Math 63CM Homework 6 Solutions

February 20, 2020

PROBLEM 1

Before we begin, we first observe that A has characteristic polynomial p,(1) = A2—2a+a?—b? = (A—a—b)(A—a+b).
In particular, the eigenvalues of A are given by a + b and a — b, respectively.

In general, we note that a real symmetric matrix A has O as a stable equilibrium if and only if its eigenvalues are
both non-positive. To see this, suppose the eigenvalues are both non-positive, and consider any ¢ > 0. Let v;, v, be the

corresponding eigenvectors to eigenvalues A, A,, respectively. If x = ¢;v; + cyV,, then
llexl|? = fey e + |cp|?e™ 2. 0.1

Since A;,A, > 0, the RHS is bounded above by |c;|? + |c,|> = ||x||?. In particular, for any x with ||x|| < &, we know
lle4x|| < € for all t.

On the other hand, suppose that A; > 0, and consider any £ > 0. For any 6 > 0, assuming v; has unit norm, consider
the initial condition x(0) = &v;. Then we have

lex(0)|I> = 5%y, | (0.2
= §%e2h, (0.3)

tAq

For any 6 > 0 fixed, we pick t sufficiently large os that 6e'*t > 2¢. This shows that 0 is not a stable equilibrium if A; > 0

or A, > 0 upon running the same argument in the latter case.
We further claim that O is an asymptotically stable equilibrium if and only if A;,A, < 0. To this end, assume the

conditions hold. We know from before that O is a stable equilibrium. Moreover, for any x(0) = ¢;v; + ¢,v, we have
le“x(O)II* = ley P M [[vilI* + lep[e® ™ v 1. 0.4)

Since A,, A, < 0, the RHS vanishes as t — oo.

Now suppose that A; > 0. First, we know A; = 0 necessarily because otherwise 0 would not be a stable equilibrium.
Then, we know ey, = v, for all t. In particular, since v; # 0, e"*v; does not vanish as t — co.
(i). Note that 0 is a stable equilibrium if and only if a — b < 0 and a + b < 0. This implies that a < b and a < —b.

(ii). Note that 0 is an asymptotically stable equilibrium if and only if a—b <0 and a+ b < 0, so that a < b and a < —b.

(iii). Note that 0 is an unstable equilibrium if and only if either a—b > 0 or a+ b > 0 (at least one of these needs to hold;

in particular, both of these can hold as well). In particular, we have a > b and a > —b.

PROBLEM 2

Let vy, vy, Vs, v4 denote a basis of unit norm eigenvectors with eigenvalues i,—i,—1 + i, and —1 — i, respectively.

(i). Consider the solution to x’(t) = Ax(t) with x(0) = v;. Then we know x(t) = e*4v; = e’v,. This is periodic because

e't is periodic of period 27.



(ii). Consider the solution to x’(t) = Ax(t) with x(0) = v;. Then we know x(t) = e*v; = e **ity,. Taking norms, we

have
llx(Oll = lle™ sl (0.5)
= |e”|lvs]| (0.6)
=ef, 0.7)

which clearly vanishes as t — 0.

(iii). Consider the subset of vectors U = {v = ¢;V; 4 cyV5 + C3V5 +c4v4 & ¢; # 0} C C*. First, for any x(0) € U, we observe

4
_ oA _ A
x(t) = e“x(0) = chet ;. (0.8)
=1
We claim that this is not periodic. In particular, from part (ii), we know cje“lf v; = 0 as t — oo for j = 3,4. However, if

NLA
je

Taking N — 00, we have ¢; = 0, which contradicts the definition of U.

j:cj,

it were periodic of period L, then for any N > 0, we would have ¢ since vy, vy, V3, v, are linearly independent.
Further, we claim that x(t) does not vanish as t — co. To see this, we first note that it suffices to show c;et*1v; +c,et*2v,
does not vanish. However, this sum is periodic and, by linear independence, does not vanish for any t, which proves the
claim.
It remains to show that U is open and dense in C*. To see that it is open, we note that U is the union of the kernels
of the projection maps II; : C* - C given by IT;(cqvq +cavy +c3v3 +c4vy) = ¢ for j =1,2,3,4. These projection maps are

continuous, and thus their kernels are closed. In particular, UC is closed, so U is open.

