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Abstract

We consider solutions of the Schrodinger equation with a weak time-dependent
random potential. It is shown that when the two-point correlation function of the
potential is rapidly decaying, then the Fourier transform Ze(t, €) of the appropri-
ately scaled solution converges point-wise in & to a stochastic complex Gaussian
limit. On the other hand, when the two-point correlation function decays slowly,
we show that the limit of Z, (7, &) has the form Zo (&) exp(i B¢ (7, £)) where B, (z, £)
is a fractional Brownian motion.

1. Introduction and the main results

We consider solutions of the Schrodinger equation

ap 1
ia—‘f + 580 - YV, 09 =0, xe RY,

¢ (0, x) = ¢o(x),

(1.1)

with a random potential V (¢, x) in the spatial dimension d = 1. Here y < 1 is the
small parameter that measures the relative strength of the (weak) random fluctua-
tions. Throughout the paper we assume for simplicity that ¢g € S(R"). The long
time behavior of the Wigner transform [13] of the solutions of (1.1), defined as

W, x, k) = /e”"—“¢ (r, x— %) o* (t, X+ %) (;:Ty)d,

has been extensively studied in the past: it can be shown that when properly
rescaled to allow for long distance and large time propagation, the limit of
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E(W (¢, x,k)) converges as y — 0 to the solution of the radiative transport
equation [3,4,7-9,15,19,27]

p2_k2
2

W, +k-V,W = / R (p —k, ) (W(t,x, p)— W(t, x,k)dp. (1.2
This result holds under the assumption that V (¢, x) is a spatially and temporally
homogeneous mean-zero random field with the two-point correlation function

R, x) =E[V(s, )V +s,x+y)]

whose power spectrum
R(w, k) = / R(t, x)e Kx=iot 4y 4t

appears in (1.2). The harder case, when the random potential is time-independent,
was studied in [7-9,19,27]. In addition, it has been shown that the limit is often
self-averaging, that is, given any test function n(x, k) € S(R%?), (W, n) — (W, n)
in probability [1,2,4-6,21,22]. However, this result does not hold strongly, that is,
point-wise in x and k. Here we denote

(W, n) =/W(x,k)n(x,k)dxdk.

On the other hand, surprisingly, the solution ¢ (¢, x) of (1.1) itself seems to
be much less studied — an obvious reason for this is that ¢ (¢, x) becomes highly
oscillatory after propagation over long distances, while the Wigner transform is a
macroscopic quantity. The goal of the present paper is to understand the behavior
of ¢ (t, x) after propagation over long distances and also to study the effect of the
slow spatial and temporal decay of the correlation function R(¢, x) on the behavior
of solutions, long time limit and self-averaging properties.

As we are interested in the long time, large propagation distances effect of
the random inhomogeneities, we consider temporal and spatial scales of the order
t ~ O( ) and x ~ O 1) with e = e(y) < 1, a small parameter depend-
ing on y, to be determined later. Finding an appropriate length and time scale
O(¢~ 1), on which one observes a non-trivial behavior, as a functional of y < 1
is part of the problem. Let us recast (1.1) as an equation for the rescaled function

be(t,x) = p(t/e, x/¢e):

0 &2 t
Al f) b =0, (13)
t 2 e €

¢:(0, x) = ¢o(x/e).

ie

In particular, we have (135 0,8 = 8‘1(]30(85 ). We assume that the spatial power
spectrum has the form

R(t, k) = e 9P R(k), (1.4)
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where Ii’(k) e L'(RY), and

R(t, k) =/e_ik'xR(t,x)dx.
The space—time power energy spectrum is then

2g(k) R (k)

(1.5)

Rapidly decaying correlations

We first address the case in which the correlation function R(¢, x) decays suf-
ficiently rapidly. In order to formulate our main result in this situation, let

2R(p)
D(p, = 1.6
P8 = oriietr =i - p = 1pP/D)] (1.0
and
R(p) dp
DE) = | D(p.&)dp =2 a7
® / (p-£)dp /g(p)—i<s'p—|p|2/2)<2n)d e
Let also
LFE) = / ReD(p. E)[F(p) — FE)dp, (1.8)

for any F bounded and measurable, and let VT/(I, &) be the Duhamel solution of the
equation

{ AWt &)= LW ), (1.9)

W(0.8) = o(®)I*.
Note that (1.9) is simply the integrated in x form of the kinetic equation (1.2), that
is, if W(t, x, &) solves (1.2) then W (z, &) = f W (t, x, &) dx solves (1.9).
The first result of this paper is the following theorem concerning the commonly
considered situation when the function R(¢, x) decays rapidly.

Theorem 1.1. Assume that V(t,x) is a spatially homogeneous mean-zero
Gaussian and Markovian in a time random field with the two-point correlation
function R(t, x) and a spatial power spectrum R(t, k) of the form (1.4) with

/M < 400. (1.10)
g(p)

Let ¢ = y2, and define

Le(t,8) = eidd;s(t, £/e)ellE1/C0), (1.11)
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vAvhere ¢ (t, x) is the solution of (1.3). Then, for eacht € R and & € R4 fixed,
Le (2, &) converges in law, as ¢ — 0, to

£t &) =e P20 (8) + Z(1, &) (1.12)

Here Z(t, &) is a centered, complex valued Gaussian random variable, whose var-
iance equals

EIZ(t, &) = W(t, £) — e 'ReD: |G (8) 2.

Let us recall [14] that a random variable Z = X + iY is a centered complex
Gaussian if X and Y are mean-zero Guassian independent random variables with
E(X2) = E(Y?).

Note that Theorem 1.1 implies, in particular, that ]E{|2(t, )%} = W(l, &) is
the solution of (1.9), as would be expected from the usual kinetic theory for waves.
However, this theorem gives much more precise information on the limit of the
whole random field Z‘s (t, &), not just its second absolute moment.

Slowly decaying correlations

Suppose now that the spatial power spectrum has the form

a(p)

0ﬂ=5pﬁ13 (1.13)

and the spectral gap is

a(p) = pnlpl? (1.14)

forsomea < 1,0 £ 8 < 1/2, u > 0, and a compactly supported, non-negative,
bounded measurable function a(p). We assume that a(p) is continuous at p = 0
and a(0) > 0. Observe that in order for (1.10) to hold we need to assume that
o + B < 1. Our second result concerns the case when the correlation function
decays slowly, so that o« 4+ 8 > 1. This implies that o € (%, 1). Let us first define
the constants

+oo d
K@= [ e (115)
0 P
where €24 is the surface area of the unit sphere in R4 , and
+00 dp )
@@mmz/ aWZ]/ e'lElreer §(dw). (1.16)
0 peT Jgd-

Theorem 1.2. Assume that the two-point space—time correlation function R(t, x)
has the form (1.4) with R(p) and g(p) as in (1.13) and (1.14), and that 4+ B > 1,
12 <a<1landB <1/2. Lete = y'/*, with

c=oat2p-t o 1oe (1.17)
28 28
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Then, for each t € R and & € R? fixed, ;:8 (t, &), defined by (1.11), converges in
law, as ¢ — 0, to the random variable

Zo(t, £) = ¢o(§)e!VPEB), (1.18)

where By (t; &) is a standard scalar fractional Brownian motion, its variance D
given by

_ a(OKi(@. B. p)

T k2 — D)’ (1.19)

when < 1/2, and

a(0)K2(&; a, )

PO aGa—nen”

(1.20)

when 8 = 1/2.

We note that there are several important differences between the rapidly decorre-
lating case considered in Theorem 1.1 and the slowly decorrelating case in Theo-
rem 1.2. First of all, the time scale of ES (t, €) now is not y ~2 but rather y ~1/%. In
particular, it is no longer universal but depends, rather, on the parameters « and S
when « + B8 > 1. On the other hand, if we fix the ratio ¢ of the overall propagation
distance and the correlation length of the medium, then the strength of the hetero-
geneities y = &€ = ¢! ~1=®)/28 that produces a non-trivial effect also decreases
when « and S increase. This shows that weaker fluctuations generate a macroscopic
effect in the presence of long range (in space and time) correlations.

Toillustrate why the correct time scale in the setting of Theorem 1.2is O (¢~ /%),
one may consider a simplified version of our equation (with © = 1), obtained by
dropping the Laplacian,

. a¢s _ r X _ X
e = - V(g,g)%, ¢8(0,x)_¢0(;). (1.21)

Then ¢ (t, x) = ¢o(x/e) exp(i We(t, x)), with

wun=-2[v(5)a

2 2 t ps o
Lz// R(s S,O) ds ds’
& 0 Jo &

2)/2 t S1 e_lp‘2ﬁsz/5a(p)dp
_2/ / / T 2ara— ds2dsi.
e~ Jo Jo Jre Q2m)¢|pl“

Upon a change of variables p = /@B g /(55)1/?P) we get

2y aOKi( B, 1) [ U ds
2 _ ’ _°2
EWe (1. 01 = =25 @2n)d 0 dS1/() sy P

and

E[W2(z, x)]

_ 2)/2 a()Kq(a, B, 1) ﬁzt(ot+2ﬂ—l)/ﬂ ~
Tl an? @ p-D@+25-1)

DtZK,
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with the choice of y as in Theorem 1.2, and D as in (1.19). Note that this not only
correctly identifies the time scale, but also the fractional diffusion coefficient for
B < 1/2. At B = 1/2 the Laplacian plays a non-trivial role and the formula for the
diffusion coefficient is different.

Let us also point out a difference between the evolution of the energy and the
phase of the wave: while Theorems 1.1 and 1.2 show that the time scale on which the
phase evolves depends very much on the nature of the correlations of the random
medium, this does not seem to be the case for the wave energy density. Indeed,
the amplitude of the limit process g:o (t,&) in (1.18) is trivial: |EO t,8)| = |q§0 3]
hence, unlike the phase, the wave energy has not yet been affected by the random
fluctuations on the time scale O (y —1/x ). Moreover, while the total scattering cross-

section
R 2 _k2

is infinite in the regime of slowly decaying correlations, with the parameters « and
B as in Theorem 1.2, the transport equation (1.2) still makes sense because of the
regularizing effect of the difference W (¢, x, p) — W(z, x, k) that appears in the
right side of (1.2). Hence, we believe that even in this range of parameters, wave
energy evolves on the time scale O(y~2), as in the rapidly decorrelating case.
Thus, the slow decay of correlations leads to time-separation of the energy and
phase evolutions, a phenomenon we plan to address in detail elsewhere.

Let us mention that to the best of our knowledge the first study of wave prop-
agation in random media with slowly decaying correlations was done in the one-
dimensional case [12,20], where it was shown that a pulse going through a random
medium with long range correlations performs a fractional Brownian motion around
its mean position, as opposed to the regular Brownian motion in the rapidly dec-
orrelating case [11]. On the other hand, motion of particles in such random media
leading to fractional Brownian limits was considered in [10,17,18]. The main con-
tributions of the present paper are that, first, the full limit process of the wave field is
identified (we are not aware of any such results for waves in any regime in dimen-
sions higher than one), and, second, it is shown that slow decay of correlations
induces a different time scale for the field and energy.

The paper is organized as follows: in Section 2 we consider the Duhamel expan-
sion for (1.1) that is the basis for our considerations. We prove Theorem 1.1 in
Section 3 and Theorem 1.2 in Section 4. In both proofs we first identify the limit of
IE(Z‘S (t, &)) using first the Duhamel expansion for the expression under the expec-
tation and then applying the rules for computing the expectation of a product of
Gaussian random variables. These involve summing over all possible partitions of
the set indexing the random variables into pairs. We will refer to such a partition as a
pairing. This is the same strategy as the one used in [7-9] to obtain the kinetic limit
in the rapidly decorrelating case. Here, however, the estimation is simpler since
the potential is time-dependent. Summation over pairings relies on the assumption
that the random potential has Gaussian statistics, as is common in this approach.
On the other hand, the new aspect in the case of slowly decaying correlations is
that all pairings contribute to the limit, not just the time-ordered pairings as in the
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rapidly decorrelating case. The next step in the proofs of Theorems 1.1 and 1.2 is to
identify the lirrAlit of theAhigher moments of (¢, £) including the mixed moments
of the form E[¢N (¢, £)¢M (1, £)].

