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Abstract

We consider solutions of the KPP equation with a time-dependent diffusivity of the form
o(t/T). For an initial condition that is compactly supported, we show that when o(s) is increasing
in time the front position at time T is X (T') = ¢,T — T3 +0O(log T). That is, X (T) lags behind
the linear front by an amount that is algebraic in T', not by the Bramson correction (3/2)logT
as in the uniform medium. This refines a result by Fang and Zeitouni.

1 Introduction
The long time behavior of the solutions of the Fisher-KPP equation

U = Ugy + f(u), (1.1)

has been studied since the original works by Fisher [6], and Kolmogorov, Petrovskii and Piskunov [12]
that both appeared in 1937. The nonlinear function f(u) is assumed to satisfy

f(u) >0 foruwe (0,1), f(0)=f(1) =0 and f(u) < f'(0)u for u € [0,1]. (1.2)

Like other reaction-diffusion equations, this equation admits traveling wave solutions: for any ¢ >
¢ = 24/ f'(0) there exists a profile U¢(x) that satisfies

—cUs =Ug, + f(U°), U(—o0)=1, U+o0)=0.

If the initial data for (1.1) is front-like, meaning that 0 < w(0,z) < 1, u(0,z) = 0 for x > L, for
some L € R, and
lim inf u(0, z) > 0, (1.3)

T—r—00
then the solution at a later time will resemble a traveling wave in a shifted reference frame. An

interesting problem is to determine the position of the front at large times. Let us define the front
position as

X (t) =sup{z: u(t,z) =1/2}. (1.4)
Bramson has shown in his seminal papers [1, 2] that X (¢) has the asymptotics
3
X(t) = cut — o logt 4+ x0+ o(1), ast— +oo. (1.5)
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Here, x( is a constant shift that depends on the initial data, and A, is the exponential decay rate
for the critical traveling wave:

U (z) ~ ze” ™%, as z — +oo. (1.6)

Bramson’s proof of (1.5) was probabilistic. In [13, 16], versions of Bramson’s result were proved
using the intersection number of the solution, a PDE technique which was used also in the original
KPP paper [12]. An alternative probabilistic proof of Bramson’s correction was recently given by
Roberts [15], and an extension to higher dimensions was done by Gértner [9]. A simple proof of a
weaker version of (1.5) was presented recently in [10]:

3
2)\*

X(t) = cut — logt+ O(1), ast— +o0. (1.7)
It was extended to spatially periodic media in [11]. The main observation of [10, 11] is very simple
and has been used already by Géartner in the probabilistic context: solutions of the nonlinear equation
(1.1) behave very similarly to those of the linear equation

wy = Wwaz + f(0)w, (1.8)

with the Dirichlet boundary condition at a moving boundary: w(¢,Y (t)) = 0. The idea is that if we
choose the boundary Y (¢) “too far to the left” then w(¢,x) will grow exponentially in time, while if
we choose Y (t) “too far to the right” then w(t, z) will decay in time. It turns out that if we choose
Y (t) so that w(t,z) stays O(1) as ¢t — 400, then Y (¢) gives a good approximation to X (¢) — this is
proved using appropriate sub- and super-solutions for (¢, x) that are based on w(t, ).

The Fisher-KPP equation also appears in the theory of branching random walks and branch-
ing Brownian motion (BBM) [14]. Consider a BBM starting at x = 0 at time ¢ = 0, and let
X1(t),...,Xn,(t) be the descendants of the original particle at time ¢, arranged in increasing order:

X1(t) < Xo(t) < - < Xp, (2).
Then, the probability distribution function of the maximum:
v(t,z) =P(Xn,(t) > z), (1.9)

satisfies the Fisher-KPP equation
1
v = ivm—f—v—v2, (1.10)

with the initial data vo(x) = I;<¢. Recently, Fang and Zeitouni considered the asymptotics of the
position of the maximum for a branching random walk with a time-dependent diffusivity: first, with
a variance that takes just two values o1 and o3 on the time intervals 0 < ¢ < T/2and T'/2 < t < T [4],
and then for a monotonic in time variance of the form o(¢/T) [5]. They have observed that Bramson’s
correction 3/21og T for the front position X (7) is valid only for constant diffusivities, and, moreover,
for a monotonic in time variance the deviation is actually of the size O(T'/?), which is a completely
different behavior. Their results are described in more detail in Sections 3 and 4.

The main result of the present paper (see Theorem 4.1) is a PDE proof (based on the aforemen-
tioned ideas from [10, 11]) and a refinement of the results of Fang and Zeitouni. More precisely, we
consider solutions of

up = 02 (t) T e + f(u), (1.11)

with front-like initial data ug(z). We show that if o(s) is increasing, the front position has the
asymptotics
X(T) = ceffT — 0TY3 4 O(log T), as T — +o0. (1.12)



Here, the effective speed is
1
Ceff = 2/ o(s)ds,
0

and the explicit constant in front of T/3 is

1
U= ﬁ/ 0'(7')1/3(:1'(7')2/3d7',
0

and —( < 0 is the first zero of the Airy function Ai(z). We note that a crucial ingredient leading
to the T'/3 correction is the fact that &(s) is positive — it leads to time variation in the exponential
decay rate A\(s) = 1/0(s) that ultimately creates the balance in the Airy eigenvalue problem that is
necessary to observe T/3-delay. We refer the reader to the proof of Theorem 4.1 for details of the
balance.

When the diffusivity o? depends on time, the relations (1.9) and (1.10) between the branching
Brownian motion and the Fisher-KPP equation may be generalized as follows. Each of the branching
particles satisfies

dX (t) = V20 (t) dB(t) (1.13)

where B(t) is a standard Brownian motion in R (for each particle there is a different Brownian
motion, independent of the others). Suppose there is one particle initially at time s at position y.
The particles branch independently at rate v > 0, and we label them Xy < -+ < Xo(t) < Xi(t),
so that Xy refers to the minimal particle at time ¢. From a modification of the arguments in [14],
it follows that the function

2(s,y31) = B(Xaggy > 0] Xa(s) = )

satisfies the terminal value problem
Zs +0%(8)zyy =v2 — 2%, s<t, yeR

with the terminal condition being the indicator function
2(t,y;t) = T(,00) ()
Therefore, the function
o(r,yit) =1—2(t —ryt) =P(Xye <0 [ Xa(t—71) =y)
satisfies the initial value problem
vy = 02 (t =)oy +yv(l —v), yER, r>0 (1.14)

with initial condition
U(Oa Y t) = ]I(—OO,O} (y)7

which is in the class of initial value problems that were are studying. In particular, by comparing
(1.13) and (1.14), we see that solutions of the Fisher-KPP equation (i.e. (1.11) with f = u — u?)
with a diffusion coefficient o2 that increases in time correspond to a BBM with diffusion coefficient
o2 that decreases in time (as in [4, 5]).

The paper is organized as follows. In Section 2 we recall what happens for the fully linearized
problem. In Section 3 we review Fang’s and Zeitouni’s “two-variances” setting and explain how
their results can be obtained by PDE-based computations. This leads us to the main theorem of
this paper, Theorem 4.1, stated in Section 4. The last two sections are devoted to its proof.



