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Abstract

We consider a passive scalar in a periodic shear flow perturbed by an additive fractional noise
with the Hurst exponent H € (0,1). We establish a diffusive homogenization limit for the tracer
when the Hurst exponent H € (0,1/2). We also identify an intermediate range of times when
the tracer behaves diffusively even when H € (1/2,1). The proof is based on an auxiliary limit
theorem for an additive functional of a fractional Brownian motion.

1 Introduction

Standard periodic homogenization

Evolution of a passive tracer in a periodic flow perturbed by a white noise is a more or less classical
problem by now [ [7]. Consider trajectories generated by a stochastic differential equation

dZy = V(Zy)dt + V2dwy, Zog =z € R™. (1.1)

Here, w; is the standard Brownian motion, and the flow V(z) is periodic, mean-zero and incom-
pressible: V-V =0, and

/n V(z)dz = 0.

We are interested in the long time limit of trajectories. Accordingly, given a large time T, we
introduce a small parameter ¢ = 1/T < 1 and define the rescaled process Z; . = €Z, /e2- The basic
result of the “mundane” linear periodic homogenization theory is that the process Z; . converges in
law, as € — 0 to a Brownian motion B; = (Bt(l), ce Bt(n)) with the diffusivity matrix &;; that can
be related to the flow V' (x) via the correctors x;, j =1,...,n, ie.

EB, =0, E[B"BY]=r;t,

and

Rij = 0ij + i Vxi(y) - Vx;(y)dy.

The correctors are (unique) mean-zero periodic solutions of the corrector equations

—Ax; () + V() Vxi(y) =uily), yeT" j=1,....n (1.2)
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Introducing fractional noise

What we would like to understand is how the temporal correlations in the noise will affect this
picture. More precisely, let us assume that Z; is driven not by the standard white noise but by the
fractional noise:

dZ; = V(Zt)dt + /idBt, Z() =X c Rn, (13)
or, in the integral form:

t
Zy = x+/ V(Zs)ds + kB. (1.4)
0

Here By is the fractional Brownian motion with the Hurst exponent H € (0,1) — a Gaussian,
continuous trajectory process with stationary increments such that

EB; =0 and EB? = 12 ¢ > 0.

The law of a fractional Brownian motion is scale invariant, that is, the process af By/q has an
identical law with that of B; for an arbitrary a > 0. In the special case when H = 1/2, B, is the
standard Brownian motion that we denote by w;.

The two point correlation function of the fractional Brownian motion is

1
Cov(By, By) = 5 [t +s* — |t —s|*], V.5 >0, (1.5)

and for any 0 =ty < t; < ... <t, the correlation matrix C = [Cj;] for the increments

ABti = Bti_Bti—N izl,...,n,

is

Cij == E(ABy,,ABy,) = % [t = tj—a [P+ [timn — 512 — [t — 527 — [tims — ;21 *] . (L.6)
for i, = 1,...,n. That is, the increments of the fractional Brownian motion are independent only
when H = 1/2, when the fractional Brownian motion is simply the standard Brownian motion.

The general question we are interested in is the long-time behavior of the solutions of : do
the long time correlations generated by the noise persist, or do they disappear in the long time limit,
and the limit is a regular diffusion? The latter may be surprising for several reasons: first, if u =0
(that is, when there is no advection) then, obviously, Z; = B; and increments of Z; are correlated.
Moreover, since By is not mixing, the correlations survive for a very long time. Second, even when
V' # 0 temporal correlations are constantly being fed into Z; by the noise so a Markovian limit would
be surprising. The third reason is that this does not happen in other systems in random media with
long range correlations — the limits are not Markovian.

Passive tracers in slowly decorrelating velocity fields

In order to illustrate the very last point above, let us recall some basic results about passive tracers
in random (not periodic!) velocity fields without any noise. That is, the randomness of the motion
comes not from a white or fractional additive noise but from a random in space and time velocity
field, and the particle motion is described by

Zt = €V(t, Zt>, Zo = . (17)



Here, V(t,z) = (Vi(t,x),..., V,(t,z)) is a mean zero, stationary in time and spatially homogeneous
(in the statistical sense) random vector field, with a correlation function

Rij(ta'r) = E[V:L(t +8,T+ y)‘/j(sa y)]

As the parameter ¢ < 1 is small so that for t ~ O(1) we have Z; ~ x, we are interested in the
long time behavior of the trajectories. When the correlation matrix R;(t,x) decays rapidly, the
Khasminskii Theorem says that Z; . := Z; /.2 converges in law, as ¢ — 0, to a Brownian motion with
the diffusivity matrix given by Kubo-Taylor formula:

D;; = 1/OO[RZ']‘(S,O) + Rji(S,O)}dS. (1.8)
0

2
The basic idea behind this result is that the Lagrangian velocity decorrelates fast in time so that
the particle “feels a CLT velocity”, hence the limit is a Brownian motion.

