NOTES ON LINEAR ODES

JONATHAN LUK

We can now use all the discussions we had on linear algebra to study linear ODEs. A lot of this material
is already in the textbook. These notes are essentially the same as my exposition in lectures. As always,
this is a preliminary version: if you have any comments or corrections, please send them to
me.

1. GENERAL SOLUTIONS TO LINEAR SYSTEMS
Given a linear ODE

' (t) = Az(t)
x(0) = xp,

where A is an (n x n) complex matrix and xy € C". We know that the unique solution is defined for all
t € R and is given by
u(t) = e*tug.

Given our discussions on taking exponentials of matrices, we immediately have

Theorem 1.1. Let A be an (n X n) complex matriz. The £-th component of any solution to x'(t) = Ax(t)
takes the following form

zy(t) = > pe (),

A; eigenvalue of A
where for each ¢, j, pe;(t) is a polynomial.

Proof. Recall that every matrix is similar to a matrix in the Jordan canonical form, i.e., there exists S

such that S™'AS = J, where is in the Jordan canonical form. Moreover, as we discussed earlier, every
k

non-zero entry of e’! takes the form e’\it% (for some eigenvalue A; and some k € N). This then implies the

theorem. ]

Remark 1.2. Notice that not all functions of the above form are solutions.

Remark 1.3. Suppose the characteristic polynomial is given by x4 (A) = I, (A—X\;)"%, where A; are distinct.
Then the polynomials py ;(t) have degree strictly smaller than v; (Exercise: Why?)

If A is real, we want to find an expression for general real solutions. These are in particular the solutions
one obtain when given real initial data. The following corollary describes what happens in that case:

Corollary 1.4. Let A be an (n x n) real matriz. Suppose pi,...,um are all of its real eigenvalues and
a1 b, ..., a5 1P are all of its eigenvalues in C\ R. Suppose moreover that the initial xog € R™. Then
the £-th component of of the solution x(t) takes the following form

2e(t) = 3 praltlerst + 37 e gy (8) sin(Byt) + o (t) cos(Bat),
=1 k=1

where pei(t), qox(t) and ¢, (t) are real polynomials.
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Proof. By Theorem 1.1, there exists a complex polynomial p, ; such that

ze(t) = > P j(t)e!

A; eigenvalue of A

=Re( > Bej(t)er?)
A; eigenvalue of A

= "pei(t)et +> " e (qui(t) sin(Bit) + o (t) cos(Bit))
i=1 k=1
for some real polynomials pg;(t), qex(t) and 74 5 (t). O

2. GENERALIZED EIGENSPACES AND LINEAR ODES

Proposition 2.1. Suppose o € C™ is an eigenvector associated to the eigenvalue \ of A. Then

€At$0 = e)‘txo.
Proof. This follows from
= (At)kx = (M)kx
eAtxozz( k)! 0 :Z( ]3:! 0 _ Mg,
k=0 k=0

O

Proposition 2.2. Suppose xqg € C" is a generalized eigenvector associated to the eigenvalue A of A and
e1,...,e¢ form a basis of the generalized eigenspace, then

¢
eMrg = et Zpi(t)ei,
i=1

where p;(t) are polynomials.

Proof. Let A =L + N be the usual decomposition. Note that by the definition of L, L*¥zq = Az is in the

eneralized eigenspace. Hence, e tl‘o is in the generalized eigenspace and moreover e t],‘o = €>\t3?0.
’
Therefore,

eAt,IQ — eNtethO — eAteNtl,O'

Now note that e4? is in the generalized eigenspace since A*zg is in the generalized eigenspace for all k& and
any subspace of C" is closed (Exercise: Why?). This implies that e¥! is in the generalized eigenspace.
Finally, note that since N is nilpotent, eN* depends on ¢ polynomially. We thus obtain our conclusion. [J

Because of the above simple propositions, we can already say a lot about the solutions to an ODE if we
know the eigenvalues and the generalized eigenvectors!

3. LARGE TIME BEHAVIOR OF SOLUTIONS TO LINEAR ODESs

Proposition 3.1. Let A be an (n xn) complex matriz such that all eigenvalues \; satisfy Re(\;) < —a < 0.
Then, for any solution xz(t) to x'(t) = Az(t), we have

e||z(t)]| — 0
ast — oo.
Proof. By Theorem 1.1, each component z,(t) takes the form
ug(t) = > pe(t)et.
A; eigenvalue of A

Since Re(\;) < —a < 0, e®* x [[(RHS)|| — 0 for each ¢ as ¢ — co. The proposition hence follows. O
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Although Proposition 3.1 above shows that all solutions converge to 0 as t — oo, it does not actually
show that 0 is a stable equilibrium. (This is because Proposition 3.1 is in principle consistent with solu-
tions becoming very large before converging to 0). Nevertheless, we have the following more quantitative
proposition!:

Proposition 3.2. Let A be an (n xn) complex matriz such that all eigenvalues \; satisfy Re(\;) < —a < 0.
Then there exists A > 0 such that for every solution x(t) to x'(t) = Ax(t),

lz(®)]l < Ae™|z(0)]
for allt > 0.