2. The Duhamel expansion

We may rewrite (1.3) as an integral in time equation

5 _ 4 —ieléPt/2 | V(si/e,dp1)
$(1.6) = do(®)e L[ [Haeden

X ¢ (S1,$ - ?) e e U=sD/2 gg

Hence, the function 28 (t, &) given by (1.11) solves

Lo (1, ) = do(€) + //V(S(lz/g)jpl)ég(n £ — ppel(EP=lE=pisi/Qe) g
(2.1)

as 2(0, &) = éo(é ). Iterating (2.1) leads to an infinite series expansion for Eg (t,&):

Let,§) = D Li (1, 8), 2.2)

with the individual terms of the form

A (S
f s [0 (Lan) 9 (Fan)
oo = [ L] / s p)onn? (2 ap,
l(;n(s(”),p<"))/e
XGo(E — p1— -+ — pn)e , (2.3)
with the phase
n Sk
Gus™ . p") =D (6 = pr— = palP = = pr = = )
k=1

= Au ™, p") = B,s"™, p™). 2.4)
Here we use the notation pg = 0,8 = (s1,....s,) € R",p™ = (p1..... py) €

R so that ds™ = ds;ds, . . . ds,. We have also split the phase into

Ans™,p") =D& pm)sm, 2.5)

m=1

m—1

n
Bn(s(n)a p(n)) = Z SmPm * z Pj Z sm|pm|2

m=1 j=1
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Finally, A, (#) denotes the time simplex
Ap(@) ={(s1,52,...,8) : Oisn §Sn—l é ésl gt}

The next proposition shows that the series (2.2) converges almost surely and, more-
over, one can take the expectation term-wise for ¢ > 0 and y > 0 fixed. This will
allow us to work with term-wise estimates for each E(EE”) separately in the proof
of Theorems 1.1 and 1.2.

Proposition 2.1. (i) The series (2.2) for the function EE (t, &) converges almost
surely for all values of y, & € (0, 1] and ¢o € C° RY).
(ii) Moreover, for each (t, §) € Rt fixed, we have

Eie(1,6) = D Eii (1, ). (2.6)

Proof. We may assume without loss of generality that y = ¢ = 1. Using an ele-

mentary result from analysis, see for example Theorem 1.38 of [24], the conclusion

of the lemma follows, provided we can show that ZZO=0 []E|2,f (1, 6)*1'/? < +o0.
Note that

BIE 0,6 = )M Jas [aso B [H ¥ (56, dpo) Hv (sk,dp,a}

Ay (1) Ay (1)

n
2 I ~ i () pmy R0
><¢o(é—ij)¢6‘(f;‘—2pj)e’c"(s P Gn G

j=1 j=1
"(2n — D! N C"
<o | [ han ] 1 < )

for some constant C > 0 independent of n, and the conclusion of the proposition
follows. O

3. Proof of Theorem 1.1

We now prove Theorem 1.1, that is, we consider the case in which the two-
point correlation function decays sufficiently rapidly so that the phase obeys a
deterministic limit. We shall assume in the course of the proof of Theorem 1.1 that

_ 12
y =¢g'/".

Outline of the proof

The proof is based on working with the Duhamel expansion (2.2) and, in
particular, with the series for the moments E{[EE (t, & )]"[[28 (t, &)1™1*} with arbi-
trary non-negative integers n, m. To clarify the exposition, we first consider the
moments of g:g (t, &), that is, set m = 0 above, starting with the case n = 1,
m = 0. Next, we compute the limit of the moments of the form IE{[E‘E (, &)1},
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using the expansion into pairings. The key observation is that the products of
the form IE{CJ‘?1 (1, é){fz ,€&)... {fn (t, &)} are approximately equal to E{{fl (,8)}

E{g:]’f"2 t,8)}.. .E{fﬁl (t, &)} due to an oscillatory phase. The next step is to pass
to the mixed moments with m # 0. There, we first consider the second absolute
moment ]E{|25 (t, €)|?} and prove that in the limit it converges to the solution of
the spatially homogeneous radiative transport equation (1.9). In the general case,

we prove that E([;s 91" §8 (z, €)I"™) behaves as e — QasE(Z(t, £)"Z(t, £)*™),

where Z(t, &) is a complex Gaussian with mean and variance as described in The-
orem 1.1. Later, after we introduce the appropriate terminology, we will describe
more precisely the exact role of the oscillatory phase in the last step of computing
the general moment.

3.1. Convergence of the expectation E(Es (t,&))
The main result of this section is the following

Proposition 3.1. We have
lim B¢, (1, &) = ¢o(£)e P52, 3.1)
£

forallt € Rand & € R\{0}.

The initial step in the proof is the following uniform bound for the individual terms
of (2.6).

Proposition 3.2. Forall T > 0, n = 0 and all & € R4\{0}, there exists a constant
C(T; &) such that
C(T; §)

sup |EG; (1,5)] £ —== (3.2)
te[0,T] n:

forall e € (0, 1].
As a consequence, we may interchange the limit ¢ | 0 and the summation in n.

Corollary 3.3. We have
o0
limEZ = limEZ;® )
lim EG: (1, §) nzo;f‘} ) (33)

forallt € Rand & € R4\{0}.
Next, we identify the limit of the individual terms in the right side of (3.3).
Proposition 3.4. We have ]Ef,f (t,&) = 0 when n is odd and

( tD(§)

hm ]E;zn (t, &) = >

) Po(€) (3.4)

forallt € R, n € Nand & € RY\{0}.

This together with (3.3) implies convergence of the expectation in (3.1).
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Proof of Proposition 3.2

Of course, only the case of even n-s requires a proof, as the expectation vanishes
for n odd. Note that

" 1 2}’1
3 _ (2n)
|]E§2n(ts §)| — |:£1/2(2n’)d:| / dS

Aon(t)
X/]E[V (s;l,dpl) LV (%»dPZn):IdA)O(%— —Pp1— " — P2n)

i Gn(s®.p") /e

" . X
= ClPollee / ds(z”)/ ‘IE [V (s—l dpl) % (sﬂ den)]‘
en £ £
A2n(t)
C”Il¢olloo/ / 2 / 5 (S2n
= as® [|E[V —,d )V (2 ap)]|-
(211)'5" P1 P P2n
(3.5)
The last step above uses the symmetry of the integrand in s1, . . ., s, which brings

about the factorial in the dominator. Using the relation
E[V(.dp)V (s, dg)| = @m)'e 8P ls(p + ) R(p)dpdg,  (3.6)

and the rules of computing the 2n-th joint moment of mean zero Gaussian random
variables, we conclude that the utmost right-hand side of (3.5) can be estimated by

Cn
=3 [ [ [ [] w0 esis ok

(k,heF
3.7
where the summation extends over all pairings formed over vertices 1, ..., 2n. We
recall that a pairing for the set S = {1, 2, ..., 2n} is a partition of S into n pairs of

numbers (/r), such that each element of S appears in exactly one of the pairs. If a
pair (Ir) is present in a given pairing F and [ < r, we say that/ is a left vertex and
r is a right vertex.

Changing variables s; := s /¢ we obtain that expression (3.7) equals

cn 00 -
(||2¢0)|'| Z/d (2n) H [/ / 8(pi)lse— "'dskds1:|8(pk+P1)R(Pk)

(k,h)eF

Cn[n||¢0||oo / (pk) (zn)
1)
o E (klzgf (e + p1)——— oy )

" ol /R(p)
= d . 3.8
2! [ ) ”} G

II/\
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In the last step above we used the fact that the total number of possible pairings for
a set of 2n elements is (2n — 1)!!. Now, the conclusion of Proposition 3.2 follows.
]

The above argument actually shows the following.

Proposition 3.5. There exists a constant C such that foralln 2 1,t > 0, ¢ € (0, 1]

~ Cte)"
S [ a0 fap [T e smesiesg 1 i < €
F A2n(r) }’l‘

k,DeF
(3.9)
where the summation extends over all pairings formed over {1, ..., 2n}.
Proof of Proposition 3.4
Let us introduce some terminology: the pairing (1, 2), ..., (2n — 1, 2n) shall

be called a time-ordered pairing. For a given pairing F we let
To(t; F):= / ds® / dp® [T e 9P2s(py + pyR(pr). (3.10)
Aop (1) (k,l)E]’-

As a conclusion of Proposition 3.5, we obtain, in particular, that

Z(F) =limsup sup & "Z.(t; F) < +oo0, (3.11)
el0 t€[0,T]

for any pairing F. We will now show that Z(F) = 0 if F is not a time-ordered pair-
ing, and then identify the actual limit of e 7"Z, (F) for the time-ordered pairings,
completing the proof of Proposition 3.4. We start with non-time-ordered pairings.

Lemma 3.6. Suppose that F is not a time-ordered pairing. Then,

lim sup ¢ "Z.(¢t; F) =0, (3.12)
10 1[0, 7]

forany T > 0.

Proof. This lemma shall be proved by induction on n — the number of edges of
a pairing. First, we verify it for n = 2. Then, we have to consider two pairings,
F1 = {(1,3),(2,4)} and F, = {(1,4), (2,3)}. Start with the first one. Suppose
that k € (0, 1) and consider the sets of the following times: A| = [|s] — s3] = &¥]
and Ay = [|so — s4] = %], as well as A3 = AS U AS. Consider the expressions

Ii(e) = / dsy .. .dS4/dp1dp2
Ag(DNA;

x exp {—[g(p1)(s1 — 53) + §(p2) (52 — s2)1/€} R(p1)R(p2),
fori =1, 2, 3, then

3
To(t; Fi) £ D Iie).

i=1
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We will see that I7(¢) and I(¢) are small because the integrand is exponentially
small in &, while I3(¢) because the domain of integration is small. Indeed, observe
that

topt
Ii(g) §/ / dsldS3/ / dspdsy
0 Jo RJR

o« / dprdppe=s 80D 26 18Dl =il a(p) =541/ ) R (1) R(pa)

= (2te)? / e*sK*‘gm)/zﬁ(Pl)dPl / R(p2)dp>
a(p1) g(p2)

and it follows from the Lebesgue dominated convergence theorem that

lim sup e 2I;(e) =0. (3.13)
&40 10,77

Similarly, one can prove that (3.13) holds for I5(¢). On the other hand, we note that
ifOSs;—s3 Se¥and 0 < 55 — 54 S €X (so that (s1, 52, 53, S4) € A3) then (since

0 <53 < 57), we have 0 < 51 — 54 < 2¢* as well. Hence,
L(e) < Cre

and (3.13) follows for I3(¢), provided that k > 2/3. We have shown in this way
that

lim sup 8_ZI(I;,7-"1) =0.
e10 1[0, 7]

A similar argument also yields an analogous statement for Z(¢; F7).