The situation when the two-point correlation function R;;(t,x) decays slowly in = and t was
analyzed by Fannjiang and one of the authors in [5] who looked at the regime when the diffusion
matrix D;; is infinite. The fact that the diffusion matrix is infinite indicates that “the particle is at
infinity” by the time ¢ ~ 72, hence one expects a non-trivial limit on a shorter time scale. They
considered a Gaussian velocity field V' (¢, z) with the covariance

Rij(t,x):E[%(t,m)Vj(0,0)]:/ e re WP R, (k)dk, ij=1,....n, (1.9)

with 8 > 0 and the spatial power spectrum given by

Rk = 2R <I b k) . (1.10)

- |k,’2a+d—2 B |k|2

The function a(-) is non-negative, bounded, measurable, supported in [0, Ky] for some Ky > 0
and continuous at 0 with a(0) > 0. In order to ensure that the spectrum is integrable at k = 0
so that V(t,z) is a vector valued, stationary random field, we assume that @ < 1. Then the
spatial correlations decay as R(0,z) ~ |z|?*~2 for large x, and the temporal correlations decay as
R(t,0) ~ t~(2720/(B) for large t. Therefore the effective diffusivity is finite if « + 8 < 1, and
the convergence in law to a Brownian motion in this case has been established in [4].

It was shown in [5] that in the opposite regime o + 3 > 1 (also with # > 0, @ < 1), when the
diffusion matrix is infinite, the result is as follows. Because of the slow decay of the temporal corre-
lations of the velocity field, the process Z; becomes non-trivial on a shorter time scale t ~ O(e~27)
with v = /(v + 28 — 1) < 1. That is, the process X;. = Xi/e2v In the limit € — 0 converges to a
superdiffusive fractional Brownian motion B, with the Hurst exponent

1 a+p-1

A passive tracer in a periodic shear flow with a fractional noise

In this paper, we consider the simplest example of a tracer advected by a periodic flow perturbed
by a fractional additive noise: the case of a two-dimensional shear flow.

dX, = v(Y))dt + kdBY,  aY; = kdB®?. (1.11)

Our main result is that in the long time limit X; does behave diffusively for H € (0,1/2) (sub-
diffusive noise) — but also in a certain range of times even for H > 1/2 (super-diffusive noise). This



is very different both from what one sees when v = 0 and the aforementioned results for a particle
advected by a random flow with slowly decaying correlations.
We assume that the drift v is periodic: v € C(T) and has mean zero:

(v) = /Tv(:v)dx =0. (1.12)

Here we use the convention that the torus is T = [0, 2], with periodic boundary conditions. We
also use the convention

o(k) = ;r/qre_ikmv(az)d:c

for the Fourier coefficients of v(z), so that the inverse Fourier transform is

v(z) = k),
k‘EZ*
where Z, := Z\ {0}. The Fourier coefficients satisfy
o(—k) = v*(k), (1.13)

so the function v(x) is real valued, and

D Jo(k)] < +oo. (1.14)

kEZx

Let Bt(l), Bt@) be two independent standard fractional Brownian motions. Then, §; = (Bt(l), Bt(z))
is called a two dimensional standard fractional Brownian motion. Suppose that V(z,y) := [v(y), 0],
diffusivity x > 0 and that two dimensional process Z; = (Xy,Y;) is the solution of equation

t
Zy = Zo + / V(Zs)ds + kB, t > 0. (115)
0
Then, obviously Y; = Yy + /-th(2) and
t
X, = Xo+ / v(Yp + kBP)ds + kBY.
0

First we prove that for H € (0,1/2) the long-time behavior of the x-component is diffusive (the
sub-diffusive y-component is “washed out” by the diffusive scaling)

Theorem 1.1 Suppose that v € C(T) satisfies , Zy =0, and B; is a two dimensional standard
fractional Brownian motion with the Hurst exponent H € (0,1/2). Then, the scaled processes Z . :=
€242 converge in law over C[0,400), ase — 0+, to the two dimensional process Wy = (wy,0), where
w; 18 a mean-zero Brownian motion with the variance

, [O(R)P [T _x2p2m s
R(r):=2 Y R ), € P2 dp. (1.16)

keZ\{0}+

When H € (1/2,1), the “very long time” behavior of the z-component can not be diffusive since
the additive noise is super-diffusive. Nevertheless, when the noise is weak, one still sees the diffusive
behavior on “intermediately long” time scales, and only after that the super-diffusion takes over.
This is quantified by the next theorem.



Theorem 1.2 Suppose that the assumptions of Theorem[I.1] hold except that the Hurst exponent H
of By is assumed to belong to (1/2,1). Then, the following hold:

(i) if e,k — O+, and e > UH/CH)/CH) 4pen 1/ CH) 7, - converge in law over C[0,+00) to
Wy = (wy, 0), where wy is a mean-zero Brownian motion, with variance R, = R(1),

(i) if e,k — 0+, and e < OHY/CH)/QH=1) thepn (2H=1/5) 7, converge in law over C[0,+00)
to a two dimensional, standard fractional Brownian motion By with the Hurst exponent H,

(iii) if e = k(I QH)/QHE-1) 4p e ﬂl/(2H)Ztva converge in law over C[0,4+00), as e,k — 0+,
to a Gaussian process Wy + B¢, where Wy is as in part (i), while B¢ is an independent, two
dimensional, standard fractional Brownian motion (3; with Hurst exponent H.

