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Abstract

We establish the Harnack inequality for advection-diffusion equations with divergence-
free drifts of low regularity. While our previous work [IKR] considered the elliptic case, here
we treat the more challenging parabolic problem by adapting the classical Moser technique
to parabolic equations with drifts with regularity lower than the scale-invariant spaces.

1 Introduction

In this paper, we address the qualitative properties of solutions to the parabolic equation
u—Au+b-Vu=0 in Q, (1.1)

where b is a given divergence free vector field of low regularity, and €2 is a space-time domain. The
study of such equations with non-smooth drifts b(z,t) is motivated by the need to understand
the qualitative and quantitative properties of nonlinear partial differential equations, where the
drift depends on the solution u and its first derivatives and for which we often do not have a priori
bounds available except in some very low regularity spaces. Advection-diffusion equations of the
form (1.1) often arise in applications with the additional divergence-free condition divb = 0, in
particular, in problems involving incompressible fluids. Several important recent papers have
addressed regularity of the solutions of the linear advection-diffusion equations with very little
smoothness assumptions on the divergence free drift [CV1, CV2, FV, KNSS, NU, SSSZ, Z|. Here,
we study this problem for the parabolic equation (1.1) with a divergence-free “supercritical”
drift b. Criticality here referes to the following property: the usual parabolic rescaling z — Az,
t — A%t leaves the norm of the drift term in the equation invariant in a space b € L{L% if
2/q+ n/p = 1. Accordingly, we say that the drift is critical if this relation holds, is subcritical
if 2/q+n/p < 1 and is supercritical if 2/q +n/p > 1.
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Our main result is the Harnack-type inequality for parabolic advection-diffusion equations
with “supercritical” drifts. We use the notation

Qp(zo,t0) = {(z,t) € R": |z —zo| < R, tg <t < to+ R*} (1.2)
for the parabolic cylinder centered at the bottom and

Qr(zo,t0) = {(z,t) e R"™: |z — 29| < R, to — R® <t < to} (1.3)
for the parabolic cylinder centered at the top, while we denote Qr = Qr(0,0).

Theorem 1.1. Let u be a nonnegative Lipschitz solution to the parabolic equation
up—Au+b-Vu=0 in €, (1.4)

that 1is,
/Q (Bru)p + /Q (05u) (B59) + /Q bj(Dyu)p = 0 (15)

for any Lipschitz function o > 0 in Q and ¢ = 0 in Q°. Assume that b € LI(Q) N L>®L2(Q) with
n/2+1<qg<n+2anddivb=0 in the sense of distributions. Then for any Qar C Q,

_ _\\ C(n
sup u< (C + C’(Rl_("+2)/q||b||Lé)1/(2_("+2)/Q)) /o inf u, (1.6)
)

Qr/2(0,—3R2 Qr
where po = 1/(CME) and Mg =1+ (R*"2||b|| poo12)? + R~ 2)/4||p|| 1q.

Here, and elsewhere in this paper, the symbol C' denotes a large constant which depends
on the parameters ¢ and n, and on the domain Q C R"*!. Also, we denote the anisotropic
Lebesque spaces by LPLI(Q) = LYL{ (), and in the case when p = g, by LI(Q) = L{ ,(Q).

The qualitative properties of solutions to the equation (1.1) have been extensively studied
in the past. In particular, Harnack’s inequality for the second order parabolic equation

Ut — &(aij(x, t)aju) =0

in the self-adjoint form, with measurable strongly elliptic coefficients a;; was obtained in the
seminal work of Moser [M] for subctricical drifts and no lower order terms. In [L], Liebermann
established the Harnack inequality in the case of non-zero lower-order coefficients, when the drift
belongs to a subcritical space.

Recently, Nazarov and Ural’tseva proved in [NU] that the assumptions on the divergence free
drift b can be significantly relaxed to allow it to lie in the scale invariant (critical) Morrey spaces
Ml?q/ﬁz/l*l for all ¢ and [ satisfying 1 < n/q+ 2/l < 2. Seregin et al. (c.f. [SSSZ]) established
the Harnack inequality when b belongs to L>(BMO™~!), which is also a critical (scale-invariant)
space. In our previous paper [IKR], we obtained a Harnack inequality for elliptic equations with

supercritical divergence-free drifts. The purpose of the present paper is to relax the assumptions



on the drift in the parabolic case to lie in a supercritical space. Note that the approach from
[IKR] does not apply here and the proof in the parabolic case is different.