To show denseness of U € C*, consider any v € C*. For any & > 0, we choose c; for j =1,2,3,4 such that |c; —c]fl < 1%
and c; # 0; this is done via density of R \ {0} € R. Then we have
4 4
V—Zc;vj < Z|cj—c;. (0.9)
j=1 j=1
€
< —. 0.10
25 ( )
This shows denseness.
PROBLEM 3
(i). Differentiating and using the ODE for y,(t), we see
Ej(6) = 2y1(0)y1(0) + 207y (6)yy (1) (0.11)
= 2y1(0)y;(t) = 2y1(6)y;(t) (0.12)
= 0. (0.13)
The same calculation shows E;(t) = 0.
(ii). For any 0, ¢, define 6 = 0 +27n and $ = ¢ + 27k for arbitrary integers k, n. It suffices to show that
min |6'—¢'| = min _[8'—¢’|. (0.14)
9/~9’¢,/~¢, | ¢ | §’~§,$l~$ ¢

Indeed, this is true, because the sets {0/, ¢’ : 6’ ~0,¢’ ~ ¢} and {6',¢": 6’ ~0,¢p’ ~ ¢} are equal. To see this, we may

define a map from the former to the latter by (6’, ¢’) — (0’ +2nn, ¢’ + 21k). This is well-defined and clearly a bijection.
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(iii). Differentiating, we have

/

—0sin6; = 2. (0.15)
E;
In particular, we see 6 = —E;:;/] 7 = —Ey—;/,, w; = w;. In particular, we know 6;(t + T) = 6;(t) + w;t. This shows that
2 2
yi(t+—n) = Eicosei(t+—n) (0.16)
w; w;
2
= E;cos(6;(t) —w;—) 0.17)
w;
= E;cos6;(t) (0.18)
= yi(t), (0.19)

which proves the periodicity of y;. To show the periodicity of y!, we see

yl.'(t+2—n) = E(t)sin@i(t+2—n) (0.20)
w; w;

= E;sin(6,(t)— %M) (0.21)

= E;sin6;(t) l (0.22)

= y/(t). (0.23)

However, the vector (yy,¥;,Y2,Y,) is not periodic. If it were, then its period would have to be an integer multiple of
i—f given the period of the first two components, and also an integer multiple of i—’; given the period of the last two
components. In particular, for some integer n we would have i—’f = ni—i, which implies w, w;l is rational; this contradicts
our assumption.

(iii). Let us assume first that for some integer m, we have d (0, Z’IL;“) <6.ForT = 22—;", we then note
2
dO,(e+1),0,(0) = o -T2 o) 0.24)
Wy
< 6. (0.25)

Indeed, we computed 0, (t + T) — 6;(t) explicitly in the previous part. On the other hand, we have

d(6,(c +T), 6,(0)) = d(—zfo"’z,o) 0.26)
2

= d(2nmm,0) 0.27)

= 0. (0.28)

. . o . . 2
It now remains to show that there exists the desired integer m. To this end, we consider the sequence {[%:‘”]};":1,

2
is irrational, this sequence contains infinitely many distinct points (if not, then we have two of them equaling each other,

where [2“%:’1] denotes the representative of the equivalence class of 2“%;” that is contained in [0, 27). Because w;w

which would show w; w;l is rational).
Now, consider a decomposition of [0, 27) into finitely many disjoint, adjacent boxes of size %6 . By the pigeonhole

principle, there exists one of these boxes that contains two points in the aforementioned sequence. In particular, for some

pair of distinct indices m, n, we have [ZT—:‘”] = [27%”1]. However, this implies that
2m 27n 2n(m—n
d( mwl,_wl) — d(O,(—)wl) (0.29)
Wy Wy Wy
1
< 38. (0.30)

Thus, the desired integer is m —n.



(iv). For any € > 0, there exists 6 such that for any x with d(x,0) < &, we have the following for all 6:

€
|cos(8 + x)—cos(8)| + [sin(6 + x)—sin(8)] < . (0.31)
1004/ max(E;, E,)
This is the uniform continuity of cosine and sine, which can be seen from their continuity and periodicity.
Choose T from the previous part for this & > 0. Then we have, for all ¢,
it +T) =y, ()] = VE;|cos(6;(t + T)) — cos(6;(1))| (0.32)
€
< VE (0.33)
100/ max(E;, E,)
£ (0.34)
100° '

The same argument but with the sine representation shows that |y!(t + T) — y/(t)| < 155 for all t as well. In particular,

this shows that (y;, y{, ¥, y,) is almost periodic.

PROBLEM 4

Let {vi,...,v,} denote a Jordan canonical form basis, so that if S is the matrix whose j-th column is vj, we have

A= SAS™! where A is in Jordan canonical form.

