitude ex-
ceeds 1/n is finite for all n € N. We will continue to denote the usual uniform norm by

2] = sup [z(t)].
0<t<1

The usual uniform topology is too rigid to work in the space D. If we think of functions
in D as, for instance, realizations of a random jump process, then we would like to think of
two realizations as close even if the jumps occur not at exactly the same time but rather at
close times. The uniform norm does not capture this idea. Instead, for two functions x and y
in D we define the distance d(z,y) as the smallest number € > 0 so that we may find an
increasing continuous function (“time change”) A(¢) such that A(0) = 0, A(1) = 1 and both

sup [A(t) —t| <e
te(0,1]
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and
sup |z(t) —y(A(®)] = sup [z(A7 (1)) —y(t)] <e. (5.5)
t€[0,1] t€[0,1]

This metric defines the Skorohod topology.

Let A be the set of increasing continuous functions A(¢) such that A(0) = 0, A(1) = 1. A se-
quence x,(t) converges to z(t) in the Skorohod topology in D if there exists a sequence \,, € A
such that 7,,(t) = x,(\,(t)) converges to x(t) and A, (t) converges to ¢t — both in the uniform
topology of [0,1]. In particular, the usual uniform convergence implies convergence in the
Skorohod topology — simply take \,(t) = ¢t. Moreover, as

|2n(t) = ()] < fan(t) = 2(An(0)] + [2(Aa(t)) — 2(2)], (5.6)

it follows that z,(t) converges pointwise to x(t) at the points where z(t) is continuous.
Since x(t) is continuous for all but countably many points, the Skorohod convergence im-
plies pointwise convergence except on a countable set of points. In addition (5.6) implies that
if the limit z(¢) is continuous on [0, 1] (and hence uniformly continuous) then the Skorohod
convergence implies the uniform convergence.

The problem is that the space D is not complete under the metric d as can be seen on the
following example. Let z,,(t) =1 for 0 < ¢ < 1/2" and z,,(t) = 0 otherwise. Let \,, € A be a
(piecewise) linear function:

t
)‘n<t> - 5
on the interval [0,1/2"] and

11— 1
An(t) = ont1 + 1— L t_z_n
271

on the interval [1/27,1] so that A, maps [0,1/2"] onto [0,1/2"1]. Then x,1(A.(t)) = 2, (¢)
and |\, (t) —t| < 1/2"*!. This means that d(z,,T,.1) < 1/2""! and the sequence z,(t) is
Cauchy in the metric d. On the other hand, z,,(¢) converges pointwise to z(t) = 0 for all £ > 0.
Therefore, if x,, converges in the Skorohod topology the only possible limit function is z(t) = 0
(because the Skorohod convergence implies pointwise convergence except on a countable set).
However, the distance from each z,(t) to = 0 is equal to one (simply because xz(A(t)) = 0
for all A € A and 2,(0) = 1 for all n) and thus z,(t) does not converge in the Skorohod
topology.

The way to make the space D complete is to introduce a different metric dy defined as

follows. For A\ € A define
A(t) — A(s)

1
08— —

[Allo = sup
s<t

This means that the slopes of A are bounded away from zero and infinity if ||[A|lo < co. The
distance do(z,y) for z,y € D is the smallest number £ > 0 so that there exists A € A such
that || Ao < € and (5.5) holds. This is more restrictive than d: it requires that not only \ is
close to identity in the uniform norm but the slopes of A are all close to one. In particular,
the above example of a non-converging Cauchy sequence involves A, which are not close to
identity in this norm. We have the following proposition.
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Proposition 5.4 The metrics d and dy are equivalent on D in the sense that d(z,,z) — 0
if and only if do(z,,z) — 0. Moreover, the space D is separable under both d and dy and
complete under d.

There is no contradiction in this proposition to the above example of a sequence x,, which
is d-Cauchy in D but does not converge. This sequence is simply not dyp-Cauchy:

do(Zn, Tny1) = [|Anllo = log 2.

Compactness in D

Modulus of continuity is not a right notion for a function in D as w,(d) does not vanish in
the limit 6 — 0. An alternative modulus which allows for jumps is defined as follows. We
have mentioned that for any function z(¢) € D and any € > 0 one can find a finite partition

O=to<ti <---<t, =1,

such that on each sub-interval the oscillation w,[t;_1,t;) < . We say that a partition {¢;}
is d-sparse if t; — t;_1 > 0 for all 7. Define the modulus

, e 3 . .
w,(6) = inf max w, [ti1, L)

with the infimum taken over all d-sparce partitions {¢;}. The previous argument shows that

. / _

for any cadlag function x € D. It is straightforward to check that we always have
wh (0) < w,(24).

There can be no inequality in the opposite direction because the usual modulus of continu-
ity w,(0) does not go to zero as 6 — 0 for a discontinuous function from D. However, for a
continuous function x(t) we do have an inequality w,(d) < 2w/, (9) so for continuous functions
the two moduli are equivalent.

The most basic criterion for compactness in D is the following analog of the Arzela-Ascoli
theorem.

Theorem 5.5 A necessary and sufficient condition for a set A to be relatively compact in
the Skorohod topology is that sup,¢ 4 ||z]| < 0o and lims_, sup,e 4 w,(6) = 0.

Since the space D is separable and complete, an immediate consequence of this theorem is
the following tightness criterion.

Theorem 5.6 A necessary and sufficient condition for a sequence P, of probability measures
on D to be tight is that

(7) lim limsup P, [z : ||z|| > a] =0,

a—0o0 n
and
(i1) (lsim limsup P, [z : wl(§) >¢e] =0 for alle > 0.

—0 n
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Another useful generalization of the modulus of continuity is the following modulus
u2(6) = sup_| swp (uin o) ~ a(0)]. o) ~ 2(5)])
0<u—s<§ | s<t<u

This is yet another relaxation as it is not hard to see that w(J) < w!(5). However, once
again, there is no inequality in the opposite direction: for the functions

o(t) = 1, for 0 <t < 1/n,
"0, for /<t <1’

we have w] (§) = 0 while w), (§) = 1 for § > 1/n because any J-sparse partition will still
contain an interval [0, ¢;) with ¢; > § > 1/n where the oscillation is equal to one. This is an
end-point phenomenon which also happens for the functions

(t) = 0, for0<t<1-1/n,
=1, for1—1/n<t< 1

Nevertheless, this is the only obstacle for a compactness criterion in terms of w/(J) alone.
The following result takes this problem into account.

Theorem 5.7 A necessary and sufficient condition for a set A to have a compact closure in
the Skorohod topology is that sup,¢ 4 ||| < 0o, lims_,osup,c4 w2 (d) =0 and

lim sup |z(d) — z(0)] =0, and limsup |z(17) —z(1 —§)| = 0.
0—0 zeA 0—0 zeA

A direct analog of Theorem 5.6 is then the following.

Theorem 5.8 A necessary and sufficient condition for a sequence P, of probability measures
on D to be tight is that

(¢) lim limsup P, [z : ||z|| > a] =0,

a—r o0 n
and

(i1.1) (lsim limsup P, [z : wl(d) >¢e] =0 for all e > 0,

—0 n

and
(i1.2) lims_yo limsup,, P, [z : |2(0) —x(0)] > €] =0
o limgs_,olimsup, P, [z : |z(17) —x(1 —9)| > ] =0.