The paper is organized as follows. In Section 2, we establish the local boundedness of
nonnegative Lipschitz subsolutions to (1.1) by using Moser’s iteration. This result of independent
interest was previously obtained in [NU]. However, the bound (2.2) with an explicit dependence
on the parameters is needed for establishing the validity of Theorem 1.1, thus we provide our
proof here for completeness. The rest of the paper, Section 3, is devoted to the lower bound of
the infimum of Lipschitz supersolutions to (1.1), stated in Lemma 3.1. We proceed by deriving
consecutive estimates on the nonnegative supersolution w = log, (u/K), where the constant K
is determined in the initial step (c.f. Lemma 3.2) and depends on the values of the supersolution
u to (1.1). Here, we follow the approach of Liebermann [L]. We emphasize that this initial step
requires the additional assumption on the drift b € L>°L?(Q2) which was not needed in the elliptic
case (see [IKR]). In Lemma 3.3, we establish an estimate which allows us to bootstrap the initial
bounds on w from Lemma 3.2 to higher L?-norms for any o € [1, (n+2)/n). Using Lemma 3.3,
we also obtain a bound on |[Vw||;2 in Subsection 3.3, which is essential for estimating higher
norms. Then, the aforementioned estimates on all the higher norms are deduced by using Moser’s
iteration technique (see Subsection 3.4). The lower bound on the infimum then follows from the
auxiliary assertion in Lemma 3.4. Our main result is a consequence of Lemmas 2.1 and 3.1.

Acknowledgments. 1.K. was supported in part by the NSF grant DMS-1009769, L.R. was
supported in part by the NSF grant DMS-0908507, and both M.I and L.R. were supported in
part by NSF FRG grant DMS-115893.

2 Local boundedness

In this section, we show that any nonnegative Lipschitz subsolution of (1.1) is locally bounded
when the divergence free drift belongs to the anisotropic Lebesgue spaces L'L(Q) for all [ and
g satisfying 1 <2/l 4+n/q < 2.

Lemma 2.1. Assume that u is a nonnegative Lipschitz subsolution to the equation
u—Au+b-Vu=0 (2.1)
with b € L'LI(Q) for 1 < 2/1+n/q < 2 and divb < 0 in the sense of distributions. Then for

any Qr C Y, p>0,and 0 < <7< 1

1/(2=2/1-n/q)\ ("+2)/P
) ) R, @2

supu < C <1 (B0l
Qor

where C' = C(n,p,l,q,0,T) is a positive constant.

Proof of Lemma 2.1. Let u be a nonnegative Lipschitz subsolution of (2.1) in (2, that is,

/Q (Br)p + /Q (05u) (050) + /Q by (Bju)p < 0 (2.3)



for any Lipschitz function ¢ > 0 in Q and ¢ = 0 in °.
We assume without loss of generality that R = 1. We will use in (2.3) test functions of the
form

B
o= (2 + 1) "M ey

with a Lipschitz cut-off function 7 in @, such that 0 < n < 1, and the constants 5 > 0 and
v > 0 to be set later — we will let 3 — 400 while v will remain fixed. This gives, for T € (—72,0)

<§ * 1) / T(at“)(“Ml)”%X{tST} + <§ + 1> / T(é‘ju) [0; (WP )P X <y (2.4)

+ (g + 1) /Q uﬁ+1[aju] [aj(n%)]x{téﬂ + <§ + 1) /Q bjuﬁﬂ[aju]n?vx{tg} <0.

T T

Set w = u?/?*1, so that
Ojw = <§ + 1> u6/28ju.

Using (2.4), we get, integrating the first term by parts in time:

1 2 2 p+1 2 2 2y—1
2 [ e | Ve e < <20 [ @t omxasn @9

_/Q b (dw)wn® X<ty +7 /Q Wi Om)x <ty

T

T

Here, we have utilized the fact that n(x, —72) = 0. For the first term in the right side of (2.5)
we have

—2y / (Bjw)ywn* " (Im)x i<ty =7 / w? (NP A+ (27 = VP 2| Vnl?) xp<ry, (2:6)

T T

while for the second term:
27y _ 1 2, 2~ 2, 2v—1
s b (Ojw)wn™ x <1y = 2/, (0505)w ™ xe<1y + , bjw n (O X<ty (2.7)
< /Q bjw’n® " (9m) x i<ty

since divb < 0.