. . tA . _ n . .
Suppose w is a vector so that limsup,_,, |[e“w|| < oo, and write w = 21':1 c;v;. We want to show that if v; is a

generalized eigenvector with eigenvalue A having positive real part, or if v; is a generalized eigenvector with imaginary

; is nonzero for the sake of

contradiction and let the corresponding eigenvalue be denoted by A and the index denoted by j,. Next, for the block in A

eigenvalue A that is not an eigenvector, then ¢; = 0. To this end, suppose that one of these ¢

containing the index (jy, j,), let j; denote the row/column index of the top left entry in that block. If e4w = 23;1 c;(t)v),
we then have

¢ (t) = cjle“1 + cjl+1e“1t +...+ cjl+Nedl%. (0.35)
The assumption is that the RHS is a nonzero function of t. In particular, we see that c; (t) grows at least polynomially in
t, since A has positive real part with a specific growth rate of ce“% for some M and some nonzero constant c.

Among all the c;(t), consider those indices j for which c;(t) has the largest growth rate, i.e. for sufficiently large ¢,
|c;(t)] = Clc;(¢t)| for some constant C and all indices i; call the set of these indices Jy,,,. In particular, by the above, we
know [c;(t)| ~ efRem% for some positive M; here, ~ denotes two constants which bound each other from above and
below up to some constants. Thus, we know

Re() tM
tRe /
EYi Z Cvi

J € max

lwl]| ~ e , (0.36)

where cJ’. are nonzero constants. However, the t-dependent factor on the RHS diverges as t — 00 since either Re(1) > 0 or
Re(A) = 0 and M > 0, which implies that the summation inside the norm on the RHS must vanish, which cannot happen

because the v; are a basis. This shows that

k ¢
W = {w: lim sup |lew|| < oo} C @Vme @ ker(A; —A). 0.37)
t—o0 i=1

i=k+1
To show the other containment, we first observe that the LHS is a subspace by the triangle inequality and straightforward
calculations. Thus, it suffices to show that V) C W for each i =1,...,k and that ker(A; —A) C W foralli =k +1,...,L.
For the first containment, given v € VA fori =1,...,k, we first decompose A = L + N, where L is diagonalizable
and acts by multiplication by A; on V) and N is nilpotent. In particular, eV v is a vector whose entries are bounded by
polynomials in t, since e’V contains only finitely many powers of tN in its power series expansion. Thus, we know

ety = etleNy (0.38)

— etretNy, (0.39)
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Because Re(1) < 0, we know that the entries of the vector on the RHS are bounded above by p(t)e*® — 0 as t — oo,
where p(t) is some polynomial. This shows that v € W.
We now consider an eigenvector v of A with eigenvalue A = io for some o € R. In this case, we have ey = e/t%v,

which satisfies ||e“v|| = [e!*“|||v|| = ||v||, so that v € W as well in this case.

PROBLEM 5

We first show that S exists. To this end, we first write the Jordan canonical form A= QAQ™!, and obtain

(1), = >0 [T [e ] (@), Qupethay)- (0.40)

k,t,r,p,q

. . k . . . .
Recall that the entries in e*” are of the form %e” for some non-negative integer k and eigenvalue A. By assumption, for

—tE

some E we know |et*| < e™F for all A and t. In particular, the entries in e'* are bounded above by P(t)e™*f for some

polynomial P(t). Thus, we deduce that the sum on the RHS above is bounded above by Q(t)e ‘£ for another polynomial
Q(t). This has a convergent integral on [0, 00), which proves that the limit S exists.
A]T otA

We now show that S is positive-definite. To this end, because [e is symmetric for all t, we first note that S is

symmetric. Now consider any nonzero vector v, and

vIsy = VTJ [e]Te dtv (0.41)
0
= f vI[e] ety dt (0.42)
0
= f llev]|” de. (0.43)
0

The integrand is non-negative and continuous. In particular, to show that this integral is positive, it suffices to find
t € [0, 00) such that the integrand is strictly positive. For t = 0, the integrand becomes ||v||? > 0, which completes the
proof of positive-definiteness.

We finally show the desired identity. To this end, we observe e’ =[e"4]”, and then we compute

oo
vIATSY = vTATJ [eA]Te dtv (0.44)
0
oo
= va AT[e"" Jet dtv (0.45)
0
“d
= va a[etAT]etA dtv (0.46)
0
« d
=T (—I—f etA’ aem dt)v (0.47)
0
oo
= —|v||® - VTf e et dtAy (0.48)
0
= —|v|I*> — vTsAv (0.49)
= —|v|> — vTsTAv (0.50)
= —||lv|? — vTATSv. (0.51)

Thus, we have vIATSv = —%||v||2, which is the desired claim.
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