Proof. Since z(t) = eAtx(0), it suffices to prove that ||e?||,, < Ae~®*. By our discussions on linear algebra,

there exists an invertible matrix S such that S~ AS = J, where J is in the Jordan canonical form. Hence,

et = Se’tS~1. Recall that every non-zero entry of e’? takes the form 6)‘”% (for some eigenvalue \; and

some k € N). By Problem 1 in HW3, we know that [e”!,, < (3, |(e7")4;12)7 (where (e”!);; denotes the
ij-th entry of e’t). Therefore, there exists a constant C' > 0 such that
eatHeJtHop <C Z 6(a+R€(>\j))t(l+t+"' +tn_1),
A; eignevalue of A
which is bounded for all ¢ > 0 since Re();) < —a. Finally, since
1 lop < 1S Tloplle” lopll S lops

we obtain the conclusion of the proposition. O

Next, we consider the case where some eigenvalues can have positive real parts. Assume that there are
no eigenvalues on the imaginary axis. We first make a definition.
Recall that for
pa(A) = I (A = Ad)™,
where \; are distinct, C™ can be decomposed as
C"=ker(MI—A)") @ - @ ker(Al —A)™) @ ker( A1l — A1) @ - @ ker(( A — A)"™).
Without loss of generality (by otherwise relabelling), assume that for some « > 0,
Re(A1),...,Re(N) < —a <0
and
Re(Apt1), ... Re(Am) > a > 0.
Define the polynomials p_(\) and py(\) by
p—(A) =T (A = M)
and
p+(A) = I (A = A"
Clearly, C"™ = ker(p4(A)) @ ker(p_(A)).

Theorem 3.3. Suppose A is a (n x n) complex matriz. Assume that there are no eigenvalues on the
imaginary axis and that every eigenvalue satisfies |Re(\;)| > a for some o > 0. Then

e“eMtazol| = 0, ast— +oo, for g € ker(p_(A)), (3.1)
e eMao|| — 0o, ast — +oo, for xg € ker(py (A)) \ {0}, (3.2)
e“|eMtao|| = oo, ast — —oo, for zo € ker(p_(A))\ {0},
and

e el = 0, ast— —oo, for zg € ker(py (A)). (3.4)

INote that strictly speaking this proposition only give the boundedness of et |lu(t)|| instead of its decay. Nevertheless,
since the inequality Re(\;) < —a < 0 is strict, there exists 8 > 0 such that Re(\;) < —f8 < —a < 0. Hence, by applying
Proposition 3.2 with 3 in place of «, we see that its conclusion indeed implies Proposition 3.1.
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Proof. We will jsut prove (3.1) and (3.2) (since the statements (3.3) and (3.4) can be proven in very similar
ways.)

Proof of (3.1). Let us first consider the case where v; € ker((A;I — A)¥%) for some i = 1,...,¢. Recall
that A = L + N where L is diagonalizable, N = 0 and LN = N L. Moreover, we showed that Lv; = A\;v;.
Hence, for some C' > 0, we have

eatHeAt’UiH — 6ozt”eLteNtvi” _ eatHeAiteNt,UiH — €(a+Re()\i))t||6Nt’U¢|| < Ce(aJrRe()\i))t(l it +tn71) 0.

Since any zg € ker(p_(A)) can be written as a sum of such v;’s, the desired estimate for e!||eAz|| follows
from the above discussion and the triangle inequality.

Proof of (3.2), Step 1: A reduction. We claim that to estimate ||e??z¢|| for 2o € ker(py (A)), it
suffices to consider the case where xg € ker((A\;I — A)¥i) \ {0} for some i = £+ 1,...,m. To see this, first
notice that if o € ker(py (A)), then by Proposition 2.2 eA*zy € ker(p, (A)) for all ¢ > 0. Moreover, we can
define a norm (Exercise: Check that it is a norm) || - ||« on ker(p4(A)) by

m
lolle = > il

=41
where
V=0pp1+ U, v € ker((AI — A)Y).