Next, let v = 2/l + n/q. Then, by assumption, we have 79 € [1,2). We also choose
v =1/(2 =), so that yy9 = 2y — 1. By Hoélder’s inequality we have the following estimate for
the right side in (2.7):

/Q bjw P (Om)xqe<r S/Q bl oo >0 |yl x o<y (28)

r

—_ 2—
< 100l gy g llwm xesr R oo VG e 2570



Here s and r are determined by

and

It is easy to verify that 2/s + n/r = n/2 — this is how 7y was chosen. Now, Young’s and the

interpolation inequality
I llzszy < CUAIEL IV AN (2.9)

tHxr —

with 2/s 4+ n/r =n/2 and a = n/2 — n/r, applied to the right side of (2.8), imply

_ 2/(2— _
/Q b M @mxeery < ellwnxer|;n; + ClRIT ™ Tl Vol xer |7, (2.10)

1 2/(2 _
5 (Ilwn Xt<T||Lo<>L2 + [V (wn? )Xt<T||L2 ) +C||b||L/qu ) ||U’|V77|1/(2 WO)XtSTHig’I-
By (2.5), (2.6), and (2.10), we obtain, for any —7% < T < 0:
[ @@+ [ v e (2.11)

T T

< C/Q uP 2P Anlx <y +C/Q uP P Py ey +C/Q PP O ey

+ Clpll7 ey >+ ] Y ) o

2 2
1 xe<rllzz + le” " xa<r e s -

As this inequality holds for all —72 < T' < 0, we may take the supremum over T to eliminate
the L°L2-norm in the right side. Namely, from (2.11), we have

up ]/UB“(T)??Q”(T) < 0/ u TP A +C/uﬂ+2n272\vnl2 +C/ w22 o]
Te[-72,0
B

2/(2 _ 1
+ OIS ™ P T T2 2 (2.12)

and

/ |V (P2 )2 SC/ uﬁ”n”‘lIAnHC/Q uﬁ+2772”‘2lv?7!2+0/Q W22 O]

Qr

2/(2 _ 1
+ IR T 02, B (2.13)
Adding the last two estimates and absorbing the L L2-norm, we obtain
swp [ RO+ [ 9P (2.14)
—r2<7<0.J B, ,

< C/ uﬁ“n%_llAnHC/Q u5+2772”_2|V77|2+C/Q w22 o)

2 2 _
+ Olbl3 Ty > g O g,



with an increased constant C' > 0. By the interpolation inequality (2.9), used on the left side of
(2.14) with r = s = 2(n 4+ 2)/n, and a = n/(n + 2), used together with Young’s inequality, we
get the following estimate:

1/2 1/2
||u6/2+17]7||L2x(QT) <C (/Q u6+2172“’_1!A77|> +C (/Q uﬁ”n””IVnIQ) (2.15)

1/2
_ 1/(2 _
ro ([ o))+ I I
with x = (n+ 2)/n.

We will now use (2.15) iteratively. We take a decreasing sequence r; > 0, and at each step
choose the cut-off function n € C5°(£2) such that

n=1inQ,,,, and n=01in Q,,

and c
Vp|l < ——, |An| < om| < .
Vil < Ty — Tit1 A (1s — 1ig1)? 19 (ri = 7ig1)?
Then (2.15) gives
1/(2=v0)
c Clpll ),
B/2+1 B/2+1 Ty B/2+1
HU / ||L2X(Qri+1) < i —Tir ||u / ||L2(Qri) + (Ti i )1/(2 ’YO) || / HLZ ) (216)

Let us choose 3; in (2.16) so that x! = 3;/2 + 1. In addition, we set

(r—90)

Ti:9+ 21.

for +=0,1,2,...,

so that 7; — r;p1 = (7 — 6)/2¢T1. Thus, we obtain

C2FL 2 )/C=0) g\ X
iz, < (55 + (o I IZ5aan) Il

(2.17)

