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PROBLEM 1

(i). First, for x = 0 the desired inequality is obvious.
For x # 0, we claim it suffices to show the inequality for x € R" with ||x|| = 1. To this end, for any x # 0, define

z = ||x|| 7' x. Because A is linear, we have
lllTHAx]l = llAzll < llAlloplizll = [|Allop, (0.1)

assuming the claim is true for z since ||z|| = 1. Multiplying by ||x|| proves the validity of the reduction.
Now consider x € R" with ||x|| = 1. By definition, we have
IAx|l < sup  [|Az]] = [|Allop, (0.2)
z€R:||z||=1

which is what we want given ||x|| = 1.

(ii). Consider first B =0 as a matrix. Then [|AB||,, = 0 since AB = 0 as a matrix, and the desired inequality is immediate.
For B # 0, we compute
lABll,, =  sup [|ABz]. (0.3)
zeR:||z||=1

Suppose z € R" such that Bz = 0. Then the quantity within the supremum is equal to 0. Thus, by part (i),

lAB|lo, = sup |ABz|| (0.4
z€R":||z||=1,Bz#0
|ABz
- 1Bz ] e 0.5)
zern:|zil,Bz0 ||BZ|
Bz
< sup [|A Il [1Bllop (0.6)
zern:z),Bz0 1Bl
< |AlloplIBllop- (0.7)

1
(iii). Givenanyz = | ze; with [|lz]| = (3, |z[*)* = 1, we have

2\ 2
laz| Z(Zaijzj) (0.8)

i=1 \_j=1

(Z Iaijlz) , (0.10)

i,j=1

N

where the second line follows from Cauchy-Schwarz. Because this is uniform over z € R" with ||z|| = 1, we deduce the
desired bound.



This inequality is not true in general. For example, if A = Id, so that a;; = §;;, then [|A||,, = 1, and the other quantity
isequal to /n>1if n> 1. If n =1, then it’s true, however.

(iv). Given any j, we first note that

[Ae;]; = a (0.11)

ij

We then have

(Z |aij|2) = lAe]| 0.12)

i=1
< |Allop (0.13)

by part (i), since |le;|| = 1.

PROBLEM 2

We claim that we may assume || - ||, is the Euclidean norm. Indeed, if the claim were true for the Euclidean norm and

any other norm || - ||;, then for any two norms || - ||, - ||5, we have
C1C1||X||3 < allxlly < lIxll; < cllxlly < Czc;”X”a’ (0.14)

and also c;||x||5 < [Ix]l; < c|lx|l3 by the same argument.

For x = 0, the claim is certainly true. Moreover, we claim that it suffices to find constants c;, ¢, such that the desired
inequality is true for all x with ||x||, = 1. Indeed, this reduction proceeds as Problem 1 part (i).

Thus, we are left with finding constants ¢;,c, > 0 such that ¢; < ||x||; < ¢, for all x with ||x]l, = 1. To this end, we
first note {x : ||x||, = 1} is a compact subset of R". Thus, it suffices to show that x — ||x||; is continuous with respect to
the Euclidean metric on R", since continuous functions attain their minimum and maximum, and neither the minimum or
maximum can be 0 or infinite if ||x||, = 1.

To show the continuity, consider any € > 0. For any x = Zle x;e; and y = Zle yie;, by the triangle inequality we

have
xlly =1yl < llx—ylly (0.15)
n
= D00 —ye: (0.16)
i=1 1
n
< lei_yi“'ei”l (0.17)
i=1
n
< llx=ylla Y lleglls- (0.18)
i=1

The summation is a constant depending only on n and the norm ||-||;. Thus, if ||x—y||; < 5 we deduce ||[x—y||; < ¢;

—_ &
iy lleilly?

this shows continuity, so we’re done.

PROBLEM 3

(0 1) (0 0)
A= , B = . (0.19)
00 1 0

(). We let



01
We note that A+ B = (1 0), and that

0
' k odd
0 1 1 O
— 0.20
1 o 5 , (0.20)
k even.
01

Moreover, we know A* = 0 for all k > 1, and BX = 0 for all k > 1. In particular, we compute

et ((1) 1) (0.21)
oF = G (1’) 0.22)

efed = (1 1) (1 0) (0.23)
0 1/\1 1
(%! (0.24)
S\ 1) ’

oo 1 o0 1
AHB (Zk—O(Z_k)I 0 ) + ( 0 Zico (2’<+1>!), (0.25)

(%) 1 o) 1
0 Zk:o @kn Zk:o @k+1)! 0

so that

Meanwhile,

2 1
which is certainly not equal to (1 1), since the diagonal entries are actually equal, for example.

1
(ii). The characteristic polynomial of (O 0) is equal to p(A) = A2. Thus, for it to be diagonalizable, it must have two

linearly independent vectors in the kernel. However, a vector is in the kernel if and only if y = O as seen by matrix
multiplication. Thus, the kernel is given by the span of the first standard basis vector e;, which shows the kernel is

one-dimensional and thus the matrix is not diagonalizable.