Assume, now, for the sake of the induction argument that (3.12) holds for some
n 2 2 and for all non-time-ordered pairings with 2k vertices with k < n. Let F
be a non-time-ordered pairing consisting of n 4+ 1 edges. As before, we choose
k € (0, 1) which shall be specified later. For a given edge e = (ko, lp) of a pairing
F set

A(e) = [Isky — il = €1 S Aopp2(2),

and A(e) = J,c7 A°(e). Define also, again for e € F,

Io(e) = / ds®+2) / dp@ 2 T e 9mes/es(py + pR(pr),
Azn(1)NA(e)

k,DeF
as well as
Ie(g) =/ ds(2n+2)/dp(2n+2) H e—g(Pk)(Sk—W)/S(g(pk +Pl)é(Pk)~
AZn(l)mA(e) (k,l)E]:

Note that for the first term, as in the computation for the pairing F; withn = 2,
we have
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t t
Le(e) §/ / ds(2”+2)/dp(2n+2)e—9(pko)s”“/2
0 0

o H e 8POIsk=sIl/ 5 (e + PR (pr)
(k.)eF

< / dp@1+2) = 8(pig)< ! /2

t
< [T s+ prRpo [] /dsk/dsle*G(Pk)\Sk*Sl\/Q&)
k.)eF k.her’0 R

A n A
_ (2t8)"+1 / R(p)dp /e_g(p)gk—l/z R(P)dp7

a(p) a(p)
thus the term in the exponent is very large and negative, whence

lim etV 1, (e) = 0.

e—0
On the other hand, for 7.(¢) we have two possibilities: either it splits into a union
of two sub-pairings or not. More precisely, either (1) there exists m( such that
F = F1 UF,, where F;, i = 1,2 are pairings formed over {1, ..., 2mgo} and
{2mo + 1, ..., 2n + 2} respectively, or (2) there exists a sequence of edges ¢; =

(ki l;),i =1,...,msuchthatk; = 1, ki;1 <lj <lig1,fori =1,...,m—1,
and /,,, = 2n + 2. In the first case we have

t S2mp—1
I:(e) < / dsq / dSZmo/dpl o dpomg
0 0

<[] e 8PS0 s (pr + pR(pr)
(k,eF,

X / ds2mg+1 ---dS2n+2/dp2m0+1 ..dpaig2
A2(}1+17m0)(32m0)

x [T e 905 + pryR(pa).
(k,1)eF>

Hence,
Ie(e) é Le(t; F1)ZLe (85 F2),

and thus (3.12) holds in light of the induction hypothesis. In the second case, for
s@"t2) ¢ A(e) we have 0 < 51 — 52,40 < me*, therefore

T (t; F) < Cre®the
and (3.12) holds (with n replaced by n + 1), provided that « > (n + 1)/(2n + 1).
O
The contribution of the time-ordered pairings

The last step in the proof of Proposition 3.4 is to consider the contribution of
the time-ordered pairings. We have shown so far that
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lim EZ$, (1, 6) = Ju(1, §), (3.14)

where

(=" / (Zn)/ @n) o
I . d d R _1)é _
(t, &) =¢o(&) lim w[ TGO a0 s p k|:|1 (P2k—1)8(p2r—1 + p2r)

we~ 0Pak—1)(s2k-1—524) /& exp [iGn (s, p(2n))/8} (3.15)

where G, (s®", p®) is given by (2.4). For a time-ordered pairing, taking into
account the delta-functions, we have

n

1
Gn(s(Zn)’ P(zn)) = Z |:§ s P2m—1 — §|p2m—l|2:| (S2m—1 — $2m)-

m=1

Hence, (3.15) can be written as

Jn(t, &) = ¢o<s) % /A 2 mdsQ”) / dp®"

x H R(pak—1)8(pak—1 + pax)e™ QPr-nb21=920/¢ (3 16)
k=1
with

) |-
Q(p)=g(p)—z($~p—§|p| )

Changing variables 55, = (s2,—1 — 52,,)/€ We obtain, after dropping the primes:

s1/e S1 €A2
10,6 = dol@)lim o — / s / ds» /
$2n—3—ES2n— Son—1/€
X/ dsZn—l/ dszy,
0 0

n n
x / / [T &pau—vdpay [Te~ P02 317
k=1 k=1

One can now compute the limit in (3.17):

r )"d/ ds‘/ e
San= R(pa—1)
dsp,— ———dpu—
X/o 2 1/ /H O(p2k—1) Pait

NG (=tD(&))"
—¢0($)(2n)ndn!(/Q() ) =hO o Gy

where D (&) is given by (1.7).
This completes the proof of Proposition 3.4. 0O

Tn(t,€) = do(&)
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3.2. The limit of an arbitrary moment

As the next step we compute the limit of moments of ES (t, &), _without the
powers of £ (¢, &) present. We denote the right-hand side of (3.1) by ¢ (¢, £).

Proposition 3.7. We have, for all t 2 0, a positive integer N and & # 0:

: z Nl _ r» N
limE ([, 1| = [£¢. &)1V, (3.19)
Proof. Consider the expansion
. N Sl «
Lo = 3 Geo. & e, (3.20)
ni,...,ny=0

where each term g:,f (t, &) is given by (2.3). Evaluating the expectation in (3.20) and
using an argument as in the proof of part (ii) of Proposition 2.1 gives

. N >
Enmmﬂ]= > a6, (3:21)
ni,...ny=0
where
Ty O =E &5, 5 08, (3.22)

or, equivalently,

. 2n
J,fl_.nN(t,é) = |:81/2(l—27[)d] // ds;...dsy
D

I
ny..ny

N
A .Gll' P
X / H |:¢0(";: —Pj1— = pjnj)el J(SJ P(;)/Sil
Jj=1

xE [‘7 (si, dp]]) . ‘7 (Slm s dp]nl)
& &

A (SN ~ (SN
V(T,dpzN])V( :N,denN)],

where ny + --- +nny = 2n,8; = (sj1,...,8jn;)s Pj = (Pj1,..., pjn;) and
Dy oy i= Buy () X ... X Apy (1). We evaluate the expectation using the pairings,

asin (3.5), and get

Tem 8 =D I8 (6 F), (3.23)
f

Here the summation extends over all pairings formed over pairs of integers (jk),
with j =1,...,N,and k = 1,...,n;. We introduce a lexicographical ordering
between pairs, that is, we say that (jk) < (j'k")if j < j',orif j = j/,thenk < k.
If (e, f) is an edge of a pairing we say that e is a left vertex if e < f. Also, given
a vertex e = (jk) we will use the notation s(e) = sk, p(e) = pjk. The following
analog of Proposition 3.2 holds.
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Proposition 3.8. For each T > 0 there exist constants Ju, . ny (1, &) such that

Sup oy oy @O S Jny oy (T, 8), Ve e (0,1] (3.24)
tel0
and
+00
Z Jnlu.nN(T’ 5) < +OO
ni..ny=0

Proof. Suppose that n; + --- + ny = 2n. Estimates following (3.5) essentially
hold without changes, that is, we start with

C”II¢0IIN
JE oy (1, 6)] S =20 //
nl nN
x/‘E ‘7 si dp11)
1 2 o (SN
XV( il dpln,) V(— del)...V( N;N,denN)]‘
§

C"||¢0||N / / 0, .
nylen
/’E —,dpu)...V(I;I,dplnl)...
(_ dPNl) V(sNenN,denN)]‘_

This can be estimated, as in (3.8), and we obtain

IId) I
.n

981y (6 O S S P,

where #(F) is the total number of the pairings, and is equal to
#F)=m+---+ny—DIl=02n - DIl
We conclude that

Ch@2n— DI .
[y (8 6] mnmnﬁo. (3.25)

On the other hand, we have

ad Cl2n—D! & CENTQn— DI & (NCr)"
DI =2 2n)! =2 <t

ni!...ny!
n=0ni+--+ny=2n 1 N n=0 n=0

and the conclusion of Proposition 3.8 follows. 0O
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The non-trivial pairings

We now return to the proof of Proposition 3.7. As a consequence of Proposi-
tion 3.8, we may pass to the limit ¢ | 0 term-wise in the series (3.21):

lsi?(}EII:E‘S(t’E):IN] = z th ni.. nN(tvé:;]:)y (3.26)

ni.ny=0 F
where ],fl nN(t, &; F) is given by
-
nl N (t ";: -7:) (2 )d dS] dSN dpl d
Vl] HN
< [T [en sl Reps o+ pyw)]
Gk, j'm)eF
N .
XH[CZ nj(sj’pj)/eqso(é_pjl_...—pjnj)]’ (3_27)

J=1

and we only need to study the limitof J;;, (7, &; F) for a fixed pairing . Recall

that in the case of the first moment of ;8 , that is, for N = 1, this limit did not vanish
only for the time-ordered pairings. We will show, in Lemma 3.9 below, for a general
N > 1 that only the following pairings F contribute to the limit: first, for any bond
(jk)(j'k") we must have j = j’ — that is, there are no bonds crossings between
various Z‘; This imposes, in particular, the condition that all n; have to be even,
and also splits naturally F as a product 7] ® - - - ® Fy. The second requirement is
that each F; is a time-ordered pairing on n; vertices.

‘We now formalize this claim. Let IT be the set of all permutations of the vertices

{(;D,...(Lny,...,(N; 1),...,(N,nnN)}.

We divide the domain of integration D}, = An (1) x Ay, (¢) into the sets
A(o),o e IT as follows: a point s := (S11, ..., Slays - ->SN1s -« > SNny) € A(0),
if So(1:1) 2 So(1:2) -+ = So(N:ny) and s € Djl]mnN. This gives rise to a decom-
position D}, oy = Ugem A(o). Note that the set A(o) may be empty for some
permutations o because sjx < s forall j =1,...,Nandk = k"ifse D, .
hence, for instance, s> > s11 is impossible. Then we can write

n| l’lN(t g ‘7:) z ni.. nN(t’s;f’0)7

oell

where J;7 v (t, &; F, o) corresponds to the integration over A (o). By the same

argument as in the proof of Lemma 3.6, we can prove that that

hmJ t, & F,0)=0,

ny..ny

unless F = F, = (6(1;1),0(1;2)(c(1;3),0(1;4))...(6(N;ny — 1),
o (N; ny)), that is, for each domain A (o) there is only one pairing that potentially
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may contribute to the limit, and such pairings are the analogs of the time-ordered
pairings introduced before. It follows that

Tnrny (t,650) = th oy (8 F 0) =ML (085 Fo 0).

Let (e2x—1, e2k), k = 1, ..., n, be the edges of a time-ordered pairing F, as above,
thatis, ey = o(1; 1), e = o(1; 2), and so on. We we will now show that, as we
have claimed above, in order for the pairing to contribute to the limit all its edges
must be of the form (exr—1, exx) = ((j; 21 — 1), (j; 21)) forsome j = 1,..., N

and/ =1, ..., [n;/2], thatis, no vertices corresponding to two different simplices
should be paired. This, as we have mentioned, forces all n;, j = 1,..., N to be
even.

Lemma 3.9. Allpairings]: containing an edge of the form (ezr—1, exx) = ((j; i1),

(j'; i2)), where j # j', satisfy
hin J? (t,& Fo,0)=0. (3.28)

ny.nN

It follows from Lemma 3.9 that
N
lmﬁlwmaﬂ=fl%m@, (3.29)

where F is a pairing that is the union of N time-ordered pairings formed over the
sets

{(LD,...,(0; D} .., {(N; 1), ..., (N;nn)}).
In all other cases
hmJ"E (t,&; F)=0.

ni..ny

Now, the conclusion of Proposmon 3.7 follows. It remains only to prove Lemma 3.9.
O

Proof of Lemma 3.9 Let us illustrate what happens in the simplest example when
N =2, and n; = np = 1. The corresponding term is

v d N
o =7 / / (Séz/;)dpl) e (EF=lE=mP/ @ gy (6 — p)dsy.