NG i - _ 1/(2=70) \ /X
< OO0 (7 - ) - ((r— 0) bl s, ) ullpoi -

where y; = min{2 — 7o, 1}. By iteration, starting from ¢ = 0, we conclude that the estimate
(2.2) holds for p > 2.
Now, let p € (0,2). The previous argument has shown that

~ ~ 1/(2—70)\ "2/
wpusc(v—ﬂ>1+(v—e>waM@ﬂ) ) ol (s, (2.18)

Qo
B B 1/(2=70) (22
<C ((7’ — 9) 1 + ((T — 0) IHb”Lqu(Qr)) > || Hl p/2 )H ”P/2



which implies

lull e (@)
(2.19)

) ) B 1/(2=0)\ " H2/P
supu < Hulmian +€ (07 + (-0 llrsnan) ™)

4

Now, the iteration argument of [HL, Lemma 4.3] can be applied to complete the proof of
Lemma 2.1 for 0 < p < 2. O

3 The lower bound

The goal of this section is to establish a lower bound of the infimum of a Lipschitz supersolution
to (2.1), given in Lemma 3.1 below. Then, from Lemmas 2.1 and 3.1, we obtain the Harnack

inequality
1-(n+2)/q 1/(2—(nt2)/9)) /P .
sup u < (c +C(R 9[b|| 1) q ) inf u (3.1)
Qr/2(0,—3R?) QR
for any Lipschitz solutions u to (2.1), where pg = 1/(CM§) and
Mp =14 (R"2[b] g r2) + R H2/9) ]| . (3:2)

Recall (see (1.2) and (1.3)) that we use the notation Q% (xo,to) for the cylinder centered at
the bottom and Qg(xo,to) for the cylinder centered at the top, and Qr = Qr(0,0).

Lemma 3.1. Assume that u is a nonnegative Lipschitz supersolution to (2.1), and b € L1(Q2) N
L®L3(Q) withn/2+1 < §<n+2 and divb = 0 in the sense of distributions. Then there exists
a small positive number py = po(n, q, R, M) such that

1/po
_ \C(n
ot | ) <exp (1 (RO o) - 2) gy,
Q%(0,—4R2) @r
(3.3)
with Mg given by (3.2).

We establish the proof of Lemma 3.1 in several steps, successively improving the estimate.
We will primarily work with the function

v = log(u/K),

with a constant K to be determined. If u is a supersolution to (2.1), then v is also a supersolution
0 (2.1). More precisely, v satisfies the inequality

Vo] <vp— Av +b- Vo, in Q. (3.4)

We will obtain various bounds on w = v4 below.



3.1 A bound on /wo‘ for a € (0,1).

We begin with the following initial estimate on w. Note that the constant K we choose in (3.5)
below does depend on the solution u(z,t).

Lemma 3.2. Let n(z) = C(1 — |z|?/(9R?))+ be normalized so that / n*(x)dx =1, and set

K =exp (/ n*(x) log u(z, 4R?) dm) : (3.5)
Bsgr
Then for o € (0,1) we have
/ w® de dt < CMyR™ (3.6)
2R
with My = 1+ (R'"/2||b|| e 12).

Proof of Lemma 3.2. Again, without loss of generality, we assume that R = 1. We multiply
(3.4) by the cut-off n?(x) and integrate over B3 x (t1,t2) with 0 < t; < t2 < 4 in order to obtain

/b/ Vo, t)*n*(x )dxdts/ v(z, ta)n*(x )da:—/ v(z, t)n*(x) da (3.7)

+2/t2/ (@50(x, £))n(x) (951 dxdt+/t2/ £)(9;0(x, £))n?(x) dz dt.

After rearranging the terms and using the Cauchy-Schwarz inequality, we have

/ o(z, 1)1 ()daz—/ oz, 1)1 da:+/t2/ Vola, 6) 20 (z) da dt (3.8)
<2/t2/ B;0(a, ) () (9;m(x) dxdt+/t2/ 180, ) () da dt

t2
<y [ 19et0RE) ded - CITNE) )

2
+ C||bHLtOOL%(B3><(t17t2)) ||T,||Lng°(Bg><(t1,t2)) ’
Absorbing the first term on the far right, (3.8) leads to

/B3 v(z, t)n*(z )dlx—/B3 v(z, to)n*(x) dr + - /tQ/ \Vo(z, t)|*n*(x) dx dt (3.9)
<C (1 + Hb”%OOLQ(Q)) (t2 —t1),

since 0 < n < 1. Now, we set My = 1+ HbH%OOLZ(Q)' Using weighted Poincaré’s inequality
(c.f. [Lieberman, Lemma 6.12]) in the left side of (3.9), we get

/ o(@, 1) ()dm—/ o(@s to)n(z) dz (3.10)
Bs

/33 (@, t) /B (@, t)n ()da;

n (.75) dx dt < CM()(tQ - tl).