A convenient and more practical criterion for weak convergence is the following. Given a
probability measure P we denote by T the set of all times ¢ such that P[.J;] = 0 where

Jy={xeD: x(t)#z({t")}

is the set of all functions that have a jump at time t. If X is a random variable on D then
we write Tx for Tp where Tp is the law of X.
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Theorem 5.9 Suppose that the finite-dimensional distirbutions (X7,,..., X} ) of random
variables X" defined on D converge weakly as n — oo to (Xt,,...,Xt,) whenever all t;
lie in Tx, and X1 — X _s goes weakly to zero as 6 — 0. Assume also that there exists > 0
and o > 1/2 so that for allr < s <t and A > 0 we have

C
Pmin{| X7 = X7, [ X7 = X7[} > A < 555 |F (1) = F(s)]*, (5.7)
where F is a non-decreasing continuous function on [0,1]. Then X,, converge weakly to X as

n — o0.

The key estimate in the proof of Theorem 5.9 is that (5.7) implies that there exists a con-
stant K that depends only on C', a and (8 so that

K

P[w')'(n((S) > e < T

(F(1) = F(0))[wr(26)]**, (5.8)

where wp is the modulus of continuity of the function F. This means that (5.7) ensures that
condition (ii.1) of Theorem 5.8 holds. A useful and verifiable condition that guarantees (5.7)
is that there exist § > 0, a > 1/2 and C' > 0 so that

B {17 — X7 |X7 — X0} < Clt—ofe (59)
for all n. Then we may take F(t) =t and (5.8) becomes

K
Plw%.(8) >¢] < 87552&*1. (5.10)

This is why we need a > 1/2 in (5.9). It follows that we may use (5.9) as a substitute for
condition (ii.1) in Theorem 5.8.

In turn, the following condition is sufficient to ensure that (5.9) holds: for any 7" > 0
and v > 0 there exists a constant C(T,v) so that for all n, and all 0 < s <t < u < T, we
have

E {| X0 (u) = Xa(O)[Xa(t) = Xu(s)|"} < C(Tv)(u = OE{|Xa(t) = Xu(s)["}. (5.11)
Indeed, when v = 0 in (5.11) we have
E{|X.(u) — X,,(t)]?} < C(T,v)(u—t) forallnand all 0 <t <u < T
Taking v = 2 in (5.11) we get, using the above:

E {1 (1) — X,(O1X,00) — Xu(8)P} < C(T0)(u — O {1X,(0) X, (5)"} (512
<CO(T,v)(u—1t)(t—s) <CO(T,v)(u— s)*

and thus (5.9) indeed holds. A somehwat more general estimate than (5.11) is a reformulation
in terms of the conditional expectation

E {|Xa(t) — Xa(s)/%| Fu} < Dt - 5). (5.13)

A practical advantage of working with the conditional expectation in (5.13) is that the power
of (t — s) on the right is equal to one, not larger than one as in (5.9).
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6 The proof of the limit theorem

We now come to the proof of the limit Theorem 4.2 for the solutions of

X = %v <§X) CX.(0) = (6.1)
The "difficult to believe at first” aspect of Theorem 4.2 is simply the fact that X () is of the
size O(1) despite the coefficient ! in front of the velocity field. That is the key to the proof,
and is a result of cancellation due to the mixing properties of the velocity field.

The proof proceeds in two steps. The key step is to establish tightness of the pro-
cesses X.(t), so that a limit in law along a subsequence ¢, — 0 exists. This is done in
the space D of cadlag functions. However, as the processes X (t) are all continuous the limit
process also has to be continuous and convergence take place in the space C' of continuous
functions. In the last step we show that the only possible limit along a subsequence is a
Brownian motion multiplied by the matrix o. This uses the martingale characterization of
the Brownian motion.

Tightness of X, is a consequence of the following.

Proposition 6.1 There exist C > 0 and v > 0 so that
E {|X.(t) = X.(s)PX.(s) = X.(u)[2} < C(t —u)™+, (6.2)
forall0 <u<s<t<T.

This is criterion (5.9) for tightness in the space D with § =1 and a = (1 + v)/2. The main
step in the proof of (6.2) is to find v € (1,2) such that we have the following estimate for the
conditional expectation

E{|X.(t) — X5(3)|2| Fs} <C(t—s) for t — s > 10e7. (6.3)

As we have explained, the estimate (6.3) itself is sufficient to establish tightness in D for the
family X () if it were to hold for all ¢ > s — see (5.13). As we will prove it only for pairs of
time with a gap: ¢ — s > 107, we may at the moment conclude only that

E {|X.(t) — Xo(s)]*[Xo(s) — Xo(w)|*} < C(t —u)? for t — s > 10e” and s — u > 107,

Our first step is to establish that, with an appropriate choice of v € (1, 2), if either t —s < 10&”
or s—u < 107, the estimate (6.2) follows from (6.3) together with the dynamical system (6.1)
governing X.(¢). If both t — s < 10¢” and s — u < 10¢” then we have directly from (6.1):

_ 5)2(8 _ u)2 - 06117/4(25 _ u)5/4

S C(t - U>5/4,

B {|X.(1) - X.(5)1%(5) — X(w) P} < SV

gt gt

provided that v > 16/11. On the other hand, if, say, t — s < 10” but s —u > 10&7, (6.3)
implies that
E{[X.(s) = Xe(uw)|*} < C(s — ),
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and (6.1) implies that with probability one

C(t—s)

Xc(1) = Xelo) < =

Therefore, the following estimate holds for such times ¢, s and w:

E {X.(0) — Xe(s)Xe(s) — X)) < S0t = 9)°(s — )
< 0677/472(15 . u)5/4 < C(t . u>5/47

provided that v > 8/7. We see that, indeed, (6.3) together with (6.1) are sufficient to prove
the tightness criterion (6.2). The rest of the proof of tightness of the processes X () is
concerned with verifying (6.3).

The mixing lemmas

A crucial component in many proofs of this kind is some sort of a mixing lemma that is
needed to establish the tightness of the dynamics. It translates the mixing properties of the
random field into the mixing properties of the trajectories.

We set Gy(s,z) =V (s,z) and

aV
Gl] S1,S82,T ZV S92, T 881’ ), j:1,,n

Lp
Exercise 6.2 Show that incompressibility of V (¢, x) and its spatial stationarity imply that
E{G:(s1,$2,2)} =0,
for all sq1, s and .
The next lemma quantifies the mixing of the trajectories.

Lemma 6.3 Fix T > 0 and let 0 < u < s < T. Assume that Y is a VS/EQ—measumble
random vector function. Then there exists g > 0 and a constant C' > 0 such that for any
0<u<s<s,<s <T and 0 < e < ey we have

o (Boxm)y ()] = ot -0l (5)]
e{2 v (o) ()} <ese el (). 69

(6.4)

and
E{ci (5.3 x0)Y (5)}| 08206 - 5208 - 9E|Y (5)|.
e { o (6 (3 3 xnm)] Y (5) ]| < 00 - (e ey (3)

foralll <k <n.

(6.6)

, (6.7)
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Proof. First of all, we note that for p > 1/2, C > 1 +sup |V (t,z)| and 0 < € < &9(T) the
process X (t), 0 <t < u < T does not leave the ball of the radius C'(1 + u”/e?") centered at

the origin, and hence is V.’ (C, p) -measurable:
1 [ C P
|X.(1)] < —/ V(5.Xs)|ds <= < (1 4 “7)
€ Jo g=r
forall 0 <t <u.

g2’ £
We first prove (6.4)-(6.5). We prove only the second inequality, (6.5) as the proof of (6.4)
is identical. The idea is to replace the random variable X (u) by a deterministic value and
use the mixing properties of the field V (¢, z) in time. Let M € N be a fixed positive integer
and [ € Z". Define the event

L+1
M )

l.
A(l):{w: < X5 (w) < jzl,...,n], L=(l,....1).