The only possible pairing in E{(gf(r, €))%} is ((1; 1)(2; 1)), which has j = 1 #

j' =2, and we have
1 [t e—g(m)ISl—Sz\/Sjé(p])
_E/o /0 / Qn)d

el (EP—1E=p1P)s1/(2e) i (1§17~ |6+ p1*)s2/ (2e)

xo(€ — p1)do(€ + p1)dpidsidsy

/’Ce(m,t)clgo(é — pD$o(E + p1)

E{¢ie 97

R(p1)
@)l

dp1,
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where

t ) t/e
Ke(pr.1) :=/ dspe~IPFsa/e i/ dﬁ/eXp{—g(pl)IS] —s2/el
0 0
+i(E - pi = pi2/2) (51 = 52/}

It is clear that |[K.(p, )| < tg_l(pl) for all ¢ € (0, 1], ¢ € R hence by virtue of
Lebesgue dominated convergence theorem and (1.10), we can write that

(Pl)
(2m)d

dp1,
(3.30)

lging{@f(r,s»z} = / [gngg(pl,w} o€ — pdo(E + p1)

provided we can argue that the limit lim, o K¢ (p1, t) exists almost everywhere in
p1. On the other hand, since
X2
/ mx d
X1

for all x1, x2 € R, a # 0, it follows that

t (t—s2)/¢e
Ke(p1,1) =/ dS2/ dSl/eXp{—g(P1)|S1|
0 —s2/e

+i(E - p1— Ip11*/2)s1 — il p1ls2/e}

t/e 5
=/ exp {—a(po)lsi] +i(& - p1 = Ip112/2)s1}

—t/e

1—&s8] ’
X (/ exp{—i|pi1l Sz/S}dsz) dsy

—es]

<4
=a’

satisfies

Ce [™
|Ke(p1, )| = 2/ exp{—g(pD)lsil}ds; = ———— —
|p1l |p11*g(p1)

as¢ | Oforeach p; #0. Hence we conclude from (3.30) that lim, E{(Ef (t, €)% =
0. The reason this limit vanishes is the oscillatory phase in the expression for
Ke(p1,1).

The general case in (3.28) proceeds along the lines of the above computation
for E[(Ef (t, & ))2], using the oscillatory phase. Consider the edge (exx—1, €2x) cor-
responding to the smallest values of such “mixed” s. That is, all smaller times
are “non-mixed” (they are paired to the next time in their simplex). To avoid even
lengthier notation we will assume that all of those smaller times come from the
same simplex: s(exx—1) = s(€x) = 8jr = -+ = §j.n;, and to fix our attention we
let j = N, exxk—1 = (1; n1), eax = (N; r — 1) and s1,, = sy,—1. The other cases
can be argued in the same way. Note that then ny — r + 1 = 2n — 2k (recall that
niy + --- 4+ ny = 2n) has to be even, and we should also have j = 1, j/ = N,
ip =r —landi; = ny. Let us denote
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ds’jm =dsj1 ...dsj,m,ds’/.’m =dsjm...dsjn;,withj=1,...,N,and

Ay (tio) =t 2 5(1) 2 - s(eam) 2 0],
AL (t;0) =t 2 s(&am) 2 ---5(22) 2 0.
Denote also by G, (s, p) the expression (2.4), where the range of summation has

been restricted to k = 1, ..., m and by G}, (s, p) := G,(s, p) — Gy (s, p). Using
(3.27) we can write

(=D"

Jnl.A.nN(ﬁ%';fa):W

n
/ H I:R\(pEZm—l)S(péZm—l + péZm)] dpl e de
m=1

Go(E = pj1— = pjn;) ds , —1ds2...dsy—1dsy ,_,
A;c,l(t;a)

N—1
[e—g(paz,n,lﬂs%,l —Sey, \/a] exp i Z G, (sj,pj)/e
j=2

N
<1
j=1
k—1
< |1
m=1
we!On—11,P1)/€aiGr—2(sN.PN) /€
s(ex—2) S1ny
X/ dSl,nl/ dslr_lefg(pl,nl)(ﬂ,nl*SN,rfl)/S
0 0

. 1 <
X exp [l |:§ “Pinm + Elpl,m |2 — Pl.n; (z pl,m):| (Sl,m - SN,rl)/Sl
m=1
ni—1 r—1
X €Xp {ipl,nl '(_ Z Pim + Z pN,m)SN,r—l/E] IE(SN,F—lv pPN),

m=1 m=1
(3.31)
where
Te(SN,r 1. PN) ::/ RICAWCIS 07
AZ,I(SN,rfl;U)
(ny—r—1)/2
X H efg<PN,r+2m)(3N,r+2m*SN,r+2m+1)/€ds§(]’r'
m=0
Observe that
(ny—r=1)/2
G;lNJ‘(SX/,r’ pN) = Z Cr,m(pN)(SN,r+2m _SN,r+2m+1),
m=0
where

r—1

1 2
CrmPN) = (& - PN r4+2m) — ZPN,,/ " PN,r+2m — §|pN,r+2m| .
Jj=1
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Performing the change of variables sgv’r 41 = SN.r+1/€, and then subsequently
" o / Vi e o . «
sN,r.+2m+1 - SN,r_—|-2m __SN,r+2m—|.-1’ SNr42m *= SNr42m for the variables “fol-
lowing” the edge (eak—1, €2x), thatis, for/ =r, ..., ny, we conclude that
—r+1
Te(sn.r—1,pN) = "™V /
AanH»l(SN,rfl/@)
(ny—r—1)/2
X H e[_g(pN,r+2m)+iCr,m(pN)]SN,r-%—Zm dSXI,r
m=0
-1
(ny—r—1)/2
2n—2k .
=" K| Auy—rinpGyra/oly ] 8nriam) = iCrm(py)]

m=0

_|_82n—2k0(1)’
ase K landny —r +1 = 2n — 2k. Hence,

‘Irfl...nN (t’ ‘5;:’ :FO" J) = ‘ilfl..,nN(ty ‘§s O-) + 0(1),

where

e CoN (=D"
Jnl...nN(t, s, o) = —(27_[)”‘1(” Y /dp1 ...de

n
X H 8(p52m71 + pézm)ié(pészl)

m=1
(ny—r—1)/2 -
X H [a(pN.r+2m) — iCrm(PN)]
m=0
N
<[] o€ = pj1 == pjn)Ket.p1,....py)  (332)
j=l1

and

K:(t,p1,...,PN) = 8*'“/ ds ,,_1ds2...dsy_1dsy ,
A (t:0)

k—1
x H e_g(pEZj—l )|S,§2j71 ey |/5eiGn1_1 (s1 sP])/ﬁeiGr—Z(SNyPN)/g
j=1
N-—1
xexp i D Gulsj.pj)/e
=

s(ek—2) Stony ‘ ,
X / dsl,}’l] / ds[v’r_l‘sv;lv’_r_1679([71,/11)(Sl,nlflsN.r—])/8
0 0
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ny
X exp ll |:€ * Plmy + 1/2|p1,nl|2_p1,n1 : (Z pl,m):| (Sl,n1 - SZ,r—l)/S]
m=1
ni—1 r—1
cexp {—im,m .(z - p)/] |
m=1

m=1

Note that the expression in parentheses appearing in the last exponent equals

SP1LPN) =2 pim+ D Epjm.

where the first sum extends over all indices that correspond to the vertices (1; m)
that appear in the edges of the form ((1; m), (N; [)) and the other sum extends over
those pjm, j = 1, or N that are not paired with the p ;,, appearing in the first sum.

We conclude from the Lebesgue dominated convergence theorem, as in the
example in the case N = 2 we considered previously, that

s . (=D"
Lim Jyy oy (1,83 0) 1= m/dmmdw

n
X H 8(Payu_1 + Par) R(Pey,_1)

m=1
(ny—r—1)/2 -1
1 [ leton.riam) —iCrm(pis....pw)]
m=0
N
X H¢O(E —Pj1— = pjnj) X gil(‘)lK&‘(tv P1, apN) (333)
j=
To compute lim,_,¢ K:(#, p1, ..., pny) We change the s variables according to
s;m := sjm/¢€ and then let again si’r_l = Sl s;\,’r_l = Sl — SN.—1. We

obtain that

Ke(t,p1,....pN) = 8"/ dsj ,, _jdsy...dsy_1dsy ,
A;/g(tf)

kol —g(ps )sz s, | i . s(ex—2)
x He 8Py 1 )82y 1 =52y elGnl(Sl,Pl)elGr(sN,pN)/ dsy.r—1
0

Jj=1
ni
x e~ BPLn N1 eXp {l |}: “Piny + 1/2|pin |2 — Plny - (Z pl,m):| SN,rl}
m=1

s(exk—2)
X / (510, —SN.—1)" Fexp {2ip1.n, - SP1. PN (S10y —SNr—1) } A1, -
N

N,r—1

(3.34)



Asymptotics of the Solutions of the Random Schrodinger Equation 635

Since for any a # 0, T > 0 and an integer m = 0 we have an estimate

B .
/ s"e!tds
A

where Cr, < 400, the integral in the last line of (3.34) can be estimated by
cppi,---, pN)ek’”, with C(p1,...,pN) < +00, except possibly for a set of
measure zero where p1 ,, - S(p1, py) = 0. As aresult, we obtain that

sup
0<A<B<T/e

S Crae™™, (3.35)

2k—2
Kepiop S 6 [ [T ds@w
Aj 1(t/e;0)

k-1 s(e—2)

x H e~ 8Pégy_1)Se0_y / e_g(PéZk_l)Sl,nldsl .
m=1 0

Here ey, := (1,ny). Thus K (z,p1,....pn) < C'(p1,...,pn)e, where

C'(p1,...,py) < 400, except possibly for a set of zero measure, and (3.28)
follows. This concludes the proof of Lemma 3.9. O

3.3. Convergence of the mixed moments

We now turn to the convergence of mixed moments of the form E[[Eg (t, E)]M N
[Ce(2, & M. Suppose that N, M = 0 are integers and consider the expansion

E[l6@ 1 Ve, 1] = 3 H6) (3.36)
where the summation extends over all multi-indices n := (n1)i=1,...N;,j=1,2
Ni: =N+ M, N, := M and

N+M

HE(t,§) —E[H & (. s,:)H(cnz,(r £)) } (3.37)

=1 =1

With the notation 2|n| ;= Zj,l njr, In|* :=2[n| — >, ny; we obtain

. (=ph"
Hn(t,é)zm/.../ndsn

2 N H ) () 50
/HH[¢0] (s Z (/)) lGn (Sl Yl )/8:|

IS Stk (1) e * (2)
e (o )T (o)
=1 k=1

I=1k=1

. ‘ N
wheres;” = (s;{’, ... s0p =], - pi)and Dy:=T5, T1,2) Ay (-
The following result can be shown as a generahzatlon of Proposition 3.8
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Proposition 3.10. For each T > O there exist constants Hy(T, &) such that

sup |Hy(t,8)| = Ha(T,§), Ve e (0,1] (3.38)
1€[0.T]

and " Hy(T, §) < 400.
A direct corollary from the above proposition is

Corollary 3.11. For any non-negative integers N, M we have
o
. - M+Nys *sM | _ : e
lim B [[£. 61" V(. 1] = SlimHee. (39

Therefore, as in the case of “pure” moments E[(E (t, & NV, we may consider the
term-wise limits of H.

The second absolute moment

We start by identifying the limit of E|Z. (¢, £)|?, as this provides one of the two
main building blocks for other non-pure moments, the other being | (¢, &) 2.

Proposition 3.12. We have

lim & £, g)‘z — W8, (3.40)
with W (t, €) given by (1.9).
Note that
. 2 X . n
Lo = D G wolwor, (3.41)
ni,ny=0

where each term E,f (t, &) is given by (2.3). Evaluating the expectation in (3.41) and
using an argument as in the proof of part (ii) of Proposition 2.1 gives

oo

N 2
Lo = D HEL,06), (3.42)

ni,ny=0

E

where 2n = n; + ny is even, and

Hy (0, 6) =E [E;fl (t. &), S)] , (3.43)
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or, equivalently,

2n
H, o (6.8) = (=1)"~ [ 1/2(271)[1] //dsldsz

t
D"l n

2 .
A 'Gil/) P
X/H[%j(é—le—"'—Pjnj)el i i p’)/g]
j=l1

where

do; : ¢o, ifj =1
OJ ) ¢()7 lf.l _2
G(j) L an, if j=1
o =Gy, if j =2,

sj = (sj1,... ,Sjnj), p; = (pj1,..., Pjn; ) and Dn1 ny = Ay (1) X Ap,(t). We
recall that V*(s,dp) = V (s, —dp).
As a consequence of Corollary 3.11 we may pass to the limit ¢ | 0 term-wise:
R 2
limE |£1.6)] = Z >t (12 ). (3.44)

ny,ny=0 F

where H,fl 1 (t, &; F) is given by

1)r—n2
nlnz(t %_ f) = EZ ;nd n //dS]dSz/dpldpz

”1 n

2 :
G (sj.p)/e g
<[] [e’ s IR G (& — pj1— - — Pjn,-)}
j=1
< T [eromwlmmmle Repasp+ (=17 )]
(jk,j'm)eF
(3.45)

and we only need to study limg o H,; ,, (7, §; F) for a fixed pairing F. Here the
pairings are of the form (j, k) with j =1,2andk =1,...,n;.