For the rest of the proof we may proceed as in the proof of Lemma 6.21 from Lieberman.
Consider the function
p(z,t) = v(x,t) — CMot,

defined as a translation of v in time by the factor coming from the right side of (3.10). Note
that the constant K in (3.5) was chosen so that

/ v(x, 4)n*(x) de = 0, (3.11)
Bs
and (3.10) and (3.11) imply that
/ v(z, t)n?(z)de < CMy(4 —t), forall0<t<4. (3.12)
B3

As n(z) is uniformly positive for |z| < 2, we deduce the upper bound

(@) € Q3 plast) > )] < 'g) (3.13)

on the size of the level sets of p that holds for any x4 > 1. This leads to the bound

/ prdvdt=a [ (o) € Q3 plat) > ) ldn (314)
{(z,)eQ%: p(z,t)>1} 1
OéQ* 00 o i}
< ‘02‘/ 12 dpy = C1Q3
1

since a € (0,1). We conclude the proof of (3.6) by noticing that the function w satisfies
w® < Cp* 4+ CM§

ifp>1and w* <C+CMg ifp<1. O

3.2 Bound on /w” for any o € [1,(n+ 2)/n).

From now on, without loss of generality, we assume that R = 1. As before, we will work with
w = log, (u/K) with a constant K defined as in (3.5). The function w = v, is a supersolution
to the equation for v, that is,

Vw]? < w; — Aw + b - V, (3.15)

since it is a maximum of two supersolutions, v; = v(x,t) and v = 0. We need the follow-
ing bound that will bootstrap bounds for the L%norms with a € (0,1) we have obtained in
Lemma 3.2, to higher norms.



Lemma 3.3. For any o € [1,(n+2)/n) and any « € (0,1), we have

[wllzo(gr) < COL+ [1bllza)“ lwll o) (3.16)
where C' = C(a,0,n,q).
Proof of Lemma 3.3. Let n be a Lipschitz cut-off in Q4 with 0 < 7 < 1 — note that unlike in

the proof of Lemma 3.2 we use a cut-off that also depends on time. We multiply (3.15) by the
function

(w+ 1)25"727X{t2T}
with g € (—1/2,0), v > 1 to be determined, and T € (0,4), and integrate over Q)5 to obtain

1
2/6 T 1 /B (w + 1)2/B+1772’Y’t_T + /ng ‘vw‘Q(U) + 1>2ﬁn27x{t2T} <317)
2 - 2

*
2

<28 /Q* IVw|*(w+ 1) ¥ xgory + 2v/ (0w)(w + 1)*Pn* =1 (9m) x 1>1y
2

__ ‘ 26+1, 2y—1( 5 2y / 2541 201
26+1 Joy bj(w + )" (0m) X >y 25+ 1 Q;(wH) " Om)X o)

Here we have used the condition divb = 0. The first term on the right side is negative since
B € (—1/2,0), while integration by parts in the second term on the right gives

- 2 -
27 [ (@) -+ 1P @iy = 557 [ 9 ((w+ D) P @nxen (318)

2v(2y - 1) 2841, 2y—2 2 2y 28+1, 2y—1
= _2ﬂ+1/(w+1) A2 =21y X{t>T} — B+1 (w+1)2 1y (An)x 13-
This, together with (3.17) leads to

1 / 2841, 2 / 2 2,2

w+1 7‘ + w4 1)%|Vw|?n®'x 3.19

25+ 1 Bz( ) n T QS( ) I*n {t>T} ( )

2y -
< _25 T /* bj(w + 1)26+17727 1(8jn)X{t2T}
2
2y _ _ _
T /Q*(w + 12 (7 10m + (2y — )n® 2| Vnl? + 07 An) X sy
2