In other words, we have the following picture when  is small and H € (1/2,1): for “large but
not too large” times in the range 1 < t < T} := x~+/H)/2H-1) the z-component of the tracer
behaves diffusively, for t ~ T} it is a sum of independent fractional and standard Brownian motions,
and, finally, for ¢t > T}, the tracer behaves super-diffusively.

The behavior of X is completely different when the drift v(z) is not periodic but localized — this
case was recently considered in [6, [§]. Then the long time asymptotics is determined by the local
time of the fractional Brownian motion on the support of the function v(z). We refer the reader to
the above papers for the precise results.
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grant NN201419139, A.N. and L.R. acknowledge the support by NSF grant DMS-0908507. This
work was also supported by NSSEFF fellowship by AFOSR. We are very grateful to Gilles Wainrib
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2 Preliminaries on the fractional Brownian motion

We will need the following estimate for the correlation matrix in the proof of our main results.

Theorem 2.1 For any H € (0,1) and an integer n > 1 there exists a constant ¢, > 0 such that

n

CE-E>cn Y (AP, VE=(&,....6) R, (2.1)

j=1
At]’ :tj—tjfl, and a110:t0§t1 S Stn'
Proof of Theorem The result is stated without proof in [8] (see (2.2) in that paper), with
a reference to [2]. We provide the details of the argument for the convenience of a reader.

Recall that a stochastic process X; defined for ¢t € (0,T) is called locally non-deterministic, see
p. 70 of [2], if for any m > 1 and ¢; < ... < t,,, belonging to (0,7")

. . Va‘r (A‘Xtrn ’Xt17 ttt 7Xtm*1)
lim  inf
h—+40tm—t1 Sh Var (AXtm)

= Ym > 0, (2.2)

where AX; = X; — X; _ _,. Here Var(:]-) and Var(-) denote the conditional and unconditional
variances, respectively. We shall also assume that Var (X; — X5) > 0 and Var (X;) > 0 for all
t,s € (0,7). By virtue of formula (2.11) of [2] and Lemma 2.1 of ibid., condition (2.2)) is equivalent
to

m -1
. . — A/
Jlim tml_rgghdet [AX,AXy,] {Hl Var (AX, )} = > 0. (2.3)
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In order to show that fractional Brownian motion is locally non-deterministic, recall that it admits
the following "harmonizable” representation, see (7.2.12) and (7.2.13) of [11]:

et —1  dw,
B, = . 24
t CH/]R : \T\H—l/Q (2.4)

1T

Here dw, is a complex valued white noise on R and
1
cy = —HT'(2H) sin(nH).
T
From (2.4) we conclude that

\em 1\2 ~ 1+172
EB? = H/ e = [ e P aE),
R T

o dr
(14 72)72H-1"

/OO QdF()—/JrOOdT = 400
o Ty WS T T

by virtue of Theorem 4.1 of [2], there exists 7" > 0 such that the fractional Brownian motion B; is
locally non-deterministic on (0,7"). From this property we conclude the following

Lemma 2.2 Let H € (0,1), then for any n > 1 there exists ¢}, > 0 such that

n 2H " 2H
c [H(ti —til)] < det[C;;] < [H(ti —t“)] . VO0=tg<t;<...<t,.  (2.5)

i=1 =1

with
dF(t) =

Since

Proof. The upper bound follows from the classical Hadamard inequality for the determinant of a
symmetric, non-negative definite matrix, see Theorem 7.12, p. 218 of [I3]. To conclude the lower
bound we invoke the aforementioned property of local non-determinism of a fractional Brownian
motion. According to this property, the lower bound in holds for all 0 < t; < ... < t, < h,
provided that h > 0 is chosen sufficiently small, cf. . The result for an arbitrary h follows by a
simple scaling argument, using the scale-invariance of the law of a fractional Brownian motion. [

We now use Lemma [2.2] to finish the proof of Theorem [2.I] It suffices only to show that there
exists v, > 0, depending only on n, sufficiently small so that the matrix
C(y) == [Cij — 703 (At5)*"] (2.6)

is positive definite for v € [0,7,). We proceed by induction on n. By the Sylvester criterion of
positive definiteness, it suffices only to show that there exists v, > 0 such that det C'(y) > 0 for all
v € [0,7,). Given a permutation o of the set {1,...,n}, we denote by F(o) the cardinality of the
set of the fixed points of o. Note that

det Z Z Sgno - V)kclcr(l) s Cna(n)' (27)

k=0 0:F(0)=k

Observe that the Cauchy-Schwartz inequality gives

Cro(t) -+ Crr |_H‘E[ABtABt ”< (A)*H

7=1
We expand expression (2.7) in powers of 4. The result then follows from Lemma and the above
estimate, choosing ~ sufficiently small. O



3 Proofs of Theorems [1.1] and 1.2l

3.1 Additive functionals of a fractional Brownian motion

Theorems and both come from the following auxiliary result. Suppose that v € C(T) has
mean-zero, * € T, and B; is a standard fractional Brownian motion with the Hurst exponent
H € (0,1). For a given k > 0 define,

¢
Ut:/ v(x + KBs)ds.
0

Theorem 3.1 The scaled processes Uy := €Uy /2 converge in law over C[0,+00), as ¢ — 0+, to a
mean-zero Brownian motion, whose variance is given by ((1.16]).