We divide the temporal domain of integration D}, ., as follows. Consider the
set of all permutatlons o of (j, k). We let A(o) be a subset of Dn1 n, such that
I 2 So1l) 2 -+ 2 Se@uny) = 0. We say that a permutatlon o is admissible if
A(a) is not empty. For an admissible permutation, define H; o (t,&; F,0)asin
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(3.45), replacing the domain D!,
F significant if

by A(o). We call a permutation and a pairing

ni,ny

hmHg (t,& F,o)#0.

ni,nz

Let F, be the pairing
Fo =(o(1;1),0(1;2))(0(1;3),0(1;4)) ... (0(2;n2 — 1), 0(2; n2)).

From what we have already shown in the analysis of non-absolute moments, it
follows that for a given permutation o, any pairing 7 # F, is not significant.

Notational interlude Let us introduce some notation. For a given significant per-
mutation o, each bond ((j; k), (j'; k’)) € F, may be only of the following two
types: (I) j = j'and |k —k'| = l,or (II) j = 1, j/ = 2 (and k, k¥’ could
be arbitrary). We denote by B (F,), B2(Fy) the sets of the bonds of types (/)
and (II), respectively, and shall omit writing F, in the notation for these types
of the bonds when it is obvious from the context. The bonds of F, are ordered
as follows: b < b"if b = (0 (j1:11),0(j2;12)), b' = (o(ji;i}), 0(j3; %)) and
(j1; i1) precedes (ji; i1) in the lexicographical ordering. For any b € F, we define
t1(b) = o (j1;i1) and 12(b) = o (j2; i2), where (j1; i1) precedes (j2; i2) in the lex-
icographical ordering (note that the word “preceding” and the symbol < are taken
here in the “less than or equal” sense). Assume that b € F, and ¢1(b) = (J; i),
then we set j(b) := j. Suppose that b € B,. Let bprec be a bond belonging to
B> and immediately preceding b among the bonds in B>, let m ;(b) be the num-
ber of bonds from B of the type ((j;#)(j;i + 1)) occurring between bprec and
b, where j = 1,2, and let m(b) = m(b) + my(b). We denote t(b) = (1; j),
I (Fs) = #B1, b(F5) = #B; and by b s;;, we designate the last element from B,
and set Py == >y e, Piv)-
The following result holds.

Lemma 3.13. Let us identify the variables p;; = (—1)j+j,pj/,,-r for all bonds
b= ((j;i)(j',i"). For any admissible permutation o we have

_1)yn—n2
"1 nz(t E fCT’(T) Ez ;ndgn //dsldSZ/ Hdpl|(b) ‘(p S be,,,

Ao)
X H [CXP {90 ) o1y — suw)/€} I%(le(b)):l
beF
x [T exp {(=1/®7idls = Pyl = 1§ = Py = pucoy ) s = s /e
bGB]
x [T exp {(=1®7idlg = Py 2 = 1 = P06 — s /2] -
beB3,

(3.46)
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Proof. For a given bond b define

s S .,k

Gb):=2 (=D& = pja— = pjaa P =& = pji = = pialH
where the summation extends over all (j; k) that are vertices of the bonds preced-
ing b. We claim that for a terminal bond b f;,,, with the identification of variables

Pu) = —Pu®) if b € By and Pub) = Pub) if b € By, we can write

2

j ib)— (81,(6) —S120))
DG s = 2 DO PP g = Py — )PSO
j=1 bEBl
(S11(6) = Sip(0))

+ DO (E — Py, P —1E—Py ) 5

beB3,
(3.47)

Note that
2
(g po) =
> G55, p) = Gbiast),
j=1

where bj,;; is the last bond in the ordering described above. Thus, to prove (3.47)
it suffices to show that

s (S by — S h/)
G(b) = D (DN (lg — Py 2 — & — Py — py ) [H 12

b'<b 2

b’eBl

+ D O~ Py - - PMM. (3.48)
b'<b
b/EBz

Formula (3.48) will be shown by induction on b with respect to the bond order-
ing. Note that the initial bond b;,; can be only one of (1; 1)(1;2), (1; D(2; 1),
(2; 1)(2; 2), or (2; 1)(1; 1). Suppose first that the initial bond b;,; belongs to 5]
and is of the form (1; 1), (1; 2). Then,

S1,1 51,2
G (bini) = (1 — |& — p1,1|2>7 + (&= pral* =& = pi1— p1,2|2>7

(s1,1 —51,2)
= (&P —1E = pralH)——F—=, (3.49)
due to the identification p;;; = —pi2. The case when b;,; = (25 1), (2;2) is

analogous, and leads to

(52,2 — 52,1)

Gbini) = (E]* — & — p2.11?) >

hence the factor (—1)/®~1 in front.
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Assume that the initial bond is of the form (1; 1), (2; 1). Then, using the iden-
tification py,; = p1,2 we obtain

Gbini) = (EI* — & — p1,1|2)“7’1 — (&P — g — pz,1|2>‘27’1

(1,1 —82,1)
—

Suppose that (3.48) holds for a certain b. Consider first the case when b =
((1;7), (1;i 4+ 1)). Since o is an admissible permutation, the following bond b 7,
may be either ((1;7 +2), (1;i 4+3)), ((2; j), 2; j+1)),0or ((1;i 4+2),(2; j)).In
the first two cases the verification that (3.49) holds for b 7, is straightforward. We
check only the case when by = ((1;7 + 2), (2; j)). Then,

= (&7 — g — pr1a® (3.50)

2. 51,i

G(bfo) = Gb) + (1€ — Pp|* — |& — Py — py ;| )5
—(1& — Ppl> — | — Py — p2 jI? )7

and (3.48) follows due to the identity p1; = p2, j, thus (3.47) holds as well. Note
that the last two terms combined give the factor (—l)j(bf o) =1 (S¢1(b) — Sia(b))- This
finishes the proof of Lemma 3.13. O

In order to write compactly the formula arising after integrating out the s and
p-variables corresponding to b € By, we introduce an extra bond b, with the conven-
tion that m ;(b), j = 1, 2, is the number of bonds in B of the type ((j; i)(j; i+ 1))
following b f;y, and also set s,, (b) = 0 and bprec = b iy. Then, changing variables
p» — Py, for b € B,, we obtain that

hm H:  (t,& Fy,0) = l1m HE  (t,&; Fy,0),

ny,nz ny,n2

where

_ ey ,
Hyym 08 Fon0) = sy | 11 m®!

beéz
x / I dse / [ P
A2y (Fo) (1) pep,

123553

< T Giatpmee) = Su@)™ P (DE = Py ) /2" P (D* (& = Py, ) /2)™
bEBz

o H|: (Ph Phpreu)(yll(b) Y‘Z(b))/g (P _Pbprcc)
beB
x exp [ (=IO (1€ = Py = 16 = Py (50 — S‘Z“’))/gﬂ

2
) (3.51)

X ‘d; (6 —Py.,)
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where D(§) is given by (1.7), and we adopt the convention that s, (p,,..) = ¢ and
Pbpm = 0 when b = b;;,;. We let ¢ | 0 and obtain

1113 HE . (t,&; Fo,0) = Hyy oy (1, & Fo, 0),
&

ni,n2

where
-1

Hypns (8,8 Fp o) 1= (=12 L ] mo): / T ds»
Dy Fo) ) pep,

hEBQ
X/ H dPy “’3 (g _bein)

bGBz

2

< | T Gatbpee = @)™ P (DE = Py )/2)™ O (D* (& =Py, ) /2)™> P
belg’z
> H (D(j(b))(l)b — Py £ — Pyy)/2), (3.52)
bEBz
with
) —_
o8 "[D*(p,é), ifj =2,

with D(p, &) given by (1.6).

Note that, modulo the value of D9®) (it may equal either to D or D* depending
on j(b)), the right side of (3.52) is the same for all admissible permutations o, for
which n| + ny = 2n and B; are fixed, and that for all such o and any b € 5, the
values of m1(b) and m,(b) do not change. The total number of such pairings is

712(B2) H (ml ) + mz(b)) — 9h(B) (m(b) )
= m (D) ~ \m1(b)
beB, beBy

Here I, (B;) equals I (F, ) for an arbitrary pairing F,, with a given B,, n and n,.
Now we sum up the terms Hy, ,,(t, &; Fo, o) over such permutations o. Then, as
ny — 1> (B,) is even (it is equal to twice the number of vertices in the second simplex
connected by bonds in By), we get

Hyy oy (1,85 B2) i= D Hyyny (1,65 Fop, 0)

= (- 1)"-12(52)212(32)
—1

< 1 [T mi@®)mao) /
A

H dsb/ H dPy "73 (€ = Poy,) ’

by LBy pep, beB,
X T [t =060 @ (DE =P ) /27" P (D6 =Py, /2]
bEBz
x [[ Re(D®, —Py,,..& —Ppy,.)/2). (3.53)

bGBz
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Next, we sum Hy, »,(t, &; By) over all B, whose cardinality equals a fixed number
p, and over n and ny, corresponding to such B, and obtain that

Hy(t.&):= > Hyuw(t.&B)

ni,nz,|Bal=p
+00 +00 1
— Z Z IHm(1)|Hm(2)|]
m®,.mP=0m®....mP =0

2 P
< ds/dP\M P,)| [[ReD®: —Piy.& —Piy)
Ap(0) i=1

(1 (2) (1) 2)
XH[( 1)m +m; (sl l_s)m +m;

x (D" (& = Pi)(D*/2)" (& — i) (3.54)

Finally, we change variables P; := & — P; and sum H,, »,(t, §; Bz) over all
p = |B2|. We conclude that

+oo _ +00 R 2 14
> A8 = Z/ ds/dP‘cp(Pp)‘ [[ReD®;-1 —P;. Piy)
p=0 p=072p(®) i=1

p+l1
x | Jexp {—(sic1 — s)ID®i_y) + D*®;_1)1/2} . (3.55)
i=1
Here Py :=&.
The last observation is that the right side is the Duhamel expansion for the
solution W(l, &) of (1.9), finishing the proof of Proposition 3.12. 0O
The result proved in the foregoing can be also stated in the following way (which
will be useful for us in the sequel).

Proposition 3.14. We have
o
> > lim Hy (165 F) = W6 = K@ OF - (3.56)
ny,n2=0 F:By(F)#D
and
o0
2. 2 lmHL (&P =@ (3.57)
ny,n2=0 F:B(F)=0

This identifies separately the pairings with no bonds in B; that lead to the “bal-
listic” part |Z (7, £)|?, and those with some bonds in B, that lead to the scattering
contribution to the solution of the transport equation.
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Higher mixed moments

In this section we identify the limit of the general moments of the form
El¢. (¢, é)N+M§g (t, é)*M] finishing the proof of Theorem 1.1.

Proposition 3.15. We have
limE & &V Ve o™ | = E[fe. 0" MEe o™ ] @)

forall N, M > 0. Here £ (t, £) is given by (1.12).