We may use the inequality
V((w+ D272 <2(8+1/2)*(w + 1) [ VwPr®? + 292 (w + 1) 9?1722 (3.20)
in the left side of (3.19). In addition, as w > 0, we have (w+1)2~1 < (w+1)2?, which altogether

gives

S e 9G0P ) Py (321)
2 2

<03 [ bl 1P 0y

2

+ 0’72/Q (w+ )2 (o + n® 2V + 0* 7 An]) xps1y-

*
2

10



An application of the interpolation inequality (2.9) with r = s = 2(n + 2)/n leads to
w1202 < Cll (o DY 2 L+ CIV (w0 P22, (3.22)

< Cy /Q* 1bj1(w + 1) M0 X sy

2

+ 0 /Q (w+ 1> (P Ham| + 0> 2Vl + 0P Anl) X1y

*
2

Next, we may estimate the drift term in (3.22) with the help of Holder’s inequality as follows

Cv/
Q

where

bl -+ 12 v = O /Q bl + 1N (g 4 1)GHDA ) (3.23)
2 2

< C|Ib|| pall(w + 1) FFFDA=N o[ (w 4+ 1) EEFDA2 T oy [ V] e,

ni
nt2
Therefore, A is given by A = (n+2)/(2g) and A € [1/2,1), as 1 < (n+2)/q < 2 by assumption.
Using Young’s inequality, this leads to

1
-+1-X+ 1.
q

Cy / bl(w + D2Vl < Cfbllzall o + D + D E DA L Vi e
Q3
1 _ _
< gl (w+ 1P 2gE D E s (CAIBILal o) VO (w0 + 1) (3.24)

Setting v = 1/(2(1 — X)) > 1 so that (2y — 1)/2\ = v and using (3.22) and (3.24), we obtain

1 1 1 2 1
[[(w + 1)5+2nylliz<n+z> < Sll(w+ 1)6+2777||iz(n+2> + (Clbllza | Valle)™ | (w + 1)+ 3|7,

+C [ (w+ 1) (27| 4+ 0?22+ 0P Ag) (3.25)
Qs

The first term on the right can be absorbed into the left side:

1 2 1
[[(w + 1)“277”!\12%@ ) < (CIbllzall V7]l o)™ | (w + 1)+ 2|7

2

+C [ (w+ D) (P om| + 072Vl + 0P A]) - (3.26)
Q3
We will now once again use an iteration procedure, applied to a decreasing sequence of
parabolic cylinders @y, with r;11 < r;. Choosing the cut-off n such that n = 1 in Q7 and
n=0in (Q;, UQy,), we have, from (3.26):

CllbllLa L2
— w+1)#*2 .
T — Tit1 QH( ) HLQ(Q”)

o B+32 ¢
) s g 4o

1
) P s <

Fig1)

11



or equivalently
- 2
[[(w + 1)2B+1‘|L(n+2)/n(Q;i+1) < C(ri = rizn) 2 (I0l177 + Dl (w + D> |1 gy ), (3.27)

since v > 1. Set x = (n + 2)/n, pick @ € (0,1), and consider o € [1,(n + 2)/n). Possibly
increasing o and decreasing a we may assume that ¢ = y/a with j € N. We will use (3.27) with

v —1
ﬁi = XT?
for i =0,...,7 so that 28) + 1 = o and 23; + 1 = o, and r; = 1 + 27%. Then (3.27) implies the
recursive relation

; i 2 i
o+ Hlpairagy ) S CETFDABIL + 1M o+ Ul e g (3.28)
and a finite number of iteration gives (3.16). O
3.3 An estimate for / |Vw|?
The next step is to obtain bounds on ||[Vw||;2. Recall that w satisfies
IVw|? < wy — Aw + b - Vu, (3.29)