Throughout the paper we assume for simplicity of notation that f’(0) = 1, and denote by C,C’
etc. various constants that do not depend on T'.
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2 “Front position” in the linear case

It is instructive to first consider how solutions of the linearized equation
¢ =0 (t)prz + 6, TER, >0 (2.1)

with compactly supported initial data ¢(0,x) = ¢o(z) spread on the whole real line as t increases.
We assume that ¢o(z) € L'(R) is nonnegative, compactly supported, and positive on a set of positive
measure. The “front” position is defined in this setting as

Xiin(t) =sup{z € R: ¢(t,x) = 1}. (2.2)

Note that, unlike the solution of the KPP equation, the solution of the linear problem is not bounded
by 1 from above, and
lim ¢(t,x) = +oo for all x € R,
t—+o00

s0 Xyin(t), as defined in (2.2), is finite, at least for sufficiently large times (depending on the initial
data). In order to find the front position, we make a time change

Then the solution of (2.1) can be written as ¢(¢,x) = e'v(s(t), z). Here, the function v(s,z) solves
the heat equation
Vs = Ugg, S>> 07

with the initial data v(0,z) = ¢o(z). The front position is, therefore, determined by

ol , )2
= \/M/RGXP{ - W}%(@/) dy = 1. (2.3)

Without loss of generality, and to simplify the computations, suppose that the initial data ¢g is the
characteristic function of an interval [0, M]:

¢o(z) = ljo pry ().

It is easy to see directly from (2.3) that Xj;,(t) — +o00 as t — +o0o. Hence the integral in (2.3) may
be estimated as follows for large ¢:

/OMexp{ — (le(t)t)_y)Q} dy = /OMexp{ -~ X2.(t) — 2le(t)y+3/2}dy

ev(s(t), Xiin(t))

4s( 15(t)
M .
— ¢~ Xim(D)/451) /0 exp {W} dy [1 + 0(8(1t))} (2.4)
— o Xiin(®)/4s(1) )?iiz) [eMxlm(t)/gs(t) B 1} [1 n O(S(lt))} ‘
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It is also straightforward to verify, using the maximum principle, that Xj;,(¢)/s(t) = O(1) as t —
+00. Therefore, (2.3) and (2.4) show that

eite_Xsz(t)/‘ls(t) =0(1), (2.5)
47s(t)
that is: 2 (1
X2 (1) 1
— —an — = =0(1). .
15(1) 5 log s(t) = O(1) (2.6)

We deduce that

og s 1/2 og s
Xin(t) = (astoe(1 - 255 o) =2vi (1- P rog)). e

2t t t

As s(t)/t = O(1), it follows that the front position has the asymptotics

1 [ P ! :
Xion(t) =2 (t / 02(€)d§> - (1 / 02(§)d€> logt + O(1). (2.5)
If we define the average variance as
1 t 1/2
sty = (3 [ *0u) 2.9)

the front position can be written in a form similar to that in a homogeneous medium (c.f. (1.5)):

or(t
Xiin(t) = 200sp(t)t — = f;( ) logt+O(1), as t— oo. (2.10)

That is, the front position lags by “1/2logt¢” behind the “linear” in time asymptotics. Moreover, it
depends only on the average variance o.s¢(t). For example, if o(t) has the form

o, 0<t<T)2,
o(t) = {02, T/2<t<T, (2.11)

then X;,,(T") does not depend on whether o1 > o9 or oo > ;1. This is very different from what
happens for the (nonlinear) KPP equation, where, as it was discovered by Fang and Zeitouni in [4],
the front position depends very much on the relation between o1 and os.

3 KPP with a piece-wise constant diffusivity

In order to appreciate the difference between the behavior of the solutions of the KPP equation
and those of the linearized problem, we first recover from the PDE point of view the results of [4]
obtained for the discrete version of

g = 0 () tge +u(l —u), z€R, t>0, (3.1)
u(0,2) = up(z), = €R

Here, as in [4], the diffusivity o(t) has the form (2.11). We suppose that 0 < up < 1 and wg is
compactly supported. As u(t, z) satisfies 0 < u(t,x) < 1, it is convenient to define the front position
X(t) by

X (t) =sup{z € R | u(t,x) = 1/2}. (3.2)



Let us define the averages

o= L1 (3.3)
2
and
2 2
oo = q;%. (3.4)

The following proposition is a PDE version of the main result of [4].

Proposition 3.1 Let u solve the nonlinear problem (3.1) where o(t) is the piece-wise constant
function (2.11). If 01 < o2, then we have

X(T)=20,T —30,InT+0(1), asT — oo. (3.5)

IfO'l > 09, then
1
X(T) =20.T — 50¢ InT+0(1), asT — oo. (3.6)

Comparing (3.5) and (3.6), we see that, in contrast to the linear case, both the speed and the
logarithmic term are not invariant under a permutation of oy and o2. The main observation of [4]
is that while the delay behind the linear-in-time position is logarithmic in both cases, neither of the
pre-factors 1/2 and 3 is equal to the Bramson coefficient 3/2 that appears when o(t) is constant
in time — the case o1 = 02 turns out to be degenerate. In [4] this result is stated in terms of a
branching random walk. As we have explained in the introduction, this means that in Proposition
3.1, the case of increasing o (i.e. 01 < 03) corresponds to decreasing o in the corresponding result
in [4]. Similarly, decreasing o in Proposition 3.1 corresponds to increasing o in [4].

Since a probabilistic proof of Proposition 3.1 has been presented already in [4], we only outline
the computations required for a PDE proof, and omit the details that can easily turn them into a
rigorous proof. Let ¢; = 201 be the minimal traveling wave speed associated with ¢1. That is, for
any ¢ > ¢ there is a traveling wave solution v(¢,z) = U.(x — ct) to the equation

Vg = O'%sz + U(l — ’U)

satisfying U.(4+00) = 0, Us(—o0) = 1. We denote by U; the wave profile corresponding to the
minimal speed ¢ = ¢, and by Ay = 1/0; the exponential decay of the wave: Uj(z) ~ re MT ag
x — 4o00. Similarly, co = 209, and Ao = 1/0y are the parameters associated with the minimial
traveling wave solution for

U = 03Uz + v(1 — v).