The event A(l) is Vg/ = measurable since u < s. We may decompose the expectation in (6.5)
using the fact that the random variable X, (u) is close to the non-random value {/M on the
event A(l) as follows:

(o ey ()| [ ([ vy (3w
zE{{m{ @,w_@%[v (30| () v}
S |V ()| () o )

As the points [ /M are deterministic, the second term above may be now estimated using the
mixing property (4.13) and the fact that E {0V /0x;} = 0 by

Y3 a{r (2 -5 (25 ()
uniformly in M.

As far as I is concerned, we have assumed that two spatial derivatives of the field V (¢, x)
are bounded by a deterministic constant, hence 0V/0x) is uniformly continuous in space.
Therefore, using the Lebesgue dominated convergence theorem we conclude that

1<y SE{lr () o} = {p (5)[} 0w a4

and (6.5) follows. An identical proof shows that in addition we have the same bound for the
second derivatives of the random field V:

E{gram [V (X)) y (5)}| <om—oEr (3). o
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We now prove (6.7) — the proof of (6.6) is identical. Let us first write out the expression

for Gy :
el len (G 2xe)lv ()}
= o [ (2 000) g (v (50 ()

Now we may apply (6.5), (6.8) in two different ways using different parts of the inequality

p=

0<u<s<sy<s.

First, we may use (6.5), (6.8) with the gap between s; and sy, that is, we group into “Y” in
(6.5), (6.8) all terms that involve s and so. Using in addition the uniform bounds on V' and
its derivatives this leads to

0 S1 8o s S1 — S9 s
Elan (O (G2 Xm)] v ()] <c ={ (21}
{&Ck "2 g2 (v) g2 =P g2 g2
Second, note that (6.5) may be slightly generalized to apply with 0V /0x; replaced by a
sufficiently smooth in space Vg; random variable with an expectation equal to zero. As

E{G:} = 0 indeed, we can use use this modified version of (6.5) with the gap between s, and
s, taking “Y” in (6.5) to be simply Y (s/e?):

0 $1 8o S S9 — 8 s
B e 1O (53 xw)] ¥ (5) ] <c E{ ()1}
‘ {8xk P2 g2 (w) g2 =Cb €2 €2
Multiplying these two inequalities and taking the square root we conculde that (6.7) holds.
This finishes the proof of Lemma 6.3. [

The proof of Proposition 6.1

Step 1. Taking a time-step backward. We start with a pair of times ¢ > s with a gap
between them: ¢ — s > 10¢7. Consider a partition s = ¢y < t; < -+ < tpr11 = t of the
interval [s, t] into subintervals of the length

At:lsz(t—s)({t;SD_l,

where [z] is the integer part of z, so that €7/2 < . < 2¢7. The parameter v € (1,2) is to
be defined later. The important aspect is that v < 2 so that At is much larger than the
velocity correlation time 2. The basic idea in the proof of (6.3) is “to expand X_(t) — X.(s)
in a Taylor series” with a “large” time step O(At). The first two terms in this expansion will
be explicitly computable. The error terms which are nominally large are shown to be small
using the mixing Lemma 6.3. The last point is the key to the whole argument.

Dropping the subscript ¢ of X, we write for ¢t > s:

tit1

X(t) - X(s) = 1/:1/ (5 X)) du= %iw: / v (5 X)) du (6.9)

€
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Our task is to estimate the integral inside the summation in the right side of (6.9). In
the preparation for the application of the mixing lemma, on the interval ¢; < u < t;,; the
integrand can be rewritten as

v (E—“Q,X(u)) —v (%,X(ti_1)> + /u dilv (32 X(u1)> du

v ()« S [ ()] (B (5 )

U 1 [ U Up
—V (5 X(ti) —/ G( 5 X () dus.
22 (tic1)) + =) 1 ' 2 (u1) ) duy
The next step is to expand G as well, also around the “one-step-backward” time ¢;_i:

G1<u 7;17)(( )) Gl(u Z;,X(ti_1)>—l—é/t:(}2 (%,z—;,g,){(@)) duis

with

GQ(U,U17U2,I'> =
q:

oy (G (u, uy, )]V (ug, @) .

Putting together the above calculations we see that

X(t) — X(s) = %é/t” v (X)) du = éﬁ;/f v (5 X (o)) du

+€—12i/w UU G (%,%,X(ul)) dul} du

:_Z/’“ X (i) du+ = Z/M Uu (5.5 X(t) dul} du
532/”1 U U Gz (4505 55 X (1) dw} dul} du.

The triple integral on the last line is deterministically small with an appropriate choice of ~:
the time interval in each integration is smaller than €7 and the total number of terms is at
most 2(t —s)/e7 as we have assumed that t —s > 107. Therefore, the last integral is bounded

by
M tit1 u u1 wouy s
_ Z/t; /t;_l |:/t;_1 G2 <€_27 ?7 8_27X(u2)) dUQ:| d/U/1:| du

23
=0

which is small if v > 3/2. This is a general idea in proofs of weak coupling limits: pull back

one time step and expand the integrands until they become almost surely small, then compute

the limit of the (very) finite number of surviviing terms. In our present case we have shown

that, for 3/2 <y < 2,

< CeP3(t — )

X(t) — X(s) = Lyi(s,t) + La(s,t) + E(s,t)
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where

'L+1

Z/ (ti-1)) du

ti

M tit1
1 v uou
LQ(s,t)ZEZ/{/ G1< 521’X( ))dul}du
i=0 3. tiz1

while |E(s,t)| < Ce®(t — s) with some a > 0 and a deterministic constant C' > 0. This
finishes the first preliminary step in the proof of tightness.
Step 2. Application of the tightness criterion. Now we are ready to prove (6.3).

and

That is, we have to verify that for any non-negative and Vg/ *_measurable random variable Y
we have for all 0 < s < ¢ < 7T such that ¢t > s+ 10e”:

E{|X(t) - X(s)'Y} < C(T)(t - s)E{Y}.

Our estimates in Step 1 show that it is actually enough to verify that
E{(L;(s,1)’Y} <C(t—s)E{Y}, j=1,2.

An estimate for L;. We first look at the term corresponding to L;: it is equal to

tit1 tj41 ,

E{(Li(s,1))? ZZ/ / { (;,X(tifl))vp (%,X(tjl)) Y}du’du

i<j p=1

ti+1tj+1 ,

uzz / / [ (2 x00) v (00 ) v v = S,

1<j

The idea is to use separation between t,_; and ¢;_; and apply the mixing lemma. Accordingly
we look at the cases 1 < j — 2,7 =7 — 1 and ¢ = j separately as the terms end up being of
a different order. The terms with ¢ < j — 2 may be estimated with the help of the mixing
Lemma 6.3 using the time gap between the times ' and t;_; > t,41 > u which is much larger
than the correlation time £

tit1ti+1

%ZI%IS% DKZQ// ( )]E{Y}du’du

j=0 i<j—2 j=

<

B(e?) (t—s)’E{Y} < CeP(t — s)E{Y}

WA

for any p > 0 since v < 2 and f(s) decays faster than any power of s. The term I3 corre-
sponding to ¢ = j can be estimated using the mixing lemma again, using the fact that ¢;_; is
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smaller than both v and u':

M c M Wt .
u u ,
2ol < 5> / / E {Vp (g,X(tj_l)) v, (E,X(tj_l)) Y} ' du (6.10)
7= =0y
ti+1 tj41
2C u—u , )
< ?Z / /B( = )duduE{Y} SC’(t—s)E{Y}/O B(u)du
el

The integral I, with ¢ = j — 1 is estimated similarly.