Note that this result covers all H € (0,1) and there is no distinction between the cases H € (0,1/2)
and H € (1/2,1), as was the case for Theorems and In order to indicate where the variance
in Theorem comes from, which is the easy part of the proof, let us compute the asymptotics
of the variance of U; under the assumption that the initial position is uniformly distributed on the
torus. Then,

2

/Tda:{/T (x+mB)d} (3.1)

= IE/ dx / /0 )0(k2) exp {ik1 (v + kBs,) } exp {ik2 (z + KkBs,) } dsids2

k1 ko €7

/ / > Go(k1 + ka)o(k1)o(ks)E [exp {irk: B, } exp {irks Bs, }] dsidss.
0 k1,ko€Z

Here 6y(k) is the Kronecker delta. The right side of (3.1)) can be rewritten using (|1.13]) in the form

//Z!v k)|°E [exp {ixk(Bs, — Bs,)}] dsids;

keZ

2
= /d31/2|v exp{—/;kQ(sl —52)2H}d52.

kEZ

Passing to the limit T — 400 we obtain

1 T ’ 2 2H
lim ~E [d By)ds| =2 R
TiTooT /T x[/ﬂ v(z+k ] kg ‘k‘l/H/ e Ps
so that (1.16)) holds.

Theorem is a consequence of the following two results. The first concerns convergence of
moments.

Proposition 3.2 Suppose that H € (0,1), £ > 1 and 0 =ty < t; < ... <ty. Then, for any integers
ni,...,ng > 1 we have

l
lim E H (Ut e = Up,_y )™ p =0, if at least one n; is odd (3.2)
=1



and

lim E
e—0+ .

l
Jj=

L
(Uye = Upy_y )™ 3 = H {(nj — DNR(k)(t; — tj,l)]"j/g} ., if all nj are even.
j=1

(3.3)

1

The second result deals with the tightness of the processes U; ., that, combined with the convergence
of moments provides the weak convergence in law of the corresponding processes.

Proposition 3.3 Suppose that T > 0. Then, for any even integer n > 2 there exists C' > 0 such
that
E (U —Us )" <Ct—s)"? Y0o<s<t<T, ee(01] (3.4)

3.2 Proof of Propositions and

To simplify the notation, we assume in this section that k = 1 and « = 0. First, we prove the
convergence of the moments of one point statistics. A simple calculation yields

t/e? "
/ v (Bs) ds
0

Here dsi, = dsi...dsy, and A, (T) := A,(T,0) with A, (T,S) :=[T > s, > ... > s1 > 5] the
simplex of times between S and T'. The right side equals

E =nlE / > ] [9(ky) exp {ikyBs, }] dsin

An(t/e2) F1ohn€LP=1

n!E / > I [#(ky) exp {ikpnABs, }] dsin
A

t/€%) ky .. kn€Z p=1

Here AB;, = Bs,—Bs,_,,p=1,...,nand so := 0, kp , := kp+...+k;,. Performing the expectation
we obtain

n n

t/e? 1 &
E v(Bs)ds| =n! v(k / exp{ —— Cpookpnkon ¢ dSin, 3.5
JRRIED S Tt [ e =5 O Cukunkun pdsin (39
ki,....kn€Z p=1 p,g=1
with the matrix
Cpy = E(AB,, ABy,). (3.6)

Next, given k = (k1,...,ky,) € Z™ we set
m(k) :==#[p: kpn =0].

We will show that: (1) for n odd the limit as € — 0+ of the right side of vanishes, and (2) if n is
even, the only terms that make a non-trivial contribution to as € — 0+ come from (k1,...,ky)
such that

ki +ko=k3s+ks=---=kp1+k,=0.

The first step in this direction is the following lemma.



Lemma 3.4 Suppose that k is such that m(k) < n/2. Then, there exists C > 0 such that

1 & t—s\m®
/ exp{ —= Z Cpokpnkgn ¢ dsin < C < S) , VoO<s<t. (3.7)
An(t/e,s/e) 2 B

Here Cp, is given by (3.6).

Proof. Denote by M (k) the set of those p for which k,,, # 0. Its cardinality equals n —m(k) and,
according to Theorem the expression in (3.7]) can be estimated by

/ exp —%n Z (Asp)2Hk§7n dsin (3.8)
An(t/e,s/e) peM(K)
S/~ dsin H sup/exp{—%(sp—a)QHk;n}dsp.

An(t/e,s/e) peMle) WER IR 2

Here dsq,, = Hng(k) dsp, and An(T, S):=1[T > S(k) = -0 = 81 > S] is a reduced simplex of
times. As kzg,n > 1 for p € M(k), the right hand side of lb can be estimated by

m(k) n—m(k)
t—s _Cn 2m
( - > [/R exp{ 5 s }ds]

and (3.7) follows. O
The next lemma shows that a nontrivial contribution to the limit can only come from (ki, ..., ky)

with exactly m(k) = n/2 as the terms with m(k) > [n/2] actually vanish identically.