3.1 The front position when o; < 05

We first look at the case 01 < 0. For 0 < t < T'/2 the function u(t, z) solves the KPP equation with a
constant diffusivity o1. So, when T is large, at the time ¢t = 7'/2 it will satisfy (see [1, 2, 9, 10, 13, 16])

w(T/2,z) <Ui(z —aT/2 + % log(T'/2) +61). = €R.
1

Here, the shift 6; depends only on the initial data ug. As the profile U;(y) has the asymptotics
Crlye ™M < Ui(y) < Crye ™, y=>1, (3.7)

the function u(7'/2, x) satisfies

u(T/2,z) < Ci(x — a1 T/2+ 23)\1 log(T'/2) + 61) exp{ — Mz —aT/2+ 23>\1 log(T'/2) + 51)},
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for x sufficiently large. Observe that, because o1 < o9, the exponential decay rates satisfy A1 > Ao.
In particular, for any A3 € (A2, A1) we may choose Cy so that

uw(T/2,2) < min (1,02 exp{ —N(z —aT/2+ % log(T/2) + 51)}>, z €R.
1

Hence the function u(7/2,z) decays much faster than the critical traveling wave Us(z), and the
evolution between the times 7'/2 to T is as if u were compactly supported at time 7'/2. In particular,
it follows that

X(T) < clg _ zil log(T/2) + Cg% - 23& log(T/2) + O(1). (3.8)

Notice that this argument fails when o1 = g9, and A\; = As.
A matching lower bound on X(7") is obtained similarly. If T is sufficiently large, then at the
time 7'/2 we have

w(T/2,x) > Ui(z —aT/2 + % log(T/2) 4+ 62) —1/4, x>0,
1
for some constant o depending only on wug. In particular, there is d3 such that
3 1
w(T/2,x 4+ c1T/2 — oW log(T/2) + 63) > 5]1[0’1} (x),
1

for all T sufficiently large. By the maximum principle, u(T,z) > v(T, z) where
vy = 03Uz + (1 —w), t>T/2,2€R

1 3

The function v(t, x) satisfies the KPP equation with a constant diffusivity o9, and its front position
satisfies the “usual Bramson 3/2log(7"/2) delay” after time 7'/2 elapses for (3.9), which brings us to
time ¢t = T'. Hence, the front position satisfies

T 3 T 3
> — o fep - 2 +0o(1). .
X(T)>ar 2 o log(T/2) + c2 5 o log(T'/2) + O(1) (3.10)

Combining (3.8) and (3.10) we obtain

3/1 1
XT)=(a+ec)T—=(—+—|logT+0O(1),
2\ Ao

which establishes (3.5).

3.2 The front position when o; > 05

Now, we consider the situation when o1 > o9. The first task is compute the speed. We still have
the same asymptotics for u(t,z) at the time t = T'/2:

N 1, z < cT/2,
w(T/2,x) ~ Ui(z —aT/2) ~ {eAl(xclT/Q)(mclT/Z)z/(4a%(T/2))’$ > oT)2, (3.11)

which comes from solving the KPP equation with the diffusivity o1 on the time interval [0,7/2].
Here, as we are computing only the speed, and not the precise asymptotics, the Bramson logarithmic



correction was neglected. The key point is that the decay rate A; is now slower than the decay rate
A2 = 1/0y for the critical traveling wave associated with diffusivity og. Solving the KPP equation
with the diffusivity o9 for 7/2 <t < T, and with the initial data as in (3.11), at a time t = s+ T'/2
we have, to the leading order:

w(T/2 + s,c1T/2 + z) ~ ¢ / e~ Ty (o3s) =My —y?/ 2o T) gy, (3.12)
0
and at s = T/2 we get

T_ x22 0 _ y22 pzn —>\1y—%
2
U(T, ClT/Q + £) ~ e 202T / e 202T O'QTe 20‘1T dy
0

In order to find the speed, let us look for a > 0 such that w(7T',c17/2 + aT') = O(1):

o T a2T y2 +ay A y2 T a2T+(a )\)2( 2 + 2 )71
2T 902 2027 Tg2 T MYTL 2 2T 2 Tz M 27 T 27
'U,(T, ClT/2 + aT) ~ /62 20‘2 202T o5 e 20‘1Tdy ~e 202 o5 02T O'lT — O(l)
0

This gives

a? « 1\2/1 1\ !
1—2+<2—> <2+2> :O, (313)

o5 o3 o1

which after some algebra can reduced to
(a+01)* =2(c} + 03).
This gives the linear in time asymptotics for the front position
T 2 2
X(T) = 1y +aoT = (01 + )T = /2(0f + 03)T = 20.T,

as in (3.6).

Next, we outline how the above computation should be modified to compute the logarithmic shift.
A more refined version of the asymptotics (3.11) for u(7'/2, z) around the position {(T') = ¢1T/2 is

w(T/2,z) > (T/Q)_3/2(x _ g(T))e—Al(w—E(T))—(w—E(T))Z/(Mf(T/2))7 x> &(T). (3.14)

In order to find the logarithmic correction we need to take into account the factor of (x — £(7")) in
front of the exponential in (3.14) (we did not need to account for it in the calculation of the speed,
where (3.11) was sufficient). The “refined analog” of (3.12) for t = s+ T/2 is

T2 4 5,E0) ) m TV [ el ok g
0

and at s = T'/2 we get

T 12 o 1,122 + IQZJ by
’U,(T,&'(T) _|_ .CL') ~ 762 202T / ye 202T o'2Te
0
Taking © = oT + rlog T, with « as in (3.13), and 7 to be determined by the condition

w(T,e1T/2+ oT 4+ rlogT) = O(1),



gives

| T-oMTHerTlsT oo jepyrlsly o
w(T,&(T) 4+ aT +rlogT) ~ 293T / ye 27 oz 2T e 21T dy = O(1).
0

ﬁ@
(3.15)
Note that for b < 1 we have an approximation
% ety gy~ O pa/(4h)
Using this in (3.15) (in our case b ~ 1/T is small) gives
1 %7(127%“70m"102gT a 1 1 *3/2
u(T,f(T)—FaT%—rlogT)zﬁe 273 2 <U%—)\1> <2U§T+20%T>
a rlogT 21 1 1 -t
—t+— M) | ==t = 3.16
exp [(03 + 03T 1) 4 (20§T + QJ%T) ( )

An elementary computation shows that the choice (3.13) of « cancels the terms in the exponent in
(3.16) that are linear in T', while to cancel the terms multiplying log 7" in the exponent, we need to

choose r so that )

2 logT
T71/267arlogT/ag exp |:< 0103 ) rlog (% — Al):| =1.

2 2 2
o1+ 05 03 op

After some elementary transformations, this gives

1 o} + 03 O¢
r=—z1/ =—=
2 2 2’

which is the logarithmic shift in (3.6). As we have mentioned, it is quite straightforward to make
this argument rigorous using the precise asymptotics on the solutions of the KPP equation with
constant coefficients from [10].

4 The Fang-Zeitouni shift for an increasing diffusivity

Motivated by the example of the variance that takes two different values as in Section 3, especially
the case 01 < 09, when the front delay is “surprisingly large”, Fang and Zeitouni considered in [5] the
following question: given a fixed time T and all possible variances o(s), such that, say, 1 < o(s) < 2
for all 0 < s < T, what is the largest possible KPP delay for compactly supported initial data?
In order to make this question well-defined, they considered variances of the form o(s/T), with a
smooth, bounded from above, and away from zero function o(s) : [0, 1], and studied solutions of

up = 02 (t)T)uge + f(u), x€R, tc0,T] (4.1)
U(O,I‘) = UO(x)v r €R,
with compactly supported initial data ug(z), and with f(u) = u — u?. We consider here more
generally, a nonlinearity f(u) of the KPP type, as in (1.2). The front position X (¢) for 0 <t < T is

then defined as in (3.2).
Note that after rescaling ¢t = sT', x = yT, we obtain the following form of (4.1):

Ug = 502(5)uyy + %f(u), (4.2)

9



with § = 1/T <« 1. The initial data for (4.2) is also rescaled: u(s = 0,y) = wuop(y/d) which
creates some additional complications when ug is compactly supported. However, if we consider,
for simplicity, the special initial data ug(z) = I;<o, as in the paper by Fang and Zeitouni, then it
is invariant under rescaling. Using the analysis of Freidlin [7, 8] or Evans and Souganidis [3], it is
straightforward to verify that when o(s) is increasing then for a step-function initial data the front
speed is, asymptotically for large T' (see [5] for a detailed computation), given by

X(T)

T = +o0(1), as T — o0, (4.3)

where )
vg:/ o(s)ds. (4.4)
0

We note that when o(s) is not strictly increasing in time, then the speed v, need not be given by
(4.4). For instance, when o(s) is decreasing in time, we have

vy = ( /0 1 02(5)d3> "

which is the same as the speed for the linearized problem (2.9).