Multiplying (3.29) by 772X{t2T} and integrating over Q5 gives

[owe| o+ [ vube <2 [ @uin@m -2 [ vuoy-2 [ wiom (330
By =T Jo Q3 Q3 Qs

where we used divb = 0. After estimating the right side, we get

B> t=T Q3

where M = 14 ||b||3 ;2 + [|b]| 2. In the last inequality, we used Lemmas 3.2 and 3.3 with o = ¢*
and o = 1, respectively, where ¢* < (n+2)/n,as 1/¢+1/¢* =1and (n+2)/2<g<n+2.
Note that with the bound (3.31) in hand we may extend the argument in the proof of
Lemma 3.3 to include 8 € [0,1/2]. Namely, in that proof we have considered g € (—1/2,0) and
dropped the first term in the right side of (3.17) simply because  was negative. Now, we can
rely on (3.31) to bound this term in (3.17). The rest of the argument in the proof of Lemma 3.3
did not rely on the negativity of 5. As the aforementioned term in (3.17) involves the product
|Vw|?(w + 1)2$~1 while (3.31) estimates |Vw|?, we would still need the restriction 8 < 1/2.
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3.4 Bound on [w?*! for g >1/2

‘We now extend the bound for

/w25+1

to B> 1/2. As in the proof of Lemma 3.3, we let n be a Lipschitz cut-off in Q3 with 0 <n < 1.
This time, we multiply (3.15) by the function

w0 X sy

with > 1/2 and T € (0,4), and integrate over %, using the divergence-free condition on b:

1 _ _
st [ [ < 08 [ 1VePe vy [t o

Bs Q3 Q5 Q3

2 2
2y / b9 Y / w219, (3.32)

79341

For the first term in the right side of (3.32

~—

, we use the inequality

1
28w < S+ (48)*77, (3.33)
and for the second:
2
27 [ @y o = o 71 [0y o (3:34)
26+ 1
27(2’Y1)/ 28+1, 27—2| |2 2y / 28+1, 2y—1
= _ev— ) __r A,
25+1 )WV gty Je A
Together with (3.32) this gives
1 28+1 Z'y‘ 1/ 28 2 2 251/ 2 9
— v 7T < (4 \% i 3.35
T Ea Y A I N R Sl AT (335)
B, Q3 ?
- /b‘w”“n”‘l@-n— i /ww“ (' Om + (27 — D> 2|V * + 9> An) .
2841 ) 7T 2B 11
Qs Q3

Applying the estimate (3.33) for the second term on the left side of (3.35), we obtain

1 _
/ WP g 4 28 / w251 [T (3.36)
25—‘—1 By Qs
2y
< 2(48 2,8—1/ V|22 + / b w2190
et [ vl gt [ e 01|

2
L / W (0] + 2y — D2Vl + 02 A
26+1 Jos
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Next, we multiply (3.36) by (28 + 1) and use the inequality
IV (Jw P21 < 2(8 4 1/2)% [wP Vw4 297 w2 v (3.37)

for the left side to get

/ W / [V (] 2)? < O(4p)% / |Vl + Cy / b5 w27 |0y

B> Q3 Q3 Q5
+Cy? / Wt (P Hom| + 0P 2 V2 + 0P Ag)) (3.38)
Q3

We use the interpolation inequality (2.9) with r = s = 2(n + 2)/n to write
P27 s < a2 e s+ CIV @20 (3.39

< C4p)¥ /Q* !Vw|2n2”+Cv/Q* [0 w78y
2 2

+ oy / W (2 o]+ 222 P A

>
First, we note that unlike in the proof of Lemma 3.3 we now have the uniform estimate (3.31)
for the gradient:

/ |Vw|* < CMC. (3.40)
Q3

Next, we estimate the drift term in (3.39) similarly to what we did in the proof of Lemma 3.3.
Namely, we may write

Cﬁy/* |b|w2ﬁ+1n2’yfl|v,’7’ _ C"}/ 4* |b|w(2,3+1)(17)\)w(25+1))\n2771‘Vm (341)

2 2

< C|[b]] pal[wZFFDA=N | sy w22 s [V e

with A = (n +2)/(2¢) € [1/2,1). An application of Young’s inequality gives

07/* ‘b|w26+1n27—1‘vn| < 0'7||b||L‘7||w26+1”L )\||w26+177(27—1)/>\||2(n+2)/nHV”HLOO (3.42)

2

1 _
< w2 BV YTy ey (CAllbllLal )T T2 2.