Lemma 3.5 Suppose that k is such that m(k) > [n/2]. Then,
[T 6k =0. (3.9)
p=1

Proof. Assume that there exists p such that k,, = 0 and k41, = 0. Then, obviously, for such a p
we have £, = 0 and as a result holds since 9(0) = 0 because of . If, on the other hand,
there is no p such that both k,, = 0 and k,;1, = 0 then, as m(k) > [n/2], we must have that n is
odd, and, moreover, m(k) = [n/2] + 1, and k1, = k3, = - -+ = ky, = 0. However, the last equality
says nothing but k, = 0, which also implies (3.9)). O

As an immediate consequence of the above two lemmas we conclude that holds when £ =1
(one-point statistics) and n is odd since either m(k) < n/2 or m(k) > [n/2] for all k = (k1,...,ky)
if any n is odd. In addition, while computing the limit, as € — 0+, of the expression in when
n = 2m for some non-negative integer m, the only non-trivial contribution in comes from those terms
of the series on the right hand side that correspond to k such that m(k) = m. From Lemma 3.4 we
conclude, therefore, Proposition [3.3



The limit of the even moments

To prove (3.3]), with £ = 1, the limit for the even moments (still for the one-point statistics), we
need to consider only the case n = 2m and then

t/e? 2m, 2m
: 2m — 113 2m ~
61_13:05 E /0 v (Bs)ds (2m).€£r£0€ Z Hv(k:p)
kim(k)=m |p=1
1 2m
X / exp{ —= Y Cpgkpnkqn { dsiom. (3.10)
Ao (t/e) 2 =

According to Lemmas and the only case when we have a non-trivial contribution to the
limit is when m(k) = m. Moreover, as explained in the proof of Lemma we can not have
kpom = kpy12m = 0 for any p = 1,...,2m. There are, thus, two possibilities either ki 2, = 0, or
not. In the first case we get

k‘gi_l,gm =0 and k2i,2m 75 0, Vi= 17 cee M. (3.11)
In the second one, we have
k'2i71,2m 75 0 and k‘gi’gm = 0, Vi= 1, ey (3.12)

but this leads to kg, = 0, which makes the respective term on the right hand side of (3.10)) vanish.
Hence, we only need to consider the situation when ko = —ki,...,kop, = —kom—1, and all kp,
p=1,...,2m are non-zero. In that case, the expression in the right side of (3.10|) equals

m
t
. 2 ~ 2
(Qm)!al_lg_log m Z "U(kgp_l)‘ EDQm <€2,0) (313)
k1,k3,....kem—1 | p=1
where
D2m(T7 t) :_/ ng(Sl,2m)dsl,2m7 (3.14)
Ao (T,t)
and

52m(sl,2m) = exp —1i Z kgpflAB(Sgp)
p=1

Here, by convention ABg, := B, — B;. Thanks to the convergence of the series and bound (3.7 we
can interchange the limit with the summation in the expression (3.13)). As a result, it equals

m t
A 2 : 2m
(2m)! g | | |0(k2p—1)| ehr—rl—l0€ EDy,n, <€2,0> . (3.15)

ki,....kom-1€Z« | p=1

Let
1
AR (T,t) = [T > som > ... >85>t Vi=1,2...,m: Asy < log" (J} (3.16)
and .
A5275(T,t) = [TZ Som > ...>s1>t,di=1,2...,m: Asg; > log" <8>}

10



and AY) _(T) = AY) (T,0), i =1,2. We write
am t ampp) (1 ampn@ (1
(2m)!e*EDyy, ( —,0) = (2m)!e™"EDS, 5.0 ) + 2m)I*"EDy)  ( 5.0))., (3.17)

where D,(,?,g(T, t), i = 1,2 correspond to the integration over the regions A%{a(T, t), i = 1,2 respec-
tively. Using estimate (2.1)), we see that, upon the choice of r > 1/(2H),

| 2m (2) i —
(2m)! Elirﬂoe EDy,, - (62,0 0.

Hence, we consider only the limit corresponding to EDQm <(t/e,0). Note that

t t/€2 t
B0 (2:0) = [ B[P (Ges) o) s (3.18)
where .
j5($2> = / exp {—ik‘lAB(Sg)} dsl.
(s2—log"e—1)vO
We write

AB(s2y) = AB*(sq) + ppyAB(s2),

where (cf. (3.6))

Oy
pp T 0272 )
and Ca9 = (52 — 51)%H. We have
E[AB*(s5p)AB(s2)] =0, p=2,...,m. (3.19)

Recall that p, < 0 for p > 2. From (3.19) and elementary properties of Gaussians, see e.g. Theorem
of 10.1 of [10], we conclude that the vector (ABY(som), ..., AB¥(s4)) is independent of AB(s3).