The main result of Fang and Zeitouni in [5] is that when o(s) is increasing in time, the front
position actually lags behind the linear-in-time asymptotics by a term of the order 73 and not
logarithmically:

X(T) = v, T — g(T), (4.5)
with a function ¢g(T") that satisfies
e 9(T) 9(T)
0< ljgri}lirg T/ < l}niigg T3 < +o0. (4.6)

The main result of the present paper is the following refinement of this asymptotics.

Theorem 4.1 Let u satisfy (4.1) and define X (t) by (3.2). Assume that 6(s) > 0 for 0 < s < 1.
Then

X(T)=2T /0 1 o(s)ds — vT'3 + O(log T), (4.7)
as T — oo, where
v = 5/01 () Be(r)3dr, 0<s<1, (4.8)
and B > 0 is the the principal eigenvalue of the Airy operator
¢z T 2p(x) = Bo(z), >0 9(0)=0. (4.9)
Note that the function ¢(z) = p(z + ) satisfies
—¢"(x) + 2p(z) = 0 for z > —B with p(—3) = 0.

Therefore, —f < 0 is the first zero of the Airy function Ai(x), and ¢(r) = cAi(r — ) for some
constant ¢ > 0.

Unlike [5], the proof of this theorem is not probabilistic and relies on the techniques and ideas
of [10, 11] that gave an alternative PDE proof of Bramson’s delay in homogeneous and periodic

10



media. As we have mentioned, the main idea is to consider a linear boundary value problem on a
moving half line:
¢r =0 (t/T)pua + ¢, t€[0,T], z>Y(t) (4.10)

with the Dirichlet boundary condition ¢(¢,Y(¢t)) = 0. The crucial observation is that when the
moving boundary Y (¢) is appropriately chosen, solutions of the nonlinear KPP equation (4.1) and
those of the linear problem (4.10) behave in a similar fashion. Roughly, if we choose Y (¢) to be too
far on the left, solutions of (4.10) will grow exponentially in time, while if we take it too far to the
right, they will decay exponentially in time. However, if we choose Y (¢) just right so that either
solutions of (4.10) stay O(1) in a certain region, or, at most, decay algebraically in time, then we
can construct both sub- and super-solutions for the KPP equation (4.1) using the function ¢(t, ),
and use them to find the asymptotics for X (7).

5 Proof of Theorem 4.1: the upper bound

The Dirichlet moving boundary problem

As we have mentioned, we will construct a sub-solution and a super-solution for the KPP equation
(4.1) using the linearized problem (4.10) with the Dirichlet boundary condition on a moving bound-
ary. Let ¢(t,z) > 0 satisfy (4.10) with Y (¢) to be specified later. The initial condition ¢(0,x) = ¢o(x)
will also be chosen later on. Although ¢ clearly is a supersolution to the nonlinear equation, in the
sense that

¢t > > (t)T) s + (1 — 6),

we can not conclude that u(t,xz) < ¢(t,z) for z > Y (t) provided that ug(x) < ¢o(x) because of
the boundary condition ¢(t,Y (¢)) = 0, which u does not satisfy. The remedy is to choose Y (¢) and
¢o(x) > up(x) so that for all ¢ > 0 there exists a point where Y (¢) such that

Y(t) < Yi(t) < Y(t) + C, and o(t, Y1 (t)) > 1. (5.1)

If this is the case, the function

- _ 1, z <Yi(t)
o(t, ) = { min(1, 6(t, 7)), = > Yi(t) (5-2)

is a true super-solution for the nonlinear problem in all of R as a minimum of two super-solutions.
By the maximum principle, we conclude that u(t,z) < ¢(t,x) holds for all t € [0,7T], x € R, giving
us an upper bound for X (¢):

X(t) < Z(t) =sup{z: ¢(t,z) =1/2}. (5.3)

Our task, therefore, includes getting good decay estimates on ¢(t,z) so that we can control the
location of Z(t).
We claim that by choosing

Y(t) =2 /t o(r/T)dr — TY31(t/T), (5.4)
0
with I(s) defined by

I(s) = 5/05 o(T)36(1)2Bdr, 0<s<1, (5.5)
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so that 7 = [(1), and with a suitable initial condition ¢y > 0, the function ¢(t,x) will satisfy

z—Y(t)\ o(t/T)'? ~1/3
o

4 (( T1/3 ) )i | oI

where ¢ is the Airy eigenfunction in (4.9) and A(s) = 1/o(s). More precisely, we will show that

there is a constant C such that for all 7' > 1 there is a smooth function h(s,r) : [0, 1] x [0,00) = R
such that

B(t, z) = e MDY () 1/3

(5.6)

C
Orgsagxl Hh(sv ')HLOO([O,OO)) < W (57)
and
— ; 1/3 —Y () a(t/T)/3
AT =Y ()13 z—=Y(t)\ o(t/T) t (z=Y(@)\o
ot,x) =e e (( T3 ) o(t/T)V? thl Zam \ g o(t/TY3 | |-

(5.8)
From above and the fact that ¢’(0) > 0, we will conclude that, indeed, there is a continuous function
Y1 (t) such that (5.1) holds. In particular, we have

— ; 1/3
e A1) (=Y (T))1/3 z—Y(T)\ o(t/T) -1/3
u(T,z) < Pp(T,z) <e T <p<< Ti/3 o (/T +O0(T )|, =>Y(T).
It follows that .
X(T) < 2T/ o(s)ds — T'31(1) + Clog T, (5.9)
0

which is the required upper bound for X (7") in Theorem 4.1.

5.1 The problem in the moving frame

Our goal is, therefore, to choose the initial data ¢g so that with Y (¢) given by (5.4) we would have
(5.7) and (5.8), and ¢o(x) > ug(x) for z > 0. To this end, let us consider Y (¢) of the form

Y(t) =2 /0 o(r/T)dr — T™I(t/T),

with the exponent m to be determined and [(0) = 0. Shifting to the moving frame: ¢(t,z) =
v(t,x — Y (t)), we obtain

vy — 20(t/T)vy + T (t)T)vy, = 62(t/T)vyy +v, y>0, 0<t<T,

and v(t,0) = 0. The initial data is unchanged: v(0,2) = ¢o(x). Next, we take out the exponen-
tial decay (in space) factor: let A(s) = 1/0(s), and define a function w(s,y) = v(sT,y)e*®¥. A
straightforward computation using the definition of A\(s) shows that w(s,y) satisfies

I(s) 1a(s)
o(s) To2(s

<

T

~—

1 :
—ws + T H(s)wy, = o?(s)wy, + (Tml > w, y>0, 0<s<1,

with the boundary condition w(s,0) = 0, and the initial condition w(0,y) = eO¥@pq(y). After
rescaling of the spatial variable: y = TPz, this equation becomes

1 m—p—1j — —2p m— @ _-10(8)2
T Ws +7T Y(s)w, = o*(s) T~ ?w,. + (T 10(3 TP—1 2(3)) w. (5.10)

Q

12



The initial data in the rescaled variables is w(0, z) = eMNOT"2¢(TPz).