A better estimate estimate for L. Let us now go one step further and actually identify
the limit of E{Lq ;(s,t)L1m(s,t)Y} with 1 < j,m < n. The previous calculations already
show that the term corresponding to the previous I; (but now with V; and V;, replacing V,,
and V),) satisfies

1| < Ceo(t — 5)E{Y ),

with a > 0 so we are interested only in the limit of I, and I3. The term I3 is computed as
in (6.10) with the help of the mixing lemma:

tj+1 tj+1
M J J ,

S ) = ! / / E {Vj (%,X(tjfl)) Vi (%,X(tjl)) Y} du'du  (6.11)

el e =07 7
_ 12 ZO /+ 7 (%o) dudd' E{Y} + o(1)(t — s)E (Y}
— UZ Rym(7,0)dr + 0(1)} (t— s)E{Y).

Finally, I, corresponding to ¢ = 7 — 1 is computed as

/

S il = Z /] { X(t_ 1)) Vi (%,X(gﬁ) Y} dl'du  (6.12)

jel

:_Z/Hi Rym <— )dudu’E{Y}+o( )t —s)E{YY = o(1)(t — s)E{Y}.

jel t;
because t;,1 —t; = €7 > 2. Therefore we actually have a more precise estimate
E{(L1,;(s,t)L1m(s,1)Y} = {/ R (1,0)dT 4+ 0(1)| (t —s)E{Y}. (6.13)

An estimate for L,. Following the above steps one also establishes the required estimate
for LQI
E {(La(s,1))*Y} < C(t — s)E{Y}. (6.14)
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There is no reason to repeat these calculations separately for Ly except that an even stronger
estimate than (6.14) holds with an appropriate choice of ~:

E {(La(s,1))’Y} < Ce*(t — s)E{Y} (6.15)
with a > 0. We will need (6.15) in the identification of the limit, thus we will show it now:

E{(Ly(s,t))*Y}

54271d”71d“ /dul/du]E{Gl u YOX (e 1)>G1 (:;,Z;,X( ))Y}.

Once again, you split the sum above into terms with ¢ < 7 —2,9 =7 — 1 and ¢ = j: those
with ¢ < j — 2 add up to

Z Z/Hdu J/Hdu /dul/dul {G1 “ 2X (i 1)) G (;,Z;,X( )) Y}

< 0P 4ﬁ (e~ 2)( - )2E{Y}-

We used in the above estimate the mixing lemma with the gap between ¢;,_; and ¢;_; as well
as the fact that the length of each time interval is € while the total number of terms in
the sum is not more than (2(t — s)/e7)?. The important difference with L; is that the term
with ¢ = j is also small:

Z7ldu 71du /dul/du1 {G1 U U1 Xt 1))@* (g—;,z;l,X(tz—ﬂ) Y}
< 0537 At —S)E{Y}

simply because now the number of summands is bounded by (2(t—s)/e”) (without the square).

This means that if we take v > 4/3 this term is bounded by the right side of (6.15). The

contribution of the terms with ¢ = j — 1 is estimated identically — hence (6.15) indeed holds.
Summarizing our work so far (and restoring the missing indices) we have shown that

o0

E{(Xn(t) — Xpn(s)(Xn(t) — Xp(s)Y} = {/ Ry (1,0)dT +0(1)| (t —s)E{Y} (6.16)

—00

for all ¢ > s with t — s > 10&. This, of course, implies (6.3) and hence the tightness of the
family X_(¢) follows.

Identification of the limit

In order to identify the limit all we have to do is verify that the limit is continuous (that we
already know) and the following two conditions hold: first,

lim E { [(X5(£) — X5(5)) (X5, (1) = X5(5)) — ajm(t = )] ¥} =0
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for all bounded non-negative continuous functions
U =U(X(t1),...,Xc(tn)),
with 0 <t; <ty <---<t,<s<t<T. Second, we need

limsup E {(X5(£))*} < +o0
e—0
for all ¢ > 0. The former condition we have already verified in the previous section in the

proof of tightness. The latter may be checked using very similar arguments. This finishes the
proof of Theorem 4.2. [

7 Mixing in strong shear flows

In the previous sections, we have considered a flow with a uniform mean. Let us now consider
what happens when the mean flow is not uniform and leads to some stretching. A simple
example of such dynamics is advection by a shear flow in a channel

D={(z,9): z€R, y € Qc R} cR™. (7.1)

Here, €2 is a smooth bounded domain — the channel cross-section. The flow trajectories are
straight lines along the channel:

dx dy
- = uY (), —- =0, X(0) =z Y(0) =y (7.2)

This, of course, has an explicit solution
X(t)=z+u(y)t, Y(t)=y. (7.3)

In order to randomly perturb this flow, we will add a diffusive perturbation to the flow. This
avoids many of the technicalities we have encountered when dealing with a time-independent
random flow. Thus, we consider a system of two stochastic differential equations

dX; = —u(Y;) + v2edBY, (7.4)
dY, = \/2¢dB?.
The Brownian motion Bt(l) is one-dimensional, while Bt(2) is d-dimensional. The corresponding
Kolmogorov equation is
99 99 _

En +U(y)a—x =

We will consider this problem on long time scales, of the order ¢t ~ €2, to make the effect of
the random perturbation non-trivial. The corresponding time-rescaling gives
dp 1 0¢

o T )5 = Ao (7.6)

2A¢. (7.5)
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This problem is posed in the channel D in (7.1), with the Neumann boundary condition at
the boudnary:
9¢

5, = 0at 0D =R x 0. (7.7)

Note that if u(y) = u = const, then solution of (7.7) is simply a translate of the solution

of the heat equation:
- t

¢(t7 x, y) - ¢(t7 T — ag_Qa y)? (78)
where ¢(t,z,vy) is the solution of the standard heat equation
O -
T A 7.9

with the Neumann boundary conditions (7.7). Therefore, if u(y) is a uniform flow, then the
solution of (7.6) behaves as the solution of the standard heat equation.

Quenching by a shear flow

The goal of this section is to investigate what happens if the flow is not uniform — there
is a speed mismatch when moving along the trajectories. This will connect the Kesten-
Papanicolaou theorem on the behavior of the particles in a flow with a uniform mean to the
relaxation enhancement results. Thus, we will ask the same question as in the relaxation
enhancement setting: consider the solution of

o6 1 0p
E + ?u(y)a_fﬂ = Agb (710)
dp B

¢(07 T, y) = qu(xa y)v

with a rapidly decaying initial condition ¢o(x,y). When is it true that for any time 7 > 0
and 0 > 0 we have

| &(T, )| Loe(py <6, (7.12)
provided that € < gy(7,0)?

Definition 7.1 We say that the profile u(y) is quenching if for any L and any initial condi-
tion ¢o(x,y) supported inside the interval [—L, L] x Q, with 0 < ¢o(x,y) < 1, there exists g
such that the solution of (7.10) satisfies (7.12) for all € € (0,¢€p).

The key feature that distinguishes quenching from non-quenching velocities is the absence or
presence of large enough flat parts in the profile u(y).

Definition 7.2 We say that the profile u(y) € C*(2) satisfies the H-condition if

there is no point y € Q, where all derivatives of u(y) vanish. (7.13)

64



The H-condition guarantees that the operator

% + u(y)a%: - A, (7.14)
is hypoelliptic [26]. The study of existence of smooth fundamental solutions for such operators
was initiated by Kolmogorov [35]. Kolmogorov’s work with Q@ = R and u(y) = y served in
part as a motivation for the fundamental result on characterization of hypoelliptic operators
of Hérmander [26]. The hypoellipticity of the operator (7.14) plays a key role in some of our
considerations. The next result shows that the H-condition implies quenching.

Theorem 7.3 Let u € C®(Q) satisfy the H-condition. Then u(y) is quenching. That is,
for any § > 0 and any T > 0 there exists a constant C(u,Q,7,8) > 0 that is independent
of € € (0,1) such that

l6(7, N zoe(py) < 6 (7.15)
whenever the initial condition ¢o(x,y) is supported in an interval [—L, L] x Q, with L < C'/e.