Lemma 3.6 Given r > 0 there exists C > 0 that depends on r such that for all € € (0,0.9), and all
0<s1<...< 89, <t/e we have

Z el < 5 w )2 = logn®H) gL, (3.20)

Proof. It suffices to show that there exists C' > 0 such that for all ¢, h, s1,s2 > 0, 51,52 < log" e *
we have

E[[B(t + 5o+ h+ 1) — B(t + 5o+ B)|[B(t + s2) — B(t)]]| < (1+Chs)£;—”f log™ @) (;) _
(3.21)

When h € (0,10] we may simply use the Cauchy-Schwartz inequality to obtain

IE[[B(t + 53+ h+ s1) — B(t + s2 + h)][B(t + s2) — B(t)]]] < sf skl < st 1og™ (i)
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whence ([3.21) holds. Next, for h > 10 note that

E[

—

B(t+82+h+$1)—B(t—i—SQ—i—h)][B(t-i-SQ) —B(t)]]
[(h+ s1+ s2)H — (h+ s1)H + R — (h 4 s9)*]

_ {/082 [(h+ 81+ )21 = (h 4 2)21] dac}

= H(2H — 1) {/02 dzx [/051(h+y+x)2H_2dy]}.

, we can estimate the double integral by

N | =

Since s1, 59 < log" e~ !

Cs1s2 < Cshl logm e~ logM1—H) ¢—1 B Csif log™(2—H) 1
(1+ h)2—2H = (1+ h)2—2H T (14 h)22H 0 ’
and we have obtained (3.21]). O
We now return to estimating ED%)%E (t/e,0). Let

0B = AB(SQ) Z k‘gp,lpp
p=2

be the projection of the exponent on the increment AB(s3). We conclude from Lemma that

1/2 _ ClogT(Q—H) el
— 1+ (83 — 82)2721{.

{E(B)?} (3.22)

We write, using the independence of AB~(ss,) and §B:

E&om(s1,2m) = |expq =1 kap 1AB (sgp) ¢ | E [exp {—1AB(s) — 0 B}]
p=2

=E |exp —1 Y kop-1AB(syp) +16B ¢ | E [exp {—iAB(sy) — i0B}].
p=2

Using an elementary estimate |e’(**?) — ¢%2| < |h| together with (3.20)) to eliminate 6B from the

exponent, we get
t t/e? t
B0 (5:0) = [ B[P ()| BTGl
0

(3.23)
C1 r(2—H) -1
< / o8 28—2H dSLQm.
A (t/e0) 1+ (53— s2)
We now eliminate the time variables ss,..., S92, from the above integral using the definition of
Ang’E(t/EQ,O) which implies that |sg, — s9,—1| < log”" 7. Hence, eliminating (m — 2) odd indexed

time variables gives us the volume log(m_Q)T £~1. On the other hand, elimination of the even indexed
time variables sg, ..., Som gives us the volume €2(~™)_ In addition, we have |sy — 51| < log” e~

12



and |s3 — s4| < log" e~!, so that elimination of s; and s4 gives us an additional factor of log?” e~

Altogether, we obtain, that there exists C' > 0 such that

t t/e? t
B0l (50) - [ B[P (G ) | Bl s

t/52 83
log" =) e=1qs,
< 2(2—m)1 rm _—1 / d / .24
<Ce og"e s | T4 (55 — 59221 (3.24)
0 0
t/e?
< 082(27771) logr(QfHer) 1 / 2H— 1d8 < Ce 2(2—2H—m) logr(QfHer) Eil, Ve e (0, 1)
0

We have, therefore, shown that

t/€2 t
e (G0) < [T e (D0, (G | B ds| =0
0

Repeating this argument m times we obtain that

: 2m 3 2 1 . oo : _
51320 e“"E |:D2m (52’())] —gm ’Am (Ezm)' pl;[lE [/0 exp {—ikop—1B(s)}ds =0,

lim
e—+

(3.25)
where |A,,(T)| is the volume of the simplex. The limit in (3.15]) equals therefore
(0(kap—1)2| @) [ [+ _1ow ™
" L = N m
t Z H |kop— ‘1/H ! ; e 2 dp| =(2m—1)I2R.H)™, (3.26)

k1, k2am—1€Z« [ p=1

where R, := R(1). This coincides with (3.3) when ¢ = 1.
In order to generalize the above argument to show the convergence of the moments corresponding
to the multiple point statistics at times 0 =ty < t; < ... < t; we write

tj/e?

{11

j=1 tj—1/e?

= n!s'"'E{ Z ﬁ v(k;) / H exp {ik](oj)Bs;j) } dsgjn)i }

KeZ X X2 I=L AL (ty/e2, 0 Je2) (D)

v (By) ds} "} (3.27)

Here k := (ki, ..., ko), k;j := (kY kY)Y, n = (ny,... my),

l L nj
n|=> n;,  nl=]]nt,  0k) =] ok (3.28)
j=1 j=1 p=1
and
An(tg/&‘Q, e ,t1/€2) = Aw(tz/€2,tg_1/52) X ... X Ane(tl/&a, 0) (329)

We introduce the lexicographical ordering of indices (j,p), that is, we say that (j,p) precedes (j',p'),
which is denoted by (j,p) < (j,p), if either j < j' or j = j/ and p < p’. Denote by ¢(j,p) the

13



predecessor of the element if (j,p). If (j,p) = (1,1) we define the predecessor as 0 and let sg := 0.
Given (j,p) we denote
kip= . kI

(G,p)=(5"p’)
Also, for k fixed we define m;(k) as the cardinality of p-s such that k;, = 0, and set

m(k) = > m;(k).