Now, in order to balance the three terms in the right side of (5.10), we choose m = p = 1/3, so
that —2p =p —1 =m — 1. Then, we have
o(s) i(s)

L y>00<s<I, 5.11
02(8)zw—|—0(8)w Yy s (5.11)
with the initial data w(0,z) = e)9%/2¢y(z/¢), and the boundary condition w(s,0) = 0. Here we
have set ¢ = T—1/3.

We observe from (5.11) that if € is small, then z — w(s, z) is almost a solution to the eigenvalue
problem

e(ws + [(s)w,) = 02(s)ws, —

o(s)
a?(s)

The shift (s) should be, therefore, related to the principal eigenvalue u(s) for (5.12) via

uls) = i(s)/o(s),

which, after a simple rescaling of the eigenvalue problem, becomes (5.5). With this in mind, to
simplify the eigenvalue problem, we rescale again by z = r6*/3(5)~/3. Then in the variables (s, ),
(5.11) becomes

—UQ(S)IDZZ +

2w = p(s)w, z>0; w(0)=0. (5.12)

52/3 13\ 473 igl/3 B j
6% Wg + m mTU]r + mwr = Wyr — TW + Wu}, r >0 (513)
with w(s,0) = 0, and the initial data
“1/3

w(0,7) = A 0)rat/3(0)(6) (0)/€¢0(m4/3(0)(d)*1/3(0)/e).

5.2 The small ¢ asymptotics

We now consider the small & behavior of the solutions of (5.13), where ¢ = T~'/3. Recall that we
denote by 8 > 0 and ¢(r) > 0, respectively, the principal eigenvalue and eigenfunction for the Airy
operator
Ly = —pp(r) +ro(r) = Bp(r), r>0; ¢(0)=0. (5.14)
Here, ¢ is normalized so that
o
/ ©*dr = 1. (5.15)
0

The operator L, is self-adjoint on the space
V = {w € H}([0,00)) | / z|w(z)|* de < oo}
0

We now choose the shift [(s) to satisfy
i(s) = Bo(s)36(s)?3, 1(0) = 0. (5.16)

We also denote the coefficients
/
86 52/3 51/3 o4/3
k‘l(S) = 7, kQ(S) = m, ]{33(5) = m m .
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These are all bounded above and bounded away from zero. With this notation, equation (5.13) for
w(s,r) becomes

ws =& Yha(s) (B — L) w — k1 (8)w, — k3(s)rw,, r>0, s€][0,1]. (5.17)
We will prove the following:
Lemma 5.1 There is a constant C such that if w(s,r) solves (5.17) with w(s,0) = 0 and initial
condition w(0,r) = ¢(r), then

D — oof- o < .
Orggéilﬂw(s, ) = Pl (jo,00)) < Ce

This lemma implies the upper bound in Theorem 4.1. Indeed, ¢(¢, z) is related to w(s,r) by

“\t/T)(z—Y (¢ t (z=Y(@)\ ot/T)'/?
o(t,z) = e A/ T)(z=Y (1), <T7< T1/3 )O,(t/T)4/3>'

We then choose the initial condition ¢q so that w(0,r) = T/3p(r):

/3
bo(z) = e~ O /3, (&%) . (5.18)

Having chosen ¢ by (5.18), Lemma 5.1 implies that
lw(s,) = Tp()| = < C,

which implies (5.7) and (5.8).
Next, we ensure that initially we have ¢g(z) > ug(z) for z > 0. Since ¢’(0) > 0, for any M > 0
we have

—X0)z1/3 €z d(0)1/3 5(0)1/380/(0) —2(0)z
Polr) = ¢ ()T/¢<T1/30(0)4/3 =\ oopm 2 ) o we M)

if T is large enough. Hence, by multiplying ¢o(z) by another large constant (independent of T'),
we may guarantee that ¢g(z) > ug(z), the latter being compactly supported on an interval [0, M].
Now, by the L* bound in Lemma 5.1 and since ¢’(0) > 0, there are constants C' > 0 and p > 0
such that for any y € [0, T"/3]

. 1/3 . 1/3
1/3 y \ot/T) t y \ot/T)
T e ((T1/3> o (t/T)4/3 +hl T (T1/3> o(t/TY3 )|
Y Y —
> T Pp i = TPl 2 TP = THPCT P = py = €. (5.19)

Hence, taking yo > 2C'/p sufficiently large (independent of T"), we have

vo \ S/ (b a y 6(/T)
¥ (T1/3) o(t/T)4/3 B VR <T1/3> o(t/T)4/3
> e_)‘(t/T)(yo)gyo, (5.20)
for all t € [0,T]. Therefore, by multiplying ¢ by a large constant, independent of 7', we may
guarantee that ¢(¢, Y (¢) +yo) > 1 holds for all ¢ € [0, T]. In particular, we may set Y1 (t) =Y (¢) +yo
and define ¢(t, z) as in (5.2) so that ¢(t,xz) > u(t,z) for all z € R and ¢ € [0,T]. As explained above,
this establishes the upper bound (5.9), except for the proof of Lemma 5.1.

¢(t> Y(t) + y()) = e_)‘(t/T)(yo)Tl/?)
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5.3 Proof of Lemma 5.1
Let w(s,r) = a(s)p(r) + w(s,r), where (w, ) = 0 for all s, and define

i(s) = / w? dr > 0.
0
First, we will show that for some constant C' and p > 0, independent of ¢,
lw(s, ) — a(0)e( ) 20,00y < Ce */26(0)"/2 + Ce(al(0) + 6'/(0)). (5.21)

holds for all s € [0,1]. Then, we bootstrap this L?-bound to an L* estimate.
Let M and A denote the operators

Muw = ka(s)(f — Ly)w

and

Aw = —Fki(s)w, — k3(s)rw,.
Multiplying (5.17) by w and integrating by parts we have

;;i w?dr = e Yy (s) (B — L)w, w) — k1 (s)(w, w,) — k3(s){rw,, w)
= e Yo (s)((B — Ly)w, w) + k?’éS) (w,w) < k?’Q(S) (w, w). (5.22)

Therefore, by Gronwall’s inequality we have

/ wQ(S,T)drgeK/ w?(0,r) dr
0 0

for all s € [0,1], where K = maxo<,<1 [y k3(s)ds. In particular, we have an a priori bound on «(s):