More precise refinements of Theorem 7.3 can be found in [7, 34].
We now prove Theorem 7.3. Let ¢(t, z,y) be the solution of

60+ Zuly)on = Ao (716

¢(07$7y) = ¢0<£L',y)
% =0 on dD.
on

Let us write

o(t,x,y) = / dzG(t,x — 2)V(t, z,y),

o0

with the function W(t, z,y) satisfying the degenerate parabolic equation

1
v, + gu(y)\llx =AU (7.17)

\IJ(Oa xz, y) = ¢0(ZE, y)
ov

a—nzo on 0D.

Here, G(t, z) is the standard heat kernel

1 z?
G(t,x):\/mexp 1)

If u(y) satisfies the H-condition (7.13) then the diffusion process defined by (7.17) has a unique
smooth transition probability density. Indeed, the Lie algebra generated by the operators V,
and 0; + e 2u(y)d, consists of vector fields of the form

0 0 du(y) 0 Puly) 0

_- _ - () () —=—
vy78t+u<y)ax7 ayk ax’ayﬁyjax”u (y)al"

65



which span R? if u(y) satisfies (7.13). Then the theory of Hormander [26], and the results
of Ichihara and Kunita [25] imply that there exists a smooth transition probability den-
sity pe(t,x,y,y") such that

U(t,z,y) = /dl"/dy’ps (t,x — 2", y,y") go(a’, ).
R Q

In particular, the function p4(¢) is uniformly bounded from above for any ¢t > 0 [25]. Then
we have

o)z < p=(0) =) 1Pl 1 (-

It is straightforward to observe that

pa(ta z,Yy, y/> - ng(t7 €T, Y, y/>
with pg being the transition probability density for (7.17) with ¢ = 1. That is, po satisfies

Ipo Ipo o
ot + U(y)% = Aypo,
p0(07 €, Y, y/) = (5(.T)5<y - y/>7

%:0forx€8§2.
on

Therefore, we obtain
o(t,z,y) < ellpo(t) || L= (p)ll ol L1(p)

and the conclusion of Theorem 7.3 follows.

Non-quenching by flows with plateaus

The next result shows that a plateau in the profile u(y) prohibits quenching. Therefore, the
conditions in Theorem 7.3 are natural.

Theorem 7.4 There exists a universal constant Cy > 0, such that, if u(y) = a = const in a
ball y € B(a,h) C Q for some a € Q2 and h > 0, then there exist initial conditions supported
in [—1,1] x Q such that

|p(t = 1,-)||z(py = Co, (7.18)
for all e € (0,1).

The proof is quite simple: solution of (7.16) is above the solution of the Dirichlet problem in
the smaller channel D' = {(z,y): z € R, y € B(a,h)}:

G + éu(y)% =A¢ in D', (7.19)
¢<O7 z, y) = (bO(xu y)
¢=0 ondD' .
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However, as u(y) = « in D', we have

ot z,y) =Ytz — U§,y),

with the function (¢, z,y) that solves

Yy =A¢ in D', (7.20)
¢(07 z, y) = ¢0<£L', y)
=0 on dD'.

The conclusion of Theorem 7.4 follows simply from the fact that the function ¥ does not
depend on €.

8 Particles in randomly perturbed incompressible flows

Let us now consider particles moving in an incompressible flow with stochastic perturbations,
so that the underlying dynamics is governed by a stochastic differential equation

Here, u(x) is an incompressible flow in a domain 2:
V-u=0, forall x €, (8.2)

and B, is the standard Brownian motion. One example are Hamiltonian flows, and in two
dimensions, if € is simply connected, these are the only examples: v = V+H. The underlying
time-dependent PDE is

% +u- Vo =e*Ag, (8.3)
and its time-rescaled version 96 .

7 . = A 4

o+ S Vo = A, (8.4)

We will assume that the flow u does not penetrate the boundary of €:
u-v =0 on . (8.5)

Here, v is the normal to the boundary.
Let us make one additional observation. Recall that the probabilistic interpretation for
the solutions of (8.4) is as follows. Consider the solution of the stochastic differential equation

1
dX, = ——u(X;)dt + V2dB,, X, = (8.6)
Then ¢(t, x) is given by

¢(t7 [L’) = ]E:t: [¢O(Xmin(t,7—)]a (87)
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with the convention that ¢o(X,;) = 0. Here, 7 is the first exit time from the domain {2 for the
process X; starting at Xy = x. Assume now that ®(z) is a first integral of the flow u(x):

u-Ve =0, (8.8)
an consider Y; = ®(X;). The process Y; satisfies a stochastic differential equation
dY; = VO(X,) - dX; + AD(X,)dt = AD(X,)dt + V2VO(X,) - dB,. (8.9)

In particular, there is no large term in (8.9) — the process ®(X;) remains of the order O(1), and
undergoes a slow evolution. Thus, even though the evolution of X, is fast, the fist integrals
evolve slowly, meaning that X; moves very fast on the level sets of the efforts integrals but
not across the level sets.

Oscillation on streamlines
To keep the presentation simple, we will first consider a steady version of this problem:
1
—A¢° + S Vo = g(x), (8.10)
¢°(x) =0, x € 0.

Here, 2 is a bounded smooth domain. First, note that multiplying by ¢°(z) and integrating
by parts gives

[ 19t = [ fode < lgluol ol (s.11)
The Poincaré inequality implies that
10llz2 < Gl V™. (8.12)
It follows from (8.11) and (8.12) that
¢ll2 < CIVE[lL2 < Cllgl 2 (8.13)
Next, we multiply (8.10) by u - V¢° and integrate to get
/Q\U-V¢5]2dx = SQ/Q(U-V¢5)A¢5dx+62/ﬂg(x)(u'V¢) (8.14)

2 2
< —52/ V(u-V¢°) - Vo<de + %||g||%2 +%/ |u - V< | da.
Q Q

We rewrite the integrand in the second line above above as:
Ouy, 0¢° 0¢° o 9*¢° O¢°  OQuy 0¢° O¢F n 1
Ox; Oxy, 0x; k@xk&ti ox;  Ox; Oxy, Ox; 2

Once again using incompressibility of u, we obtain from the above

— [Vt Vo) Vorde =5 [ (Vo) - [ Sr 2o
@ Q

q 0%, 0x,y, Oy

V(u- V¢ Vo = w- V(|V6[?). (8.15)

< Me? /Q IVoe [P dr < CMe?||g|| 2, (8.16)
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where M = ||Vu||L=(q). We deduce that

[l VP < c2gl
Q

(8.17)

Informally, this means that the oscillation of ¢ along the stream lines of u is small. There are,
of course, ways to make this more precise but it says, roughly, that as ¢ — 0 the function ¢°(x)

converges to a limit ¢(x) which is constant on the streamlines of u.

An unfortunate toy example: a radially symmetric Hamiltonian

Let us first consider a special situation when the Hamiltonian H(x,y) = (2 + y*)/2, so that

u('?j?y) = VLH('I‘?y) = (Hy7 _Hx) = (y7 —SL’),
and (8.1) becomes
dX, = Y,dt + dB,
dY, = —X,dt + =dB?.

The time rescaling t — t/&? leads to
_ 1 M _
dXt = —QYZdt + dBt s XO =,
5
1
dY, = — 5 Xydt + dB?, Yy =y.

The corresponding PDE is
ov yov xov 1

v(0,z) = vo(x),
in the sense that

v(t, z) = Ey[vo(Xy, Y1)l
Switching to the polar coordinates x = rcosf, y = rsinf gives

o o0 v 1o 10
ot 2900 21920  ror  r206020

v(0,7,0) = vo(r,0).