=1

We denote by M;(k) the set of those indices (j,p), for which k;, # 0. Its cardinality equals
nj —m;(k). The right side of (3.27) can be rewritten as

V4
S ne ] o)E / I] exp {11@ »AB ) } dstl) (3.30)

keZ x.. XL J=1 An(te/e2,... t1/e2) P

Here AB o) = B - B (] y, where (j',p’) is the predecessor of (j,p). Following the argument in

Lemma we conclude that only the terms that correspond to k such that m;(k) < [n;/2] for all
j=1,...,£ do not vanish. As in Lemma [3.4] we can estimate the absolute value of the term of the

series in (3.30)) by
)4
nlelnl H@(kj) / HdSJ H sup/exp - a)Qijzvp}dsp
j=1

~ 1 QER
An(te/e?,tafe2) 70 PEMI

Here ds; = []; P)EM, (k) dsj(oj), and A, (t;/e?,...,t1/€?) is the product of the respective reduced

simplices of the form A, JT,8) =[T> Smjk) = - = 812> S]. The limit of the above expression,
as € — 0+, can be non-zero only in the case when n; = 2m; for some integer m; and all j =1,...,/.
Therefore, it equals

; ti ti_
; n (@) y)2 g bti—1
n! 513205' | E I | | I 0(kgy_1)|"Dam <62, = > . (3.31)

keZIl x...xZ1*

Repeating the argument used to compute the limit in (3.15) we obtain that expression in (3.31))

equals
¢

RrTT(2mi — 1)i(ae)™

i=1
and the conclusion of Proposition [3.2] follows.

3.3 The end of the proof of Theorem and parts (i), (ii) of Theorem

The statement of Theorem follows directly from Theorem since, under the diffusive scaling
the fractional Brownian motion term in the definition of Z; vanishes.

As for part (i) of Theorem observe first that the scaling of the fractional Brownian motion
term appearing in the definition of Z; yields

Kl+1/(2H)€ﬁt/€2 4 /{1+1/(2H)€1—2Hﬁt‘
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This term tends to 0 in the regime of part (i). On the other hand, for the additive functional in the
definition of Z; we have

t/e? t/o
KV/CHY, = nl/(QH)s/ v(z + kB?)ds 4 0/ v(x + Bg)ds (3.32)
0 0

where £ denotes equality of laws of the relevant random variables, o := ¢/ kY CH) and B, is a one

dimensional standard fractional Brownian motion with the Hurst exponent H. Using Proposition[3.2]
we conclude that in this regime of (¢,k) the process appearing in the utmost right side of
converges in law to a Brownian motion, as claimed in the assertion of part (i) of Theorem

Part (ii) follows a similar argument. This time, due to the constraint of the regime, the additive
functional (27~ /k)U; . tends to 0, while

(€27 k) keByez < B

and the conclusion of this part of the theorem follows.

3.4 Proof of part (iii) of Theorem

We denote, as before, setting the starting point (Xp, Yy) = 0, without loss of generality:

Ut:/O v(Bs)ds (3.33)

and
Ut,E = 6Ut/527 Bt,s = €2HBt/E2.

To prove part (iii) of the theorem it suffices to show that the scaled, vector valued processes (Ut ¢, By )
converge in law over C([0,+00),R?), as € — 0+, to (wy, B;), where w; is a mean zero Brownian
motion with variance R, and B; is an independent fractional Brownian motion. Tightness is a
consequence of tightness of the laws of each of the marginal processes. We only need to prove the
convergence of finite dimensional distributions. This is a consequence of the following generalization

of Proposition

Proposition 3.7 Suppose that H € (0,1), £ >1 and 0 =ty < t1 < ... <ty. Then, for any integers
ni,...,ng >1and &, ...,& € R we have

lim E H { Utj e — U, 178)7” exp {ifj(Btj,8 — Btj,l,a)}} =0, if at least one n; is odd

e—0+
(3.34)
and
d .
lim E jHl{(UtjE U, _1e)" exp{i&;(By,c — Bi,_,c) } } (3.35)
=H{ D[Rt — ;- w?} Hexp{lgj B, )}y,
j=1

if all nj-s are even.
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Indeed, consider for simplicity sake only the case £ = 1. As a consequence of the proposition we
conclude that any limiting law p of (Uy, ., BE;E), as € — 0+, satisfies

/ eV p(dx, dy) = / 2" VD, (dx,dy), ¥Yn>0,¢eR,
R2 R2

where @, (dz, dy) is the law of (wy,, B,). From this we conclude, differentiating m times in ¢, that

/x"ym,u(dx,dy):/ "y, (dx,dy), Vn,m >0. (3.36)
R2 R2

Suppose that £1,& € R, V := &y, + 2By, . It can easily be checked, due to the Gaussianity of .,
that