00 ) 1/2
[0 1%} = wis, r T T GK/ w T T
o)l = | [ wls. )] < (/0 >0, )d)
= & (a?(0) 4+ 6(0)/% < X (a(0) + 6'/2(0)), (5.23)
and on 0(s):
s) = OO@STQT K Oow2 r)dr = X (a2 .
0. < 6(s) /0 (s, 7)) dr < /0 (0,7) dr = e (02(0) + 6(0)) (5.24)

that hold for all s € [0,1], since w and ¢ are orthogonal. Using (5.17), we also compute
/Oo — U@, M@) + (@, Aw) = —eea(s) /OO (1@, + (r — B)T?) dr
0 0
ki (s)a (s)/ (s, 1) (r) dr — k(s )/O (s, r)rwn (s, ) dr
< —e Y ko(s)(Ba — B)/O w? dr — kl(s)a(s)/o w(s,r)'(r)dr — k‘g(s)/o w(s,r)rwy(s,r)dr
= —eYo(5)(Bs — B) /0 T2 dr — by (s)a(s) /0 @(s, 1) (r) dr

S [T e basgats) [ are (5.25)
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where 8o > (3 is the second eigenvalue of the Airy operator (—f2 < —f < 0 is the second root of the
Airy function Ai(x)). Since

min ka(s) > 0,
0<s<1

we have
k3(s) < e lha(s)(B2 — B) for all s € [0,1],
if € is small enough. Hence, (5.25) implies

§(s) < —e ! kas )(,B B)/ w? dr—ki(s)a(s) /Oooﬁ(s,r)gol(r) dr—Fks(s)a(s) /000 wry' dr. (5.26)

Let 00 00
Ii(s) :/ we' dr, I5(s) :/ rwe’ dr.
0 0

By the Cauchy-Schwarz inequality, we have

L (s)P? < 8(s) / ()

By definition of ¢ and its normalization, we have

/ T (@) dr < B,
0

[11(s)[* < d(s).

SO

Similarly, we have
B <C3(s) [ () dr
Using this and (5.23) and (5.24) in (5.26) we obtain
§'(s) < =" pd(s) — als)k(s)L1(s) — ks(s)a(s)I5(s) < —~'pd(s) + Cla(s)[6(s)"?, (5.27)
for all s € [0, 1], for some constant p > 0. This gives
1

(e7776(5)) < Cla(s)[d(s)' /e * = Cla(s)|(e” #3(s)) /2er 2,

which, in turn, implies

(P 5(£))1/2 < (7 105(0))"/2 + / lou(s) e /% ds. (5.28)
Therefore, using (5.23), we conclude that
0< B2 < e H25(0)2 4 / la(s)[e—re =92 g
< efpsflt/Z(;( )1/2+C€(a( )+51/2(0))_ (5.29)

Now we estimate o’(s). Returning to (5.17) again, we obtain

o =1 [ et dr = o, M) + (o, Aw) = (o, du)
= ki(s) /0 o' (Mw(s,r)dr + ks(s) /0 (we + wry') dr
= ki(s) /000 ¢ (r)yw(s,r)dr + ks(s) /000 wre' dr. (5.30)
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Therefore, by Cauchy-Schwarz and (5.29), we have
&/ (s)] < C\/3(s) < Ce™ H25(0)/2 + Ce(a(0) + 67/2(0)), Vs € [0,1]. (5.31)
Since ¢ and w are orthogonal and ||¢||2 = 1, we now combine 5.29) and (5.31) to conclude that
[w(s,-) = a0)e()llL2oeoy < Nwls, ) = als)e()llL2(po,00)) + lax(s) — a(0)]

= 0'2(s) + |a(s) — a(0)]
< CV/5(s) < Ce = "125(0)12 + Ce(a(0) + 62(0))  (5.32)

holds for all s € [0, 1]. This proves (5.21).
Now we strengthen (5.21) to obtain an L*° estimate. The function h(s,r) = w(s,r) — a(0)p(r)
satisfies

hs = e Yka(s)(B — Ly)h — k1(8)hy — k3(s)rhy — k1(s)a(0)@, — k3(s)a(0)rp,. (5.33)
Changing variables 7 = £ !s, leads to
hy = ka(eT)hpr +ka(eT)(Bh—1rh) —cki(eT)hy —ks(eT)rhy —eki1(e7)a(0)r —cks(s)a(0)re,. (5.34)

The coefficients k1, ko, k3 are smooth and bounded independently of € and ke > 0 is bounded away
from zero. The functions ¢, and r¢, are also smooth and bounded. Therefore, by considering the
Cauchy problem starting at a time 7; on the time interval 7 < 7 < 7 + 1 with the initial data
h(ry,7), we see that the maximum principle implies that there is a constant C’ such that for any
T € [0,871 - 1],

max | (T, )|z < C'||h(T1,-)||Lee + C'ec(0). (5.35)

T€[T1,m1+1

From (5.21), we also know that
/ \h(r,r)|>dr < Cy(T,¢)* for all 7€ [0,e7]. (5.36)
0

where

y(r,€) = Ce™PT6(0)12 + Ce(a(0) + 6'/2(0)).
Now, let 79 be any time in the interval [0,e~!]. Multiply (5.34) by h and integrate:
1d [~

- hidr < —CO/ hZdr + Cﬁ/ h2dr + Ca/ h2dr 4 Cea(0)||h]| 2. (5.37)
2dt Jo 0 0 0

Integrating in time and using the bound (5.36), we obtain
T0+1 o]
co/ / h2 (7, r)drdr < Cv(10,€)? + Cea(0)y(T0,€). (5.38)
T0 0
Therefore, there exists a time 7 € [1p, 79 + 1] for which
[o¢]
/ B2 (r1,7)dr < Cr(10,€)? + Cea(0)y(10, ). (5.39)
0
Hence, at this time 7 we have

/ h2(ry, r)dr + / B2 (11, 7)dr < Cvy(10,€)? + Cea(0)y(10, €), (5.40)
0 0
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and thus
1A (71, )| oo (0,400) < CY(70,€) + C\/ea(0)y(T0,€).

Since 7y was chosen arbitrarily and since 79+ 1 € [y, 71 + 1], we combine this with (5.35) to conclude
that

IA(70 + 1, )l Lo (0,400) < C"y(10,€) + Cv/ea(0)y(rg,€) + C"ea(0), V 1 €[0,e 1 —1]. (5.41)
For 7 € [0, 1], (5.35) also implies that
IR (7, )|z < C"||R(0,)||L + C"ea(0), V 7€ 0,1]. (5.42)

If 5(0) = 0, then v(7,¢) < Cea(0) for all 7 > 0. Furthermore, h(0,-) = 0 in this case. Therefore,
the combination of (5.41) and (5.42) implies that

127, )|z < Cea(0)

holds for all 7 € [0,e~!]. This concludes the proof of the lemma. (]

6 Proof of the lower bound in Theorem 4.1

6.1 Outline of the proof

Step 1. We will, once again, use the linearized problem with the Dirichlet boundary condition on
a moving boundary. However, the solution of