We proceed as in the case of the second absolute moment: using the rules of
computing expectations of moments of Gaussian variables and Proposition 3.10,
we arrive at the formula

lim [, OV 017 ] = 3 SlmHh 6. 6
where Hj (¢, &; F) is given by

1

d _ C N N
< [Tals T1 [e ool Rpostoe + =0 o)
(e,e)eF

2 2 6D (s o
XHH{%( 2 pe>e6"ﬂ“l*~"pl*”/€] (3.60)

=1 e:jle)=j,le)=l

Here F is a pairing formed between vertices (e, ¢’) that are triples of the form

(j,1, k), where j = 1,2 (terms with j = 1 come from non-conjugated ¢, and
those with j = 2 come from {8) I =1,...,N; (N is the number of non-con-
jugated g“ and N is the number of conjugated ones), and k = 1,...,n;, and

In| = > nj, is the total number of 1% appearing. In addition, for any e = (j, [, k)

: . 1 I i I
weletj(e) == j,[(e) ;= lands;; := (s(’ ). s,(/,l)) P (p(J )L ,(,J,l))

Likewise, we use this notation for any Varlable indexed by e.

Thanks to Proposition 3.10 we only need to study H{ (¢, &; F) for a fixed pairing
F.Leto be apermutation of the triples (j, [, k). We can write Dy (t) = |J, Ajnj(0),
where Ajp(0) == [t 2 so1,1,1) 2 -+ 2 S(2,N2uno,ny) = 0] and the union extends
over all such permutations. The expression in (3.60) can then be rewritten as a sum
of HE(t, &; F, o) corresponding to the integrals over all A(o). In analogy with
the previously considered cases, we call o significant if there exists F such that
limg o Hi(t,&; F,0) # 0. A pairing F for which the above holds is also called
significant. It can be argued, as before, that for each significant o there exists at
most one significant pairing

Fo :=((1,1,1),0(1,1,2)),...(0(2, N2, n2,n,~1), 0 (2, N2, n2,5,)),  (3.61)
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such that o and F, are significant. For a given significant permutation o we order
vertices according to (3.61). This order induces a corresponding ordering of bonds
of F,. For a given bond b € F, we can define now (1 (), t2(b) in analogy with
what has been done in the computation of the second absolute moment.

Let bpreC be a bond immediately preceding b in ;. In addition, if b € Béj © we
denote by bprec the bond immediately preceding b in this class. Let also

G = 33 (1" l(ﬂs P ==

I I
‘5 p(J) ])‘) (D

where the summation extends over all (j;/, k) that are the vertices of the bonds
preceding b (including b itself).

The computation for the non-absolute moments in the proof of Proposition 3.7
already shows that a pairing corresponding to a significant permutation may not
contain a bond connecting a vertex (J, [, k) to a vertex (j', I, k") with j = j’ but
[ # I, as this leads to a large oscillatory phase. Therefore, a permutation may be
significant only when the pairing F, consists of bonds of the following types: (1)
(G, Lk, (G, U',kywhen j = j/,l =1l'"and |k —k'| =1,or (II) j =1, =2
and (I, k), (I', k") could be arbitrary. We denote the sets of bonds corresponding to
conditions (1) and (/1) by B1(F,) and B, (F) respectively, and call those from
the latter set mixed bonds.

Consideracollection P of pairs (I1, [}), (12, 15), ... ,(lm, I,,), with {l1, ..., [,} C
{I,...,N+M}and {/},...1,} € {1,...,N}. Such a collection is admissible if
every [; and l; appears only once in P.

If P is admissible, we denote by S(P) the family of all pairings F such that

Bo(F) = {((1, 11, k1), 2,15, kD), o (L D ki) (24 Ky )

for some ki, ki, ok, k;n. A simple generalization of Proposition 3.14 is the
following.

Proposition 3.16. For an admissible collection of pairs P we have

R(P) =D > lim 5 (1, F)

n FES(P)
= [We.o-iiaor] EeoPY e o). Ge)

We say that a set of mixed bonds B2(F) is proper if it has the following
property: if abond ((1; 1, k), (2; I, k')) € By (F) then for all other bonds ((1; 1, j),
(2;1”, j")) € By(F) we have I” = I’. The main observation of this section is the
following.

Proposition 3.17. Suppose that for a given o the pairing F, is significant. Then
By (Fs) is proper.
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Proof. To simplify the notation we consider only the case N = 0, M = 2.
The proof in the general case follows the same idea. Let By = Béll) U Bézl)
be the subset of B, consisting of bonds ((1; 1, k), (2; 1, k")) that form Bél) and
((1; 2, k), (2 2, k') that form Bg). Likewise By, := Bélz) U B%), where the bonds
forming 15’22 , Bé? are ((1; 1, k), (2; 2, k")) and ((1; 2, k), (2; 1, k")), respectively.
Note that obviously B>y := B, \B22. Suppose that contrary to the statement of the
proposition we have both By; # @ and B>y # #. Without loss of generality, assume
that there exists a bond b;,; := ((1, 1, k), (2,2, k')), which is in 8512), such that all
b" # biy; from B, preceding that bond are from Byi. Let P, := >, ) pi ), if
b'eBY
b = ((j;k, D), (j';k,1") for some j, j/,1,1’. If the summation extends over the
empty set, we let P, := 0. Let by be the bonds from Bgi), k = 1, 2, immediately
preceding b;,;. We have

i) — (Su) = Suw))
G = D (D71 (jg =Py 2 — |§ = Py — p, g [H) 1200

2
b'<bini
b/€B1
(b (S — Suw))
_1](17) 1 —PA, 2 _ —P/2 1 2
2 EDOTHE Py P - Py
b/<bini »bl#bini
b/EBz
j—1 L/(bmt)
+Z< DI7NE =Py, P = 18 = Py, — poyn|H L (3.63)
j=1
The third line above may be rewritten as
S (b) — Su(b
(16 =Py, > = | = Py, — pyyiy ) =222
+[08 =Py P = I = Py, = pun)
Si(b
—(1§ = Poyl* = I = P, — puyy )| 32 (3.64)

Since the coefficient by s,,() in (3.64) vanishes only on a set of measure zero we
can use, again, estimate (3.35) to conclude that |H: (¢, &; Fo, 0)| < Ce for some
constant C > 0 and the conclusion of the proposition follows. O

We now finish the proof of Proposition 3.15. As a consequence of Proposi-
tions 3.16 and 3.17 we conclude that

lim & (et 1 [, )] ]

+0o0 N M ", R ) . ]
Z ( , )(m)[W(t’é)_M(t’SNz] E (@ HPM T o

(3.65)
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This coincides with the moments of a complex valued Gaussian Z(t, £) appearing
in the statement of Theorem 1.1. The proofs of Proposition 3.15 and Theorem 1.1
are now complete. O

4. Proof of Theorem 1.2

The overall steps in the proof of Theorem 1.2 are similar to that of Theo-
rem 1.1: we expand g:s (t, &) into the Duhamel expansion series (2.2) and then, first,
use Proposition 2.1 to establish convergence of ]E(Eg (t, §)), and, second, address
convergence of the higher moments of Z:(t, £). The main difference with the proof
of Theorem 1.1 is that now not only the time-ordered pairings contribute in the
limit ¢ — O but, rather, all pairings have a non-trivial contribution. This leads to a
non-Markovian limit. Furthermore, it turns out that the limit of |2€ (t, &)| is trivial:
it converges in probability to its initial value |¢A50 (&)| for all + = 0. That makes the
identification of the limit of 28 (t, &) simpler than in the rapidly decorrelating case.

4.1. Convergence of the expectation
We first establish the analog of Corollary 3.1.

Proposition 4.1. We have
lim B (1, ) = do(&)E [ 9], (.1
e—

forallt € Rand & € RI\{0}. Here B.(t) is the fractional Brownian motion with
k given by (1.17) and the diffusion coefficient given by (1.19) for B < 1/2 and by
(1.20) for B = 1/2.

Outline of the proof The strategy of the proof of Proposition 4.1 is similar to
what we have done in the rapidly decorrelating case. First, we will establish the
following uniform bound:

Proposition 4.2. For all T > 0, n 2> 0 and all £ € R4\{0} there exists a constant
C(T; &) such that
A C'(T;§)
sup [EES(1.8)] € —— 2
te[0,T] n

4.2)

forall e € (0, 1].
As before, this allows us to interchange the limit ¢ — 0 and the summation in 7.

Corollary 4.3. We have
o0
lim EC (1, £) = ;01;131&;0,5), (4.3)

forallt € Rand & € RI\{0}.
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This corollary is an immediate consequence of the estimate (4.2). The last step in

the proof of Proposition 4.1 is to identify the limit of the individual terms in the
right side of (4.3).

Proposition 4.4. We have

iB(t;§))"
T] , (4.4)

I A (
limE¢; (¢, &) = do(§)E [
el0

forallt € Rand & € R\{0}.

This implies the conclusion of Proposition 4.1.

The proof of Proposition 4.2 We suppose that g(p) = u| p|25 and I%(p) =
a(p)/|p|?*T4=2 for parameters i, B, o and a function a(p) as in the statement of
Theorem 1.2. As in (3.5), we have the estimate

[ A /f / e
@2n)! [e@2m)d 0 0
x/‘]E \7 S—],d[)l)...f/(sﬁ dPZn)]‘

¢ ||¢0||ooJ/ / / (2n)/ @n)
< d d
= (Zn)' g2n Z S p

IECS, (1, )] <

—ulpi] 5|s —silfe _alp)
x [T e Tl s+ p P (4.5)
(k,heF
where the summation extends over all pairings formed over vertices {1, ..., 2n}.

Changing variables p := pj /e'/2P) and using expression (1.17) for k we rewrite
(4.5) as

B8, 1. 8)| < % 7) 2"2 / / 52 [ apen

< I] e Hlpl?? \sk—m
(k,yeF

ae/@Ppyy  Cidoll 2n
X 8(pi+ p1) o= = (%)

|pk|2a+d—2 - 2mnp

ot s a(eV/@B) p) "
X |:/O /0 /e 1Pl st AZ‘WdSIdSde . (46)

We used the fact that the total number of the pairings is (2n — 1)!! in the last step
above. As ¢ = y /¥, we may recast (4.6) as



648 GUILLAUME BAL, TomAsZ KOMOROWSKI & LENYA RYZHIK

o aVes !
||¢’0||oo |:/ / / 7ulp\2ﬂ|nﬂz|%dsldszdp
n
C"||¢o||oo d Y [
51 2 | |ppe+d—2 dp

B C"(M(1))" ol o 4.7
- n! ' “n

II/\

IECS, (2, &)

II/\

where

e PPt _ 1 4 | pl?Be
M. (1) =/ 12| p|2a+ApTd=2 dp < 400

fora < 1 and o 4+ B > 1. Estimate (4.2) now follows. O

The proof of Proposition 4.4 We proceed now with the limit identification. As
we have mentioned, the fundamental difference with the rapidly de-correlating case
considered in Section 3.1 lies in the fact that the terms corresponding to an arbitrary
pairing may have a non-vanishing limit, as ¢ | 0 — recall that in the previous case
only those corresponding to the time-ordered pairings have non-vanishing limits.
As before, starting with (2.3) we have

Ets, (1, ) = do(&) ZI(” (1 F),

where

2n
10 F 4 / s / dp@
2 (15 F) = e QA2 | Jay i p

x T etim o 31)/8a(p—k)az(pfd+2pl)elen(S(Z") Pe/e (48)
(k,heF |pk| ¢

Thanks to estimate (4.3), what remains is to identify the limits

Do (t; F) = im I (¢; F).
el0

An upper bound for the integrand We now proceed to rewrite Z5_(¢; F) in such
a form that the Lebesgue dominated convergence theorem could be applied to the
integrand in the limit e | 0. To begin, we make a change of variables s; = Zﬁ"zl T;.
Consider the phase G2, (s, p@m)y and the decomposition (2.4)—(2.5). Note that
the terms corresponding to A,, and B»,,, after the change of variables, equal, respec-

tively,

n

A, p"™)y=>"1&-D pj | s 4.9)

m=1
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with t@ = (71, ..., 12,) € R¥ and
n
B™,p") =" 1, 0m(p™), (4.10)
m=1
where
2
1 m
Qm(p(n)) = E Z}pj . 4.11)
]:

Using the new variables, and introducing an additional variable tp, we can rewrite
(4.8) in the following way

(¢) oo 2n+1)
I _ n
D F)=e [18(271){1/2] / / dt

X /dp(2”)8(t — 70—+ — T2p)

a(pr) <
[1 Do pecra 2 (P + ) exp —ulpl? D" 7 /e

(km)eF =k
2n
X exp —er +iGan (¥, p®My/e (4.12)
j=0
where ") = (7, ..., 12,). Next, using the fact that

. dz
§(1) = —llZ_’
() /e o
we obtain

() (=D"e oo @n+1) 2n) izt
. _ n n iz
L, (t; F) = = |:(27-[)d/28:| / / dr /dp /dze

I1 (%S(Pk + pn)

(km)eF P
m—1 2n

xexp | —ulpel ™ D ti/e — (1 —i2) D1 +iGa(x?, p®) e
j=k Jj=0

2
_ (—l)net Y n/+oo'../+oo d_’:(2n+l)/dp(2n)
27 2m)d/2g 0 0

x/dze*"“ H a(pi)d(px + pm)

20+d—2
(km)eF | i
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2n
xexpl—(—in)ro— > | D lpmDulpel/e+1—iz |1

j=1| (km)eF

+iGon(z®, p®) /e t . (4.13)

Integrating out the t-variables gives

2n
© . - (=D"e 14 @n)
Lu 69 = —— | Goyarze | |

X/ e idz l—[ a(pr)d(pk + pm)

|pk|2a+d—2

<1T1e D temWip® /e +1

j=1 (km)eF
-1

J
+i [ Q@) /e =D & pr/e—z R

k=1

Substituting pj 1= pi/e'/@P) | as in the passage from (4.5) to (4.6), and using the
relation y = & leads to

1)11 thdZ
Z(S) (= / (2n)/
& F) = Qn )nd+1 1—iz

1/2B)
a(e Pk)
(km)eF

2n

< TT 1 20 twemWipd? +1

j=1 (km)eF
-1

J
+i [ Qe P = g prs!/ GO ¢ . (415)
k=1

Letus denote by L(F) the set of all left vertices of 7, and foranedge e = (km) € F
set £(m) = k. The expression under the multiple integral on the right side can be
majorized by

lall

(L + 12D pecnm P22 (1l peam 1% + 1 + |2])

l .
H |p;|2etd—2 H Z 1[k,m)(])|17k|2ﬁ-|-1

JeL(F) J (km)eF
J#E(2n)
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§ lalls,
= (A + 1z2DIpecnm 22T (1l peam P + 1+ |z])
1 —1
[1 [—| a2 I:M|Pj|2ﬂ + 1] ] (4.16)
jecor P
J#L(2n)

We used the simple fact that for a vertex j € L(F) we have 1y ) (j) = 1if we
take the edge with k = j in the summation over the edges of F, above. Now,
the expression in the right side of (4.16) is integrable with respect to the measure
du =dz Hje[,(}‘) dpj,sincea + B > land o € (1/2,1).

Computation of the limit of 7, (=) . (t; F). The integrability of expression (4.16)
allows us to apply the dommated convergence theorem in the expression (4.15) for

(5) ., (t; F) and pass to the limit under the integral sign, concluding that for 8 < 1/2
we have asboth1/8 > 1and 1/(28) > 1:

—1)"e! [ a(0) 7" -
T[W} do(§)

/dp(zn)/ e~'¥dz 3(pr + pm)
1 —iz |pk|2a+d—2

(km )e]—"

Ton(t; F) = 1in3 Ot F) =
8

2n

< T D temerDIpe ™ +1— iz . (4.17)
Jj=1 (km)

while for 8 = 1/2 we get

_1\nal n
Ton(t; F) = 1%1152)0; 7= 0 [ﬂ} do(&) / dp®”

27 2m)d
X/eiz’dz 0l 8(pk + pm)
1—iz (meF |pk|2a+d—2
2n J -1
<A TT 1w 20 temWIpd? +1—ilz+D & p
Jj=1 (kmyeF k=1

(4.18)

To unify the notation we introduce ¢ (f) := 0 for B < 1/2 and ¢(1/2) := 1. Then,
retracing our steps above, we may rewrite both (4.17) and (4.18) as (compare to

(4.8))

—a(0)7" 2 /
Ton(t; F) = ds@ [ dp®m
2t ) [<2n>d] /Az,,m ; P

- 3(px + p1)
% | pel®® (se—s1) QI CB ZT sjEp; (4.19)
(k11:£]-‘ |pk|2a+d 2
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The case § < 1/2. Now, we relate expression (4.19) to the fractional Brownian
motion. Consider, first, the case 8 < 1/2. Then, after integrating out the p-variables
(4.19) becomes

Ton(t; F) = [_“(O)Kl (0;7 2 M)T/ ds@® T Isw —si@Vf, 4.20)
(27[) Aoy (1) (k,heF

with K1 («, B, 1) asin (1.15). A direct computation shows that

lkpAp

ST fsp—sal* 2 = H/ ok | @2

F (pg)eF

where w(dk) is a complex Gaussian noise with E[w (dk)w(dk")] = 8 (k+k")dkdk',
and ¢, > 0 is given by

. = (1“(2/< -1 sin(mc))l/z. (4.22)

T

Both in (4.21) and below, the expectation of the improper multiple stochastic inte-
gral is understood as the limit of the expectation of the integrals over the intervals
k e (—A, A) as A — 4-o00. Then, (4.20) with « defined by (1.17) can be restated
as

— 2qn
> Izn(z;f)z[ a(0)K (e, B, M)CK]
f

Q2m)d

elkpsp

ds® lim E / dk
X/Aznm Tt H o 12 W k)

3 [—a(om (@, B, e ]
B (2m)d

2n ,k »Sp

li ds®VE / dk,) |, 423
" Ao Ao (1) H A lkple= ez W) | 29

with the last equality justified by the Lebesgue dominated convergence theorem.
Taking into account the symmetry in the s -variables of the expression in the right-
hand side of (4.23) we obtain that

1 [—aOKi(e B 2" ! Lo
;IZn(t, F) = 2n)! |: (27.[)(1' :| AEI-I&-IOO/(; /0 ds

elkpsp

xE H/A TG
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1 [—a(om (@, B, u)cﬁ}”

~ 2n)! Qm)d
1k t_1
<E H/ k) | (4.24)

Note that the improper multiple stochastic integral in the last line makes sense.
Using the harmonizable representation of the standard fractional Brownian motion,
see Proposition 7.2.8, p. 328 of [25], we deduce that (4.24) can be reformulated as

1 |:—a(O)K1(a, B, wcd?
2n)! Qm)d

> Tt F) = } EB2"(1).
f

Here B, (t) is the standard (that is, of zero mean and variance one) fractional
Brownian motion with the Hurst exponent « and

- 1/2 - 172
e = (KF(ZK)sin(/crr)) - (K(ZK D2k — 1)sin(/c7t)) '

Observe that, fortunately, cd, = 1/(J/k(2k — 1)). To summarize, we we have
shown that for 8 < 1/2

lim B (1, §) = bo(E)Ee! VDB, (4.25)

where D is given by (1.19).
The case B = 1/2. For B = 1/2 the calculation is very similar. Then, the Hurst
exponent k given by (1.17) is equal to «, and the right side of (4.24) equals

thz@(t F) = NE[Z\/D(S )By (D]

where D (&) is as in (1.20). This finishes the proof of Proposition 4.4. O

4.2. The limit of higher moments

The next step in the proof of Theorem 1.2 is to show the following.

Proposition 4.5. We have

lim E[Z (1, )1V = [o(§)]VENVPEB (4.26)

for all integers N > 1.
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Proof. Consider the expansion

[Leo] = X G i, (4.27)

where each term g:,f (t, &) is given by (2.3). Evaluating the expectation in (4.27) and
using an argument as in the proof of part (ii) of Proposition 2.1 gives

« N -
E[Leo] = D g8, (4.28)
Nlyenny ny=0
where
Ty O =E[5,0.6). 55, (19)], (4.29)

or, equivalently,
y 2n N
J? @, &) =(D" [—] / / dsp...dsy (4.30)
ny,....nAN 8(27‘[)d/2 Any () Any (1) E

~ (511 ~ (8] 5 (SN1
X/E[V(?,dp“)...v< gl,dplnl)..-V(T,del)...

~ SN
XV( nN’denN)]
N
5 " iGpn.(Si,pi
X@o(E — pi1— - — Piny) - 90 — PN1 — - — DPNny) Hez j6ipi/e
j=1
wheres; = (sj1,...,8;2;) andpj = (pji, ..., pjn;). We evaluate the expectation
using pairings and get
J’fl ----- "N(t’ E) = erf],...,nN(t’ E’ -7:) (431)
f

Here, the summation extends over all pairings formed over pairs of integers (jk),
with j =1,...,N,and k =1, ..., n;. We introduce a lexicographical ordering
between pairs, that is, we say that (jk) < (j'k')if j < j/,orif j = j' thenk < k.
If (e, f) is an edge of a pairing we say that e is a left vertex if e < f. Also, given
a vertex e = (jk) we will use the notation s(e) = sk, p(e) = pjk. The following
bound holds.

Proposition 4.6. There exist constants Jy, ... ny (t, &) such that

,,,,,

SE)P] oy ay @GNS Ty oy (T,8), Ve e (0,1] (4.32)
tel0,t

and
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Proof. Using the relation & = y /¢

ing gives

N N
C'igoll, 1 ! !
e < 00
|Jn| ,,,,, nN(tv§)|: ._.nN!(?Zn(lfK)/o"'/O jli[ldslu-dSN

ny!

/]E[V (%,dpu)...\} (slgl,dplm)...v (Sgﬂ,dpm)
x ...V (SN:N,denN)]).

The right-hand side can be estimated essentially in the same way as in (4.6) and
(4.7), and we obtain that

in (4.30), dropping the phases and symmetriz-

X

oy O S "¢°"°° e Clall

,,,,,

foranyny,...,ny suchthatny +---+ny = 2n. The right-hand side is summable
over n -s. Thus, we conclude that the conclusion of Proposition 4.6 holds. O
Proposition 4.6 leads to the following.

COrOllary 4.7. We have
li K ¢ N = E li e . 4.
8111(} [Kg(t,%“)] SIII'I ]n],.‘.,nN(t’S) ( 33)

ny (@, 8)ase | 0.

.....