We see that the average along the streamlines
1 2
o(t,r) = —/ v(t,r,0)do
2 Jo
satisfies a parabolic equation
ov 1 [6% 1(%]
ot 2o rorl’
v(0,7) = vo(r).
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The corresponding process R, = (X2 + Y;?)'/? converges to a diffusion with the generator as
in (8.23). There is an additional feature here, specific to the quadratic Hamiltonian: we may

write ;
v(t,r,0) =w(t,r,0 — 5_2) (8.24)

The function w satisfies
Qv _110w, 10w 10w
ot 2002  ror 120620
w(07 r, 0) = Uo(?”, 9)

(8.25)

In other words, by factoring out the background dynamics —a fast rotation, we arrive exactly
at a diffusion equation, without any need to pass to the limit ¢ — 0.

This example may look somewhat unfortunate since we do not see the uniformization
along the streamlines that we have observed in the general steady version of this problem. To
see it, one should consider the time-averages of the solution. In other words, the weak limit
(as a function in time) of the function v(¢,r,6) in (8.24) is

27
ot r) = % /0 w(t, . 0)do), (8.26)

and is independent of 6.

The Freidlin problem in two dimensions: one cell

Let us now consider the more general two-dimensional case, with u(x,y) = V+H(z,y). We
first assume that the Hamiltonian H(z,y) is a convex function growing at infinity, with a
minimum at some point (zg,y0) € R% We denote Hy = H(wg, o). The assumption that u
is parallel to the boundary of € means that 02 is a level set of H(z,y). As we have seen,
solutions of (8.10)

1
—A¢° + ELa V¢ = g(x), (8.27)
¢°(x) =0, x € 0.
are uniformly bounded in L>(Q) N HJ(9):

0< ¢ <C, /|V¢fy2dx <C, (8.28)

with the constant C' > 0 independent of € > 0. Hence, the family ¢. converges weakly
in H'(Q) (after extracting a subsequence) and strongly in L?(2) to a function ¢.
We claim that ¢ depends only on the variable h = H(x,y). Indeed, if we multiply (8.27)
by €2 and let ¢ — 400, we get
uw-Veo =0 (8.29)

in the sense of distributions. It is convenient to introduce the curvilinear coordinates (h,@).
The coordinates are chosen so that h(x,y) = H(z,y), and the streamlines of the flow u(z,y)
are {h = const}. The level lines of the coordinate § = O(z,y) are orthogonal to the flow lines:

VO - -VH =0.
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We normalize 6 so that 0 < 6 < 27. As we have mentioned, the boundary 0 is a level set
89 - {h - ho},

and we will assume without loss of generality that hy = 0. Then (8.29) implies that ¢ depends
only on the variable h. The L*°-bound in (8.28) implies that

0<¢(h) <C.

In addition, we have

H 27 2
- - o VH
/|Vm¢|2dl’:/|¢h|2|v}b|2d$:/ | |? </ | J| d@) dh.
0 0

Here J = H,©, — H,0, is the Jacobian of the coordinate change. Note that VO = pV+H
with some scalar function p > 0, so that

J=p|VH|?, |VO|=p|VH|and dl =df/|VE|.

Therefore, we have

27 H 2
/ V] dh = 7{ |\VH|dl := a(h), (8.30)
0 J H(z,y)=h

and thus we have a weighted H'-bound

Ho B
/ a(h)|én]*dh < 400,
0

which follows from (8.28), and hence ¢(h) is continuous for h < Hy, as p(h) ~ C(Hy — h)
for h close to Hj.
Next, we re-write (8.27) in the curvilinear coordinates:

IVHP e [VOP e (AH)O¢  (A0)0°  10¢7 1

J o J 09 J Oh J 00 200 J
¢°(0,0) =0, ¢°(h,0) is bounded for 0 < h < H,.

g(h,0), (8.31)

Integrating this equation in # and passing to the limit € — 0 we obtain the limit problem for
the function ¢:

—a(h)¢"(h) — b(h)¢/ (h) = g(h), (8.32)

$(0) =0, &(h) is bounded for 0 < h < H,,
with a(h) as in (8.30), and

b(h):/OﬂA—Hdﬁ, g(h):/oﬂg(h’—e)d@.

J J
The problem (8.32) is called the Freidlin problem. We note that
" AH AH
b(h) = / A g - ]f 2B v,
0 J H(z,y)=h |VH|
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The last equality above follows from the fact that

a(h) :% |V H|d :/ AHdzdy.
H(z,y)=h Gn

Here Gy, = {h < H(z,y) < Hy} is the interior of the streamline {H(x,y) = h}. Hence, the
Freidlin problem (8.32) can be re-written in a self-adjoint form as

a2y — g, (8.33)

»(0) =0, ¢(h) is bounded for 0 < h < H,.

The Freidlin problem: gluing conditions

Let us now consider a more general situation when the function H(x,y) may have many
critical points. We will assume that each level set can contain just one critical point. Then
the limiting diffusion is defined on the Reeb graph of the function H(z,y). The Reeb graph
can be informally described as follows. Its vertices correspond to the level sets of H containing
the saddle points Zi,...,Zx of H. The level sets containing a saddle point z) of H(x) are
topologically " figure eights”, with one critical point of H(x) inside each of the two ”circles” Cyy
and Cy. The level sets inside each of Cy; and Cjy correspond to an edge of the Reeb
graph, ex; and ego. These two edges are joined at the vertex corresponding to z;. Each edge
is parametrized by the values of H inside the corresponding ”circle”. The limit function ¢(h)
satisfies the Freidlin problem (8.33) along each edge, with the coefficients a(h) computed as
in (8.30), inside the cell of the flow that corresponds to that edge.

Let us now obtain the gluing conditions at a vertex Z;, where three edges e,,; and e;,
e;2 join, corresponding to the ”outside” region Coy k, and two inside circles Cy; and Cha. We
integrate (8.27)

—A¢° + 6—12u -Vo© = g(x), (8.34)

over a domain bounded by a ”just outside circle” C,,; and two just circles Cy; and Cho. It
follows that, to the leading order in the thickness of this annular region, we have

o0 o ¢
75 5l = 2 5l + 3 5l + Lot (8.35)

Note that, since all contours in (8.35) are level sets, we have

oo 0¢
— ~ —|VH]|.
on 8h|v |
Using this in (8.35) leads to
angut 8&k1 f ang2 %
H|dl = : Hldl : H|dl. .
o 740 VHd = St | vHIa T ) e (8.36)
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In other words, the gluing condition at vertex k corresponding to the level set H(x,y) = Hy,

1S: _ _ _
aqbout 8¢k 1 8¢k‘ 1
out 7 H - mn : H in 7 H : .
Ak out ah (Hy) ay, T (Hy) + Ak inl ah (Hy) (8.37)
These gluing conditions together with the Poisson equations (8.33) completely describe the
limit problem.