¢t = 0% (t/T)puw + [(0)p,  x>Y(t), ot Y(t)=0,

would not be a true sub-solution for the nonlinear problem since f/(0)u > f(u). Therefore, we assume
without loss of generality that f/(0) = 1, and replace f(u) by the linear function fi(u) = (1-T~Y10)y
so that f(u) > fi(u) for all u < T-1/10. The idea is to choose Y (t) so that until the time T the
solution (¢, z) to this modified linear problem stays below 7-1/19. By our choice of f; this makes
it a sub-solution for the nonlinear equation. To this end, we will set

Y, (t) = 2/0ta(s/T)ds —T31(t)T)

with [(¢) almost as in the proof of the upper bound except we will end up with

ClogT
l(l) = lold(l) + W
Given Y;(t), we choose a function 1g(z) < ug(z) such that the solution of

i = (/T hee + (1= TN, x> Yi(t) (6.1)

with the initial condition ¥ (0,z) = o(x) and the boundary condition (¢, Y,(t)) = 0 satisfies the
following two conditions: first,

Y(t,x) <T710 forall 0 <t < T and all z > Ys(t), (6.2)

and, second,
Y, Ys(t) +1) > T710 forall T/2 <t <T. (6.3)
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It follows that u(t,x) > ¢(t,z) for all 0 <t < T and = > Y,(t). The difficulty in this step is to make
sure that (6.1)-(6.3) are all compatible.

Step 2. The main consequence of Step 1 is that the solution of the nonlinear problem
ur = UQ(t/T)um + f(u), (6.4)

satisfies a lower bound
u(t,Ys(t) +1) > T710 for all T/2 <t < T. (6.5)

Let us assume that the initial data ug(z) is front-like and monotonic: if not, we can bound it from
below by a monotonic function. Then wu,(t,x) < 0 for all ¢+ > 0 and = € R, whence u(t,z) > 7%
for all t € [T'/2,T] and x < Y,(t) + 1.

Let 7 =T — C'logT and consider the KPP equation

vy = 0?(W)vge + fv), T<t<T, (6.6)
on a fixed interval I}, = [Ys(7) — 2L, Y,(7) — L], with the Dirichlet boundary conditions
v(t,Ys(1) —2L) = v(t,Ys(r) — L) =0, 7<t<T,

and with the initial data v(7,z) = 7719 < u(r,x). As the function v(¢,z) is concave in x for all
7 <t < T, and the function o(s) is increasing, it satisfies

v <02 (t/T)vge + f(v), T<t<T, zclf. (6.7)

Then u(t,z) > v(t,x) for all x € I, and 7 <t <T. Let us choose L sufficiently large (independent
of T') so that there exists a steady solution v(z) of (6.6):

02(1)77961 + f(v) =0,
o(t,Ys(7) — 2L) = v(t,Ys(r) — L) = 0.
It follows that v(t,z) converges to v(x) exponentially fast as ¢ — 7 — oo. More precisely, we have

the following estimate:
lu(t,z) — v(z)| < C'TH0e=er(t=7), (6.8)

Obviously, by taking the constant C' in the definition of 7 sufficiently large we can guarantee that

the exponential term e ce1(T—) is much smaller than the term 719 in (6.8), whence
( ) > _( ) - Tl
u(T, x v(x
) p— )

for all z € Ir. In particular, u(T, ) > maxyes, 9(y) — % holds for all # < Y;(7) — 2L, which implies
that X (7T) > Y4(T) — C"logT. Therefore, to complete the proof of the lower bound on X (7'), we
only need to verify that (6.1)-(6.3) are compatible.

6.2 Verification of the claim of Step 1

Let us proceed as in the proof of the upper bound: we start with

Vr = 02 (t)T)ge + (1 =T, 2> Yi(t), t >0,
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with 9 (t, Ys(t)) = 0, and set
Yi(t) = z/ta(T/T)dT —TY31/T),
0

with I(s) to be determined. Making the change of variables
¢(t, J)) = ’U(ta L= 1/8(75))

gives '
Ut — QU(t/T)Uy + T_Q/gl(t/T)vy = 02(t/T)Uyy + (1 _ T_IO)U.

Next, we write
v(t,y) = e MG/ T, y)

to get
w

L, — LAS)T — 20(5), + 20(s)M )+ T/i()8, — T~ 3i(5)A(s)
— T w.

T
= 02(8)Wyy — 2X(8)02(s)Wy + [0 (s)N\*(s) + 1

We choose A\(s) = 1/0(s), as before, so that w(s,y) satisfies

a3 1(s)
T T T

1 N ~
s+ T7231(s)W, = 0% (s)Wyy +

with the initial data w(0,y) = v(0, y)eA(O)y =0,y eM0)y
The next step is to write w(s,y) = w(s,y/Tl/S)e_s/TQ:
z6(s)

g3 l(s)
2/3 _
T T2/30_2(8)] w,

o(s)

1 1, 1,
Tws + Tl(s) , = ma (s)w,, +

with w(0, z) = w(0, T'/32) = (0, Tl/?’z)e’\(o)Tl/Sz, and the boundary condition w(t,0) = 0. Setting

T—1/3 gives, as before:

(6.9)

j(—s) - z&(s)aQ(s)] w,

a(s)

elws + I(s)w.] = 02(s)w.. +

with w(0, z) = (0, z/)eM??/¢ and the boundary condition w(t,0) = 0. As in the construction of

the super-solution, we set z = ro/3(5)~1/3, so that (6.9) becomes

52/3 13\ 473 igl/3 i
5% ws + m m?“wr + mwr = Wypp — TW + W’Uj, r>0 (610)

with w(s,0) = 0, and w(0, r) = eNOra** (@) 2(O)/2y (r54/3(0)(6)~1/3(0) /e). Then we choose (s)

to satisfy
i(s) = Bo(s)3a(s)?,

so that with the previous notation for k; 2 3(s) we get
(6.11)

wy = e Vko(s) (B — L) w — k1 (8)w, — k3(s)rw,, >0, s€][0,1].
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In summary, we have

. /3
— Dy, (L @ /TP o
Utz 4 Yal) = T (T,T% DY e

where w(s, r) satisfies (6.11), which is the same equation as before (i.e. (5.17)). The difference here is
that initial data for ¢ is compactly supported, say, in the interval [0, 1], in order that (0, z) < ug(x).
This means that we may choose the initial data for w in the form

w(0,7) = "M ] (g) (6.12)

where n > 0 will be chosen later. In particular, the initial data w(0,r) cannot be bounded from
below by a multiple of the eigenfunction .
With initial condition (6.12), let us decompose w as in the proof of Lemma 5.1: w(s,r) =

a(s)e(r) + w(s,r) where (p(-),w(s,-)) = 0 for all s. Since ¢’'(0) > 0, we see that
a(0) = /000 w(0,7)p(r) dr = O("e?).

Also, let 0(s) = [;° w?(s,r) dr, so that

5(0) = /O " (w(0,7) — a(0)p(r)? dr = O(7e).
The computations in Lemma 5.1 still apply. In particular, (5.41) and (5.42) shows that
[w(s, )l oo 0,00) < lw(s-) = a(0)p()ll oo (0,00) + lX(0)Pl o0 (0,00) < CE”
holds for all s € [0,1] and ¢ € (0, 1]. This implies the uniform upper bound on 1):
Ytz +Yy(t) <Ce"=CT™3, ¥V x>0, tel0,T] (6.13)

which is (6.2), assuming we fix > 30.