As before, choosing v = 1/(2(1 — X)), we may absorb the first term in the right side of (3.42)
into the left side of (3.39). Thus, we obtain

1) 212 a2 < CME(AB)Y + (CHb] al Vaplloe )™ (w27, (3.43)

#0022V 4 )

2
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We are ready to do the iteration process. We set 7, =1+ 27 for i = 0,1,2,... and choose
the cut-off 5 such that n = 1 in @, and n = 0 in (Q;, U Qy,)°. Then (3.43) gives at each
iteration step:

Cy 2y
c
Hwﬁﬂ/?HiQ(nH)/n( ) < OMC(4p)% + (Z -~ HbHLq) Hwﬁ’“/QH%Q( ) (3.44)
Cy? B+1/22 c 2 Cy 2 2
44— T < CM™(4p A bll4T + 1 p+1/2)2,
(r; Tz‘+1>2Hw HL2(QTZ,)— (48) Ti— Tit1 (I HLq )|w HL2(QT1_)7

since v > 1. Thus, we have the following relation between consecutive scales:

Cv >
e Coerrd B CL A Ul A BRCEL

Fig1)
Tit1 Ty — Ti+1

As in the proof of Lemma 3.3 we will use it with 3; = (x* — 1)/2 where x = (n + 2)/n but this
time we may allow 8 (and thus i) to be arbitrarily large. We obtain

HwH)[(/XH»l(Q* : < CMCQ’Y(2+1) ((2X1)X + HwHExL(Q* )) < CMCQ’Y(Z+1) (QXZ + ”M‘W(Q;)) 7
Ti+1 T4 [
(3.46)

for i =0,1,2,... Iterating the inequality

”wHLXHl(Q:Jrl) < (C]M)C/XZ22’Y(i-‘r1)/xZ (2Xi + ||w||LXi(Q;ﬁv)> ’ (3.47)

obtained from (3.45) by taking 1/x* power on both sides, we get
ol o s, 5 < OME (X + wlliap) - (3.48)
By Lemma 3.2 and Lemma 3.3, we have
lwllLr@r) < CME|Jw|pe(qy < COMC (3.49)

which together with (3.48) implies

||| s, ) S CMC 1, (3.50)
Thus, we may conclude
1/(26+1)
/ w2 <CMC(28 +1) (3.51)
@1
for all > 0, and
(pow)2ﬁ+1 C \2B+1 1
L < M < .52
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provided py = (2CM%e)~!. The last inequality leads to the estimate

J

where the constant K is defined in (3.5) and

(%)po < CR™?, (3.53)

*
R

Mp =1+ (R'™2|b]| oo g2)? + R =29 s

We apply Lemma 3.2 and (3.53) to the translated in time cylinder Q% (0, —4R?) and obtain

/ ()" <orr (3.54)
Q1(0,—ar2) N K

with K = exp( [, 1*(z)logu(z,0) dz).
If u is a supersolution to (2.1), then log, (K /u) is a subsolution to (2.1). The last ingredient
in the proof of Lemma 3.1 is the following result.

Lemma 3.4. We have

K _ N\ C(n)
sup log,, (u> <C (1 + <R1‘<"+2>/qHme)”@—("”’/q)) , (3.55)

R

where

K =exp < /B . () log u(z,0) d:z) : (3.56)

Proof of Lemma 3.4. We apply Lemma 2.1 for the positive subsolution log, (K/u) to (2.1) with
p € (0,1) to obtain

D perdp || g,
+ u

sup log K <C (1 + (le(n+2)/fi||bHLq)l/(%(nH)/q’))
Qr

u LP(Q2R)

(3.57)

Now, let v = log(u/K) with K given by (3.56). We have v = —log(K/u) and log, (K/u) =
log_(u/K). The choice of K implies that

/ n*(x)v(x,0) dx = 0.
Bsr

We may proceed as in the proof of Lemma 3.2 to conclude

K
log, — < CRM+2/p, (3.58)
Y lzr(Qar)
which, combined with (3.57) proves (3.55). O
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Lemma 3.4 is, actually, an upper bound on K, or a lower bound on infg, u:

_ .\ C(n)
K < Cexp ((1 + (RH"“V‘I||b||m)1/(2*("+2>/q>) ) infu, (3.59)
R
which together with (3.53) gives
1/po )
CR_”_2/ uP° < K <Cexp (1 + (Rl_(”+2)/‘7||b||Lé)1/(2_(”+2)/‘7)) inf u.
Q% (0,—4R?) Qr
(3.60)
Thus, the proof of Lemma 3.1 is complete. U
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