+o0o
S BV VY - e, (3.37)
n=1

Using Carleman’s criterion for well-posedness of the moment problem on the real line, see e.g.
Theorem 1.10, p. 19 of [I2] we can conclude from (3.37)) that the moments of V' determine its law,

therefore (3.36) implies

[ renuo.dy) = [ @@, day), veger

This obviously implies i = ®,. Therefore, part (iii) of Theorem indeed, follows from Proposition
B.7

Proof of Proposition

To simplify the notation, we assume that £ = 1. Using the symmetry considerations, we conclude
that expression in (3.34)) equals

S e / exp {ie2€AB,, ,, } T [60kp) exp {i(kpn + €21E)AB,, Y] dsin § , (3.38)
Ay (t/e2?)

k1,....kn€Z p=1

with the convention s, := t/c2. We can repeat the arguments in the proof of Lemmas and
to conclude that the limit of the expression in (3.38)) can be nonzero only if n = 2m for some
non-negative integer m. In addition, the limit, as € — 0+, is the same as

emt Y [9(zp-1)|? | Tim
1

~ t
2P ( 0) . (3.39)
k1,..skom—1€Zs | p=

0 g2’

with f);;{(T, t) defined as the integral over Ag%s(t/eQ, 0) (see (3.16)) of
m~+1 m

ng(SLQm) = exp i£2H§ Z ABs,, , ¢ €xp —iZ(kgp_l — 52H§)ABSQP
p=1 p=1
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Here sopi1 = t/~<€2 and sp := 0. Since |s2, — s2p—1] < log" e71, we conclude that limit in (3.39) is
the same when &£y, (s1,2,) is replaced by

m+1

m
€ (s1,2m) = exp { ie2¢ > (Buyysy — Beyyy) pexp =i ko 1ABs,,
p=1 p=1

m
= exp {ie?¢By 2} exp{ =i kyp 1ABs,, ¢,
p=1

here s_; := 0. Rewriting, modified in such a way (3.39)), as in (3.18)) and using Lemma we arrive
at

: m t m : T - i
lim [e2"EDS)) . (620> — e¥Eexp {ie¢B,.2 ) / [T 7= (522, $2p, kop—1)dS2.20m| = 0,

e——+0 -~
Am(t/e2) P=1

(3.40)
where dsg o, 1= dsa ... ds2m, 50 := 0,
J=(s1,892,k) :=FE / exp{—i(k+52H§)[332 —Bs]}ds] .
(s2—log"e~1)Vsy
From (3.40) we get
: 2myay(1) t 9,0my (Bat)™|
Eli:r}rlo e“MED,,, . <€270> —exp{—(1/2)&*t }T =0. (3.41)

Combining (3.41)) with (3.39) we obtain the statement of Proposition for £ = 1. The argument
can be easily generalized to an arbitrary ¢ > 1 and the conclusion of the theorem follows. U

References

[1] A. Bensoussan, J.L. Lions and G. Papanicoalou, Asymptotic Analysis for Periodic Structures, AMS,
2011.

[2] Berman, S.M. Local nondeterminism and local times of Gaussian processes. Indiana Univ. Math. 23,
1973, 64-94.

[3] Billingsley, P., Convergence of Probability Measures. NewYork:Wiley, 1968

[4] Fannjiang, A., Komorowski, T., Diffusion Approzimation for Particle Convection in Markovian Flows.
Bull. Pol. Acad. Sci. 48, 253-275, (2000).

[5] A. Fannjiang and T. Komorowski, Fractional Brownian motions in a limit of turbulent transport, Ann.
Appl. Probab. 10, 2000, 1100-1120.

[6] Y. Hu, D. Nualart and F. Xu, Central limit theorem for an additive functional of the fractional Brownian
motion, available at http://arxiv.org/abs/1111.4419

[7] P. Kramer and A. Majda, Simplified models for turbulent diffusion: theory, numerical modelling, and
physical phenomena, Phys. Rep., 314, 1999, 237-574.

[8] D. Nualart, F. Xu, Central limit theorem for an additive functional of the fractional Brownian motion
II, available at http://arxiv.org/abs/1304.6426v1

17



[9] Papanicolaou, G. C. and Varadhan, S. R. S., Boundary value problems with rapidly oscillating random
coefficients, Statistics and probability: essays in honor of C. R. Rao, 547-552, North-Holland, Amsterdam

[10] Yu. A. Rozanov, Stationary Random Processes, Holden-Day, Inc., San Francisco, Calif.-London-
Amsterdam 1967.

[11] G. Samorodnitsky, M. Taqqu (1994): Stable Non-Gaussian Random Processes. Chapman & Hall, New
York.

[12] J. Shohat and J. Tamarkin, The problem of moments, AMS, New York, 1943.
[13] Zhang, F. Matriz Theory Basic Results and Techniques. Second Ed. Universitext (2011), Springer.

18



	Introduction
	Preliminaries on the fractional Brownian motion
	Proofs of Theorems 1.1 and 1.2
	Additive functionals of a fractional Brownian motion
	Proof of Propositions 3.2 and 3.3
	The end of the proof of Theorem 1.1 and parts (i), (ii) of Theorem 1.2
	Proof of part (iii) of Theorem 1.2