Now we derive the lower bound (6.3) through a lower bound on w. The problem is that the
projection of w(0,r) onto the eigenfunction ¢(r) is relatively small compared to its projection onto
the orthogonal complement of ¢ (i.e. a(0) = O("+?), while §'/2(0) = O("+1/2)). To address this
issue, we first show that there exists a constant C' > 0 so that

w(s =e,r) > Ce™? for all r € [1,2]. (6.14)

To see why (6.14) must hold, we set 7 = s/¢ and to avoid dealing with unbounded coefficients we
note that solution of (6.11) is bounded from below by the solution of the Dirichlet problem

Wy = ko(eT) (B — L) W — ky(eT)W, — kg(eT)rw,, 0<r <10, 7€]0,1], (6.15)
with the boundary condition w(7,0) = w(r,10) = 0 and the initial condition w(0,r) = w(0,r) given
by (6.12). As all coefficients are now bounded, the function w(s,r) for 7 € [0, 1] is, up to a constant

factor, and a bounded time change, of the same order as the solution of

Uy = Uy — K5 (1), — K5(T)rD,, 0 <7 <10, 7€[0,1], (6.16)
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also with the zero boundary conditions and the same initial data, and appropriate, uniformly
bounded kf 5(t). Hence, it suffices to show that v(s = 1,7) > Ce"2 for all r € [1,2]. Let us
denote B B

b(r,r) = —ki(7) = k3(7)r,

so that our problem is
Uy = Upp + b(7,7) 0y (6.17)

Let us denote

B(r,v) = /0 (7, 2)da.

The function n(r,r) = eP(™)/25(1, r) satisfies

So, if

T€[0,1] 2 2 2 4
rel0,10]

B B B B,|?
M = max (H+| T’+| TT|+| r|>

we have o(7,7) = e~ B/2y(r,r) > e~ M p(r,7) for all 7 € [0,1] and 7 € [0, 10], where (7, r) solves the
heat equation
Br =P, 0<r<10, 7€0,1], (6.18)

with the zero Dirichlet boundary conditions and p(0,7) = w(0,7) given by (6.12). In particular,
w(r,r) > Cp(1,7). A simple computation shows that

p(r =1,r) > Ce™? for all r € [1,2].

We conclude that (6.14) holds.
As a consequence of (6.14), the function w(s,r) satisfies the lower bound w(s,r) > Ce"2q(s,r)
for s > €, where ¢ is the solution of

gs =¢ 'ka(s) (B — L) q— k1(8)gr — ks(s)rgr, >0, s€e1], (6.19)

with the Cauchy data

1, 1<r<2
q(e:m) = {0, otherwise. (6.20)

As we have done before, let us decompose ¢(s, ) as

q(s,7) = a(s)p(r) + q(s,7)

where (q(s, ), ¢(:)) =0 for all s and let

o(s) = /(]OOQQ(S,T) dr.

Observe that, at the initial time s = ¢, we now have C; < a(e) < Cy and C < §(g) < Cy for some
constant Cy,Cs > 0, independent of . That is, the projection of ¢(e,r) onto ¢ and its orthogonal
complement are comparable in magnitude. The computations in Lemma 5.1 now apply to ¢(s,)
(with the initial time at s = € rather than s = 0). In particular, (5.41) and (5.42) shows that

la(s. ) = a(€)()lLe(0,00) < Celale) +6"3(e)) < Cse
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holds for all s € [1/2,1]. Therefore,
w(s,r) = Ce™2q(s,r) > O (ale)p(r) — Cse)

holds for all » > 0, s > 1/2. Choosing r = je, with j fixed, and using the fact that ¢/(0) > p > 0,
we have
w(s, je) > Cye"3pj — Cse™3

for s > 1/2, if € is small enough, depending on j. So, if we fix j large enough, this is bounded below
by Cse3 > 0 once ¢ is small enough. Putting this in terms of v, we have

(t/ LN

P LYL() > OWL) ") S ont3 — op—(43)/3

forall t € [T'/2,T]. The Harnack inequality and the fact that ¢» > 0 now implies that (¢, 1+Ys(t)) >
C'T~1+3)/3 also holds for all t € [T/2,T]. In view of this and (6.13), we see that (6.3) and (6.2)
hold if n = 50, for example. This completes the proof of the lower bound in Theorem 4.1.

References

[1] M.D. Bramson, Mazimal displacement of branching Brownian motion, Comm. Pure Appl. Math.
31, 1978, 531-581.

[2] M.D. Bramson, Convergence of solutions of the Kolmogorov equation to travelling waves, Mem.
Amer. Math. Soc. 44, 1983.

[3] L.C. Evans and P. Souganidis, A PDE Approach to Geometric Optics for Certain Semilinear
Parabolic Equations, Indiana Univ. Math. J. 38, 1989, 141-172.

[4] M. Fang and O. Zeitouni, Branching random walks in time inhomogeneous environments, Elec-
tron. Jour. Prob. 17, 2012, 18pp.

[5] M. Fang and O. Zeitouni, Slowdown for time inhomogeneous branching Brownian motion. J.
Stat. Phys. 149, 2012, 1-9.

[6] R.A. Fisher, The wave of advance of advantageous genes, Ann. Eugenics 7, 1937, 353-369.

[7] M. Freidlin, Functional Integration and Partial Differential Equations, Ann. Math. Stud., 109,
Princeton University Press, 1985.

[8] M. Freidlin, Limit theorems for large deviations and reaction-diffusion equations, STAM Jour.
Appl. Math. 46, 1986, 639-675.

[9] J. Gértner, Location of wave fronts for the multi-dimensional K-P-P equation and Brownian
first exit densities, Math. Nachr. 105, 1982, 317-351.

[10] F. Hamel, J. Nolen, J.-M. Roquejoffre and L. Ryzhik, A short proof of the logarithmic Bramson
correction in Fisher-KPP equations, Networks and Heterogeneous Media 8, 2013, 275-289.

[11] F. Hamel, J. Nolen, J.-M. Roquejoffre and L. Ryzhik, The logarithmic delay of KPP fronts in
a periodic medium, Preprint, 2012, arxiv:1211.6173

23



[12]

[13]

A N. Kolmogorov, I.G. Petrovsky and N.S. Piskunov, Etude de Uéquation de la diffusion avec
croissance de la quantité de matiére et son application a un probléme biologique, Bull. Univ.
Etat Moscou, Sér. Inter. A 1, 1937, 1-26.

K.-S. Lau, On the nonlinear diffusion equation of Kolmogorov, Petrovskii and Piskunov, J. Diff.
Egs. 59, 1985, 44-70.

H.P. McKean, Application of Brownian motion to the equation of Kolmogorov-Petrovskii-
Piskunov, Comm. Pure Appl. Math. 28 (1975), 323-331.

M. Roberts, A simple path to asymptotics for the frontier of a branching Brownian motion,
Ann. Prob., to appear.

K. Uchiyama, The behavior of solutions of some nonlinear diffusion equations for large time,
J. Math. Kyoto Univ. 18, 1978, 453-508.

24