Particles in a random force field: “short” times

We now assume that the potential V' (¢, ) is random, weak and varies on the scale much larger
than the initial data. More precisely, we consider the semiclassical Schrodinger equation

ey + §A¢ —o6V(x)p=0 (8.38)

with the e-oscillatory initial data ¢(0,z) = ¢§(z). This equation is written on the scale of
the variations of the random potential, and ¢ < 1 is the parameter measuring its strength.
Passing to the high frequency limit € — 0 we obtain the Liouville equation for the Wigner
measure of the family ¢. (¢, x):

88_1/;/ +k-V W -6V, V(x) VilW =0, (8.39)
with the initial data W (0, z, k) = Wy(z, k), the Wigner measure of the family ¢§(z). As the
parameter 0 < 1 is small, the effect of the randomness will be felt only after long times. We
will build our analysis of (8.39) slowly, starting with relatively short times, and later for the
long times. We will assume that V' (x) is a spatially homogeneous random process with mean
zero and the correlation function R(x):

(V(2)) =0, R(x) =(V(y)V(z+y)). (8.40)

It will be convenient for us to use the correlation matrix for the force VV:

<8V(y) oV (x + y)> _ O?R(x)

—. 41

The characteristics at short times

We begin with the very basic theory of characteristics in a weakly random medium — this
material originated in the classical paper by J.B. Keller [29]. The characteristics for the
Liouville equation (8.39) are

X dK
== —K(1), —-=0VV(X(), X(0)=z, K(0)=F (8.42)

Let us seek the trajectories X (t), K(t) as a formal perturbation expansion

X(t) = Xo(t) + 0X1(t) + 2 Xo(t) + ..., K(t) = Ko(t) + 0K (t) + 0*Ky(t) + .. ..
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We insert this expansion into the characteristics (8.42), and get in the leading order:
X()(t) =T — kot, Ko(t> =k.

As expected, in the leading order the characteristics are straight lines. The first order correc-
tion in ¢ is . .
Ki(t) = / VV(Xo(s))ds = / VV(x — ks)ds, (8.43)
0 0
and

Xi(t) = /Ot Ki(s)ds = /Ot(t — 5)VV(x — ks)ds. (8.44)

Naively, in order to see how long this approximation should hold, we estimate that during
a time T we would get K(T) ~ T, and X,(T) of the order T? meaning that we would
need 072 < 1, or T' < §~/2 for the spatial trajectory to stay close to the straight line. Let
us now see how randomness affects this ballpark estimate — we have, as in (1.30):

mf@>:[:£<vvg—kg-vvu—k§»u@'
= — /t /t AR(k(s — §'))dsds' = Dt + O(1), ast — 400,

with the diffusion coefficient -
D = —/ AR(ks)ds. (8.45)

o0

With a little bit more work, one can show that an appropriate rescaling of Kj(t) converges
to a Brownian motion with the diffusion matrix

* 9?R(ks)
D, =— | s 4
“ /oo axlﬁx] ° (8 6)

The variance of X (t) can also be computed explicitly:

(XP(t) = /0 /0 (t—9)(t — N VV(z—ks) VV(x—ks'))dsds

- — /t /t(t —8)(t — " )AR(k(s — §'))dsds’ = DTt?’ +0(1), ast— +oo,

and, once again, with a bit more work it can be shown that an appropriate rescaling of X ()
converges, at large times to the time integral of the Brownian motion with the diffusion
matrix D;;. The above computations indicate that the simple perturbation expansion should
hold for times T such that

§*T° ~ O(1),

that is, for times of the order T ~ §~2/3, which is much longer than the “deterministic
prediction” T ~ §~1/2.
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Formally, this means that for large times (but much smaller than §=2/3), the expected
value of the solutions of the Liouville equation (8.39) is well-approximated by the solutions
of the Fokker-Planck kinetic equation

ow ) o

o Tk Ve W=0 Z;D”ak o (8.47)
that is, (W (t,z,k)) ~ W(t,r,k). This is probably the simplest way to get to a kinetic
description of waves in random media. Instead of trying to make this approximation result
precise, for times t < §~%/2, let us explain why such result, while providing a very nice
“hooligan’s derivation of the kinetic limit”, can not “truly hold” for longer times, when the
deviation of the characteristics from straight lines will be not small. The problem is that the
original characteristics (8.42) preserve the classical Hamiltonian:

2
—+V

2 + (l.)7

that is, w(X(t), K(t)) = w(X(0), K(0)). In particular, if, say, V(z) is a bounded random
potential, it is impossible for K (t) to behave as a Brownian motion for large times. Never-
theless, the overall picture described above is not too wrong, and in the next step we will see
how it can be naturally modified to see what happens at large times.

w(z, k) =

8.1 Random geometric optics: the long time limit
A particle in a random Hamiltonian

We will now study the “truly” long time asymptotics of geometric optics in a weakly random
medium. This problem can be analyzed in the general setting of a particle in a weakly random
Hamiltonian field:

dXxo dK?
V. H.
= Vs

with a random Hamiltonian of the form Hs(x, k) = Ho(k)+9dH:(x, k). Here Hy(k) is the back-
ground Hamiltonian and H;(z, k) is a random perturbation, while the small parameter 6 < 1
measures the relative strength of random fluctuations. This was done in [3] and [37]. Here, we
will resist the temptation to describe the general results, and restrict ourselves to the case at
hand, with Hy(k) = |k|?/2 and Hy(x, k) = V(z), which simplifies some considerations. Thus,
we are interested in the Liouville equations

d¢

5 Tk Vb =0V (2) - Vi =0, (8.49)

= —V.H;s, X°(0)=0, K°0) =k, (8.48)

and the corresponding characteristics

dX dK

T Tar =0V, V(X), X(0)=0, K(0)= ko, (8.50)
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on the time scale t ~ §=2. As usual, we will assume that the random potential V(z) is a
man-zero statistically homogeneous random field, with a rapidly decaying correlation func-
tion R(x):

(V(z)) =0, (V)V(z+y)) = R(x), (8.51)

We have already seen that at relatively short times ¢ < 62/3 the “boosted” devia-
tion (K (t) — ko)/0 behaves as a Brownian motion. At the longer times, we are interested
not in the deviation from the original direction but in the particle momentum itself. An
important simple observation is that (8.50) preserves the Hamiltonian

2

H(xz, k) = % + 0V (x). (8.52)
Hence, the law of any possible limit for the process Kj(t) = K(t/6?), as 6 — 0, has to
be supported on the sphere |K(t)] = |ko| (and can not be a regular Brownian motion).
Moreover, one would expect the law of the limit process to be isotropic — there is no preferred
direction in the problem. One possibility is that Ks(¢) tends to a uniform distribution on the
sphere {|k| = |ko|} — and this is, indeed, what happens at times ¢t > §~2. However, at an
intermediate stage, at times of the order 2, the process K;(t) converges to the Brownian
motion B;(t) on the sphere (this is an isotropic diffusion such that |B(t)| = 1 for all £). This
intuitive result has been first proved in [31] in dimensions higher than two, and later extended
to two dimensions with the Poisson distribution of scatterers in [12], and in a general two-
dimensional setting in [38]. The rescaled spatial component X°(¢) = §2X (t/6%) converges to
the time integral of the Brownian motion on the sphere:

In turn, the long time limit of a momentum diffusion is the standard spatial Brownian motion,
and we will see that on the times longer than §—2 the spatial component X (¢) converges to
the Brownian motion, while K (¢) becomes uniformly distributed on the sphere {|k| = |ko|}.

Let us mention that another important, (in the context of waves in random media) Hamil-
tonian

Hs(x, k) = (co + 0c1(x))| K], (8.53)

arises in the geometrical optics limit of the wave equation. We will not address it directly here,
but, as we have mentioned, the analysis of the classical Hamiltonian (8.52) can be generalized
in a relatively straightforward way — see [37] for details. We stick here with (8.52) solely for
the sake of simplicity of presentation.

The Fokker-Planck limit

Let the function ¢s(t, z, k) satisfy the Liouville equation

4
%i; k- Vg —VV (2) - Vid® =0, (8.54)

¢°(0,2,k) = ¢o(6%x, k).
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There are two assumptions implicitly made here: first is that the random potential is weak,
and the second is that the initial data varies on the scale 1/62 relative to the scale of the
variations of the potential. In the terminology of the introduction, this means that I./L = §% —
or, we choose the particular observation scale L = [./§?. One may wonder also as to what
happens on other observation scales — we will address this further below.