Since ker(p4(A)) is finite dimensional, |- ||.. must be equivalent to || - || on ker(p4 (A4)), i.e., there exists C' > 0
such that for every v € Py,

C vl < folls < Cllo]l.
Now suppose we can show that e~*|le/tv;|| — co whenever v; € ker((\;I — A)¥¢)\ {0} for some i = 1,...,k.
Given zg € ker(p+(A4))\{0}, o = ver1+- - +vm, v; € ker((AI —A)¥%). At least one of these v;’s is nonzero.
Hence,

e eMaol| > C e eMaoll« > O sup e ey — oo.
i

Proof of (3.2), Step 2. Now let o € ker((A;I — A)¥)\ {0} for some i =¢+1,...,m. We have

LteNt UOH — eRe()\i)tHeNtuOH. (35)

le*zoll = [le* e ugll = [le* ™

We claim that |leNtugl| is bounded below for large t. To see this, note that since N™ = 0, eVt = Z?;OI Hﬁﬂ

Hence, there exists a largest ig > 0 such that Nz, #£ 0. Moreover, since all the other non-zero terms have
LONT 1ol| =: v > 0. Hence, by (3.5), we have that

ig!

smaller powers of ¢, for ¢ sufficiently large, |lezo|| > 1|
if xg € ker((A\I — A)¥)\ {0} for some i =¢+1,...,m,

e—atlleAt —at+Re(X\;)t —at+Re(\;)t

xoll =€ eNtao| > ve — 0.

Together with part 1, this concludes the proof. O

Remark 3.4. ker(p—) is called the stable subspace (or stable manifold, or incoming manifold) and ker(p,) is
called the unstable subspace (or unstable manifold, or outgoing manifold).

Remark 3.5. As long as ker(p;) # {0}, 0 is an unstable equilibrium. Moreover, for zy = x4 + z_ with
74 € ker(py), |leMao|| — oo as long as x4 # 0. In particular, there exists an open and dense set U € C"
such that zg € U implies |etzq|| — oo.

Remark 3.6. The discussion above assumes that A is a complex matrix. In the case where A is real, in fact
one can also decompose
R"™ = kergn (p(A)) & kergn (p_(4)), (3.6)
where kergn (p+(A)) = ker(p_(A4)) NR™.
To see this, let us note if A is an (n x n) real matrix and A\; € C \ R is an eigenvalue, then its complex
conjugate \; is also an eigenvalue. (This is because if Av = Av; for v € C™\ {0}, then Av; = Ag;.) Therefore
p+(A) and p_(A) are real polynomials.

As a consequence of p; () being real, we know that if w € ker(p4(A)) implies @ € ker(p;(A4)). Similarly
for ker(p_(A)).
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Now for any v € C", we decompose v = P,v + P_v and v = P;0 + P_v where Py is the projection
to ker(p+(A)). By the above discussion, we know also that o = Pyv + P_v and Pyv € ker(py(A)). By
uniqueness of the decomposition, we have

Piv= Py (3.7)
for every v € C™.
By (3.7), it follows that if v = @ (i.e. if v is real), then Pyv = Pyv (i.e. Pyv is real). This then implies
(3.6).

The above discussion does not cover the case where at least one eigenvalue lies on the imaginary axis.
That case is in general more complicated and will be considered in the homework. In the following two
examples, we will see that even if 0 is the only eigenvalue, there can be rather different long time behavior.
In particular, in Example 3.7, 0 is a stable equilibrium while in Exapmle 3.8, 0 is not a stable equilibrium.

Example 3.7. Let A be the (2 x 2) zero matrix. In this case, any solution to a’(t) = Az(t) = 0 is constant
in time. In particular, it neither grows nor decays as t — oc.

Example 3.8. In the second example, consider
0 1
A= [ 0! ] .
The eigenvalues are also 0 as in the previous example. Nevertheless,
O I RO R GO SR
0 1 (z0)2 (z0)2

Hence, the solution grows as t — oo if (x¢)2 # 0.

Finally, let us note that in both Proposition 3.1 and Example 3.7, 0 is a stable equilibrium, but they
have somewhat different long time behavior in that z(¢) — 0 in Proposition 3.1 but z(¢) - 0 in general in
Example 3.7. It is therefore useful to make the following definition:

Definition 3.9 (Asymptotic stability). We say that an equilibrium solution Z, is asymptotically stable if
both of the following hold:

e T is stable, and
e there exists r > 0 such that for any data xg € B(Z,r), the corresponding solution x(t) satisfies

|(t) — z[| =0
as t — oo.

Remark 3.10. Let us note that the assumption that Z is stable is necessary. (Exercise: Why?)