Computation of limg o J,

a0 6)

,,,,,

In order to rewrite limg o J;;, ,, (t,§) in a form more convenient for the
subsequent analysis, we will once again use the variables 7, with s; = >} j=iTjto

express Eg (t, &), so the phase function G =A—BwithAand Basin 4.9)-(4.11).
Then the domain of integration in the r-variables is the set

D,(t)={(t1,...,): tj 20forall 1 £ j <nandti +-- -+ 71, <1}

We will also use the spectral representation of the stationary field V (¢, x):

_ i(wt+p-x)
V(t,x)—/e —(2 )d T

where V (dw, d p) is a Gaussian spectral measure with the structure measure given
by

2ua(p)|pl*?
(4| p|*B)| p|2atd=2

E[V (dw, dp)V*(do', dp")]= 2m) 1 s(w—)8(p—p')
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We can now transform expression (2.3) into

n V(dwr,dp1)V (dwa, dpa) ... V(dw,, dpy)
(n)
;‘n (t, E) (18) /Dn(t) dr / (27.[)(n+1)d

x¢o(E — p1—p2— -+ — pn)
Xei[wl(Tl+"‘+fn)+w2(72+“‘+fn)+"'+wnTn]/seién(f(msp(n))/g’ (4.34)

and further rewrite (4.34) in the following way:

400 +oo
o, 8) = o / /

* /80 — 1 — e — Ty)e! 2 5 (S on)/e
V(dwl, dp)V(dwr,dp2) ... V(dw,, dp,)
(Zﬂ)”(d'H)
XPo(E — p1— - — pa)e” 30T giGa@ ™ p™)/e

Since

; dz
5([ —T0— - tn) — / e_lZ(I_TO_'“Tn)_’
R 2

integrating out the t variables we obtain:

1 0 oo . . n m (n)
_/ / dro .. dr,e~ (D@4 o Ty T (o [Ep))+0;1-0n @) /2 e

1 £ 1 = B
= I {i+et o | 2206 Py +ol-0n®™) ||
m=1 j=1

so that (4.34) becomes

By = / _/ V(dp1.do)V(dpa, day) ... V(dp,. dwy)

(271’)”(d+l)+1

X¢o(€—Po—-~—Pn)
—1

1 —iz

1 " 1 “ .
X — ]‘[1 2+ o 2;[<5~p,->+wj]—gm<p> +i

(4.35)
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This expression for g:n (t,&) will be the starting point for our analysis of
VAS (t,8), thatis, Jy, , (t,&) is given by

..... ny > g,

(=1)ne!N exp{—ztz,}
Jrf1 ,,,,, nN(l"S) (o )2n(d+l)+l ; / /H 1—lZ/ dz;...dzy

x/1E[V(dwu,dpu)...V(dwlnl,dmnl)...V(dwm,dpm

X ... \A/(da)N,,,N, denN)]

XG0 = P11 — -+ = Pin) - 0E = PNI =+~ — Prmy)
—1
1 m
x H[H {ZJ' +Z[ZZ[(§'ij)+wjk]— Qm(Pj)] —i—i“ ,
=1 Lm=1 k=1

(4.36)

with 2n = Zyz 1 1j. We evaluate the expectation above using pairings and get

(=1)e'™N  y\2n
Tnteny (1. 6) = @y @it (;) Z/dpl ...de/da)l ...doy
f

22 20—d

H 2ulpii a(pjk)
2 20, 148
(jk,j/m)e]-' w]k+l’L |I7]k|

S(pjk+ pjm)d(@jk + @y,

Xfo(é—l?n — = ping) - L0(E = PNT =+ = PNny)
exp ztzj} 1
dz —
/ H —1iz; WH |: 2e
m -1
x [2 D E Pt op - Qm(pj):| +z} : (4.37)
k=1
Here dp,, := dpmi1...dpmun, and, once again, the summation extends over all
pairings formed over elements that are pairs of integers (jk), j =1,..., N,k =
1, ey nj.

We change variables, setting p’ = p/e!/?#) o/ = w/e and using the relation
y = & we get, after dropping the primes

. ( l)n tN
Tty (£:8) = 2n )n(d+1)+1z dp;...dpy [ dop...do

1 2ulpji|PHi-2a=dgq /P p )
w?k + 12| pjrl*

3(pjk + Pjm)d(wjk + w;.,m)
(jk,j'm)eF

xZoE — &P (pri+ -+ pn)) .. Lo —eVCP (py1 + -+ pny))
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N . n;
exp {—ltz j} - 1 1/(28)—1
x [ dz _ + 2 s1/2H-1 4 )
eIl o e z@ Pik 0

-1
_Qm(Pj)Sl/ﬂ_li| + i] . (4.38)

One can majorize the integrand above by an integrable function, when o + 8 > 1,
as we did in the proof of Proposition 4.4, and obtain that:

(=)™ GoENN 2ua(0))” /
Z dpy ..

0 T 12 6) =

""" n(d+1)+1
(27) FeF@n)
|P 4k|2ﬁ+2—2a—d
X/dwl"'dwN H 2]—2456(pjk+pj’m)8(a)jk+a)/j/m)
N exp{ llZJ} " . -
X/dZH T H G+ CBE pteptilf . (439
Jj=1 J m=1 k=1

Recall that £(B) = 1 for B = 1/2 and ¢(B) = 0 for B < 1/2. Now, we need to
relate the right side of (4.39) to the fractional Brownian motion. We do it separately
forB <1/2and g = 1/2.

The case § < 1/2. When 8 < 1/2 the limit in (4.39) equals

(=1)"e'™¥ 2ua(0)"[Zo()1Y

Inteny (1, 8) =

(Q2m)nd+h+1
X Z /dpl de/dw1 .dow
FeF(2n)
1l PP 728 (pj + py)d @)k + ) /d
X z
2 2., 14
(k. j'm)eF @jy + 12kl
N exp{—ltz } !
J
lei[l = H |:zj+Za)]k+l:| : (4.40)

Integrating out the z and w variables and reverting back to the s-variables time we
obtain that

7 —D)*a™(0)[z N
Jnteny (2, 8) = (=D"a" (0)[¢0(8)] Z/dpl
f

(27T)"d

X/ / dSl...dSN
Ap,y (1) Apy (1)

oMk P18 jk=5 1|
) T 8(pjk+ pjm).  (441)
(jk,j'm)eF
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Integrating out, also, the p variables gives

. _[FaOKi@ Bl sy
Tty (1.6) = Gy [0(&)] ;

x/ / dsy...dsylsjk — syl @ VP (4.42)
Any (1) Any (0

It remains now to relate J_,,l ,,,,, ny (2, &) to the fractional Brownian motion and to
sum all these terms. Note that the function

f(s1y ..., 82p) 1= Z H |sk _sm|2a72

F kmeF
is symmetric in all of its arguments, thatis, f(s1,...,52:) = f(Sz(1), -+, Szn)),
where 7 is an arbitrary permutation of {1, 2. ..., 2n}. Using this fact we can rewrite
(4.42) in the form
[—a(O) K (@, B, WI"[E Y
n ..... ny (t S) d
Q2m)"ny!.. . ny!
XZ/ /dSl / /dSN H |S/k_sjm|a2
(jk,j'm)eF
nl -times IlN -times
(4.43)
Recall that, as (4.21),
k2 5 lkjmsjm
K—2Z __ n .
S M1 bmsn = e T [ st |
F (k,jm)eF j=1m=1

where w(dk) is a Gaussian white noise and ¢, > 0 is given by (4.22). We get

_ D" @O K (@ B 1))

Qm)Mny!. . . ny!

lk]msjm
/ /d51 / /dleE HH/ = a7 W(dkjm)

11 -times ”N ~times

- [EO(S)]N]E[I D;/ZBK (t)]"1+"-+nN

n1!...nN!

(4.44)

Performing the integrations with respect to s; and then subsequently the summation
over ni, ..., ny, we obtain

+00

> Tnea@ 8 = o@E [exp [iND}*B0)]]. @49)

n1=0,...,ny=0
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where B, (t) is the fractional Brownian motion with the Hurst exponent « and
variance 1.

The case B = 1/2. The computation for 8 = 1/2 is very similar to that for
B < 1/2. Here the limit in (4.39) equals

(=" 2ua" (0)[Zo(€)1VeN
Ity (8 6) = (27 )@+ D+ f%z )/dp] -dpy /dwl o

1pikP722748(pjk + pjm)S(wji + wj/m)
w5y + 12| pjil?

< 1

(jk,j'm)eF

—1
/dzH eXp{ ”Z’} H[z; +Z(E ij+wjk)+lj| . (446)
k=1

Integrating out the z and w variables and reverting to s coordinates for time, we
obtain that

(—1)"a" (0)[Zo ()Y
gy (1. E) = Gy > / dp; ..
Feg2n)

/ JAPC
An ) o, <r>

H |P]k|2 20—d o =1l P jicl1S ji=S jr | 18P jrc (5 jr— SJ/’”)(S(P]k‘Fp] ). (4.47)
(jk,j'myeF

Integrating out the p variables we obtain that

[—a(0)K2(&; )] [S0(E)1Y
2

Jn1,...,nN(t’€) = (27T)nd

F

x/ / dsy ...dsylsjk — sjml*@Y, (4.48)
Ay @) By @)

with the constant K>, as in (1.16). From here on we conduct the calculation as in
the previous case. This finishes the proof of Proposition 4.5. O

4.3. The limit of absolute moments and convergence in law
The principal objective of this section is to establish the following.

Proposition 4.8. We have
tim E {16, €)1} = ()Y (4.49)
el0

for all integers N > 1.
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Convergence in law Proposition 4.8 in turn, in combination with (4.26), implies
that

. o N2 *M
tim E {(£(. 1.6
(4.50)

| 1go@ IV M Go(6) PME!N-MVDOBO  when N = M
| [ho@&) 1MV () PN RN -MVDEB) when M 2 N,

for all integers N, M = 1. Let us denote E(t, &) = qgo(é)eimlgk(’). We can
conclude the convergence of Es t, &) = Z‘ (t, &) in law, provided it can be proved
that the moments of the random vector Z := (Re f(t, &), Im f(t, £)) determine its
law.

It can easily be checked that

+00 _
> [méa o] 2 o6 31 = 4o 51)
n=1 n=1

Using Carleman’s criterion for well-posedness of the moment problem on the
real line, see for example [26], we can conclude from (4.51) that the moments of
niRe ;A’(t, &) + nolm ;C(t, &), computed for an arbitrary (11, n2) € RR2, determine
its law. This, in turn, determines the characteristic function of Z. In consequence,
we conclude that the moments of the random vector determine its law, thus also
the law of g:(t, &) on C. This finishes the proof of Theorem 1.2 modulo the proof
of Proposition 4.8. O

The proof of Proposition 4.8 The proof is very similar to that of Proposition 4.5.
Evaluating the expectation in (4.49) we conclude that

2 N
limE {I&. 6P} = 303

j=li=1n;

M8

1rn He(1,&; (nj)), (4.52)
0

with

Ho(t,&:m) = 2Vt (g)hgj/]:[dpe/]:[dwe
2 N R
XHH%/ §— Z Pe
j=11=1

eie)=j.le)=!
26+2-20~d

2ulp a(pe) i(e)rice!
[] d CL8(pe + (=1)YOT ply
2+ 12| pel*f
(e,e)eF

2 N
x8(@e + (=T / a[]]1
j=11=1
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exp{( 1)]llZ(J)} "l

L+ (=Diizy”

-1

_Qk(p(j,l)):| + (_])jll‘:| . (4.53)

The summation above extends over all pairings F made of vertices e = (J,/, k),
Jj=121=1,...,N,k =1,...,nj. The difference with the non-absolute
moments case considered in Proposition 4.5 is in the factor (—1)/ that appears in
the last line above. The rest is identical.

As before, we change variables, setting p’ = p/e'/®P) o' = w/e and using
the relation y = & we pass to the limit,as ¢ | 0. Incase 8 < 1/2anda + 8 > 1
the limiting expression equals

H(1, &) := lim H (1, §: m) =eQN’|¢o<5)|2N;/1:[dpe/1:[dwe

0l 24| pe P22 =dq(0)
w2 + (| pel*P

3(pe + (=1 s (we + (= 1))

(e, eF
2 N exp{( l)’ztz(])} nji 0 " . -1
x/dzHH 0 H +Za) + (—1)
it | T+ DTz m=1

(4.54)
We integrate z and w variables in the same way as has been done in Section 4.2,
see (4.41)—(4.44), and obtain
i SN e [CS It He O
H(t. &) = |go@*VEL []

] njite-+nj N

nj’l!...nij! (455)

The only difference in the above expression compared to the corresponding one
for the non-absolute moments is in the factor (—1)/~! in the numerator, above. In
consequence, we obtain now

> A s = 1@ PVE [exp {iN DY B0} exp {~iN D B0}

n

= |do(&)|*N (4.56)

and (4.49) follows. The case B = 1/2 is very similar and is therefore omitted. O
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