Let us define the diffusion matrix D,,, by

2
¥ O°R(s )ds m,l=1,...,n. (8.55)

Dy(k) = ’]{;| o 01,0x,,

Note that if the correlation function is isotropic: R = R(|z|), then D,,, has a particularly
simple form:

We have the following result.

Theorem 8.1 Let ¢° be the solution of (8.54), with the initial data ¢y € CZ(R?*?), whose
support is contained inside a spherical shell AM) = {(x,k) : M~ < |k| < M} for some
positive M > 0, and let ¢ satisfy

0 & 9 0¢
Bt +k-V,p= Z T (Dmn(k)a—%> (8.57)
qZ_S(O,I, k) = QSO(x?k)

Suppose that M > My > 0 and T > Ty > 0. Then, there exist two constants C, ay > 0 such
that for all T > Ty

m,n=1

sup
(t,z,k)€[0,TIx K

Eg’ (ai = k) it k>‘ < CT(1+ ||dofl 145 (8.58)

for all compact sets K C A(M).

Note that
d d
. 1 ~ 9’R ( )
D _ _ _
m; (K, K)o Zzym 8xn8xm Zzym/ ( Dz, )ds 0

and thus the K-process generated by (8.57) is indeed a diffusion process on a sphere |k| =
const, or, equivalently, equations (8.57) for different values of |k| are decoupled. Another
important point is that the assumption that the initial data does not concentrate close to k = 0
is important — if |k| is very small, the particle moves very slowly, and does not have a sufficient
time to sample enough of the random medium by the time §—2.
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Beyond the Fokker-Planck limit

Let us now return to the question of what happens to the solutions of the Liouville equation
with the initial data that varies on a scale much longer than 6=2 — in other words, the
observation is taken on even larger scales than described by the Fokker-Planck limit. It is
straightforward to see that solutions of the Fokker-Planck equation (8.57) themselves converge
in the long time limit to the solutions of the spatial diffusion equation. More, precisely, we
have the following result. Let ¢, (¢, z, k) = ¢(t/72, /7, k), where ¢ satisfies (8.57) with slowly
varying initial data ¢.(0,t,7,k) = ¢o(yz, k). We also let w(t,z,|k|) be the solution of the
spatial diffusion equation:

d

ow 0w
= = 2 am(lk) 75— —, (8.59)

m,n=1

w(0, 2, [k]) = o(z, |k])

with the averaged initial data

Gol, ) = —

do(z, k)dQUE).

an]_ S§n—1

Here, dQ(k) is the surface measure on the unit sphere S"~! and T, is the area of an n-
dimensional sphere. The diffusion matrix A := [a,,,] in (8.59) is given explicitly as

_ kP

k) = o= [ TRl (8.60)

The functions x; appearing above are the mean-zero solutions of
d

0 8Xj g
> oo (DnB32) =~k 8.1

m,i=1

and when the correlation function R(x) is isotropic, so that D,,; is given by (8.56), they are just
multiples of k;: a;(k) = ¢(|k|)k;, with an appropriate constant ¢(|k|) that can be computed
explicitly. In that case, the matrix a,, is a multiple of identity, and (8.59) becomes the
standard diffusion equation

ow
ot

with an appropriate diffusion constant a.

= a(|k]) Ay, (8.62)

Theorem 8.2 For every pair of times 0 < T, <T < +o00 the re-scaled solution ggw(t, x, k) =
Ot/ 2/v, k) of (8.57) converges as v — 0 in C([T%, T]; L*(R?*?)) to w(t,z, k). Moreover,
there exists a constant Cy > 0, so that we have

lw(t,) = &y(t, Mz < Co (YT + vA) ol er, (8.63)

forall T, <t <T.
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The proof of Theorem 8.2 is based on classical asymptotic expansions and is quite straight-
forward. As an immediate corollary of Theorems 8.1 and 8.2, we obtain the following result.

Theorem 8.3 Let ¢s be solution of (8.54) with the initial data ¢5(0,x, k) = ¢o(6* ™z, k) and
let w(t,x) be the solution of the diffusion equation (8.59) with the initial data w(0,x, k) =
gEO(a:, k). Then, there ezists ap > 0 and a constant C > 0 so that for all 0 < a < oy and all
0 < T, <T we have for all compact sets K C A(M):

sup \w(t,z, k) — Egs(t, x, k)| < CT§*, (8.64)

(t2,k) €T TIX K
where ¢s(t, x, k) == ¢s (t/6>72, 2/6%7° k).

Theorem 8.3 shows that if the initial data varies on a scale slightly larger than §=2 then we
observe spatial diffusion for the solution (and uniform distribution in k) on the appropriate
time scale. The requirement that « is small is most likely technical and a constraint of a
“perturbative” proof — the result should hold for any o > 0.
To summarize: if the initial data for the random Liouville equation

99

Fn +k-Vep—36V(x) V0 =0, (8.65)
varies on the scale 672: ¢(0,7) = ¢o(d%r, k), then on the time scale t ~ 62 the expec-
tation of the rescaled solution ¢s(t,z, k) = ¢(t/d%, x/5% k) converges to the solution of the
Fokker-Planck equation. On the other hand, if the initial data varies on an even larger
scale: (0,2, k) = ¢(6*™z, k) then on the time scale t ~ §~272% the expectation of the
rescaled field ¢s(t, x, k) = ¢(t/6*2* /6% k) converges to the solution of the spatial dif-
fusion equation and is uniformly distributed in the directions k for each |k| fixed. Thus, the
appropriate kinetic limit depends on the scale of the probing signal, which, in turn, determines
the proper time scale of the observations.

A formal derivation of the momentum diffusion

We now describe how the momentum diffusion operator in (8.57) can be derived in a quick
formal way. We represent the solution of (8.54) as ¢°(t,z, k) = °(6%t,6%x, k) and write an
asymptotic multiple scale expansion for ¢°

X

B (t, 1, k) = d(t,x, k) + 6¢n (t, z, ;—2 k) + 62, (t, v % k:) T (8.66)

We assume formally that the leading order term ¢ is deterministic and independent of the
fast variable z = x/6%. We insert this expansion into (8.54) and obtain in the order O (§71):

VV(2)-Vid —k-V.é1 = 0. (8.67)

Let & < 1 be a small positive regularization parameter that will be later sent to zero, and
consider a regularized version of (8.67):

1 .
WVV(Z> Vi —k-V,p1 +0¢ =0,
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Its solution is

oV ( z+sk‘ ) 0o(t, z, k)
Z

—05
o ds, (8.68)

and the role of # > 0 is to ensure that the integral in the right side converges. The next order
equation becomes upon averaging

%M V.6 = (VV(2) - Vicn). (3.69)

The term in the right side above may be written using expression (8.68) for ¢;:

V- Tin) =( 32 G (g [7 LRI o)

Using spatial stationarity of H;(z, k) we may rewrite the above as

d 0 0 (1 [©OV(z+sk)0p(t,z,k) g,
X s @) T )

n=1

. L
) 0 (1 [% ) PVt sh)\ Dbt k) .
o m;l ok, <|/€| / <V(Z’ k) 02,0%m, > Ok, ‘ ds)

p L
- 0 82 (3k) a¢(t7 T, k) —0s
= mznzl o, <|k:| 00,0ty Okn  © ds)

1 [ 9?R(sk) d¢(t,x, k) N

N anjl T <m dn.on. Ok ds|,as—0".

We insert the above expression into (8.69) and obtain

d

O 9, ¢
E:Za_kn(D (k)ak)Jrk V.6 (8.70)

with the diffusion matrix D(k, k) as in (8.55). Observe that (8.70) is nothing but (8.57).
However, the naive asymptotic expansion (8.66) may not be justified directly, to the best of
my knowledge. The rigorous proof is based on a completely different method.
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