PROBLEM 4

(i). We compute

i=1 j=1

= > cyd; (0.27)
i,j=1
j=1i=1

= Tr(DC). (0.29)



(ii). By part (i), letting C = SAand D = S™!, we know

Tr(B) = Tr(SAS™) (0.30)
= Tr(S"1SA) (0.31)
= Tr(A). (0.32)

(iii). Let A= SDS™!, where D is an upper triangular matrix whose diagonal entries are the eigenvalues of A. Then part

(ii) gives
Tr(A) = Tr(D) = Y. A.. (0.33)
i=1

n

(iv). Suppose A is an upper triangular matrix. Then ™ =TT’

., €%. Moreover, for any k > 0, we know A is an upper

triangular matrix whose diagonal entries are ag‘i, respectively. Thus, e” is also upper triangular has diagonal entries e%:,
respectively just by definition of e* and adding the resulting matrices and using the Taylor series for e*. In particular, det e
is the product of the diagonal entries of e, which is H?:l e%i. This completes the proof for A an upper triangular matrix.

In general, let A= SBS™! where B is upper triangular. Then

A = oSBS (0.34)
oo
SBSTh)k
=> % (0.35)
k=0 :
— 1
= ZSBks—lE (0.36)
k=0 :
=5> =57 (0.37)
k=0 "
= Sefs. (0.38)
Thus we know, given the upper triangular case,
dete? = det(SeBs™) (0.39)
= dete® (0.40)

= ﬁeb“. (0.41)
i=1

On the other hand, we know Tr(A) = Tr(B) by part (i), so that e™® = e™®) = ["_ ebi as in the upper triangular case.
This completes the proof.

PROBLEM 4

2 1
LetA= (4 1). The solution is given by

x(t) = ex(0) + etAf e A (505) ds. (0.42)
0

Thus, we must compute e~ for all s. To this end, we diagonalize A:

o The characteristic polynomial of A is p(1) = (A —3)(A + 2), so the eigenvalues of A are 3 and —2.
1 1
e An eigenvector for A =3 is (1) An eigenvector for A = —2 is ( 4).

4



Thus, we have

A= Q(B 0 )Q‘l, (0.43)
0 -2

1 1
where Q = (1 4). In particular, we know, for all ¢,

This implies that e** has eigenvalue et

3t
et = Q(e E)Zt)Q_l. (0.44)
e

1 1
with eigenvector (1), and eigenvalue e %' with eigenvector ( 4).

To evaluate the integral, we first observe the projection

Thus, we know

t
etAf e—sA (
0

On the other hand, we have

Thus, our final answer is

Suppose that A is upper triangular.

0

t
0
ds = f elt=)A ds (0.46)
5s 0 Ss

(&)=~

t 1 t 1
_ e3(t=)g (s - —_ e 2(t=s) ds - 0.47)
0 1 0 —4
3_3r—1 (1 “2t4ot—1 [ 1
_ & —3t—-1 _ g +ar—1 . (0.48)
9 1 4 —4

e = G _14) (e;t ei[) @ _%%) (0.49)
(& )6
-l ) o5

éee;:g%ee_;jf)x(o) 2o G) -t (_14)_ 0.52)

PROBLEM 5

Then tA is upper triangular, so the eigenvalues of tA are the diagonal entries of

tA. However, as in Problem 4 above, we know the e is upper triangular with diagonal entries e'% if a1, ..., a,, are the

diagonal entries of A. However, this implies e‘®: are the eigenvalues of e, which completes the proof.

In general, as in Problem 4 above, we can write A= SBS™! where B is upper triangular, and the eigenvalues of B are

exactly the eigenvalues of A. Similarly, we know e = Set®S™! which means the eigenvalues of e are the eigenvalues of

e'8. But now we just apply the case of upper triangular matrices.

5



PROBLEM 6

Given such an A, we write A = D + N, where D is diagonalizable and N is nilpotent, and D, N commute. Moreovet,
we know that on each generalized eigenspace V¥ of A, both matrices D and N map VI to iself; the matrix D acts by
multiplication by A, and N is nilpotent as a map on V. Let L > 0 be such that N* = 0 for all generalized eigenspaces
v,

For any k > 0, we have

A = (D+N) (0.53)

kL rk
_ Z(E)pk—w. (0.54)

Indeed, this follows because D, N commute. For k > L, we have
L—1

Ak = Z(:)NZDH. (0.55)

(=0
Note that ||N||,, < 00. To show that Ak — 0, this is equivalent to showing A*v — 0 for all v € R". Moreover, it suffices to
take v to be a vector in any generalized eigenspace V) of A, since R" is a direct sum of these generalized eigenspaces.
If ve VA, we know Dv = Av. Thus, we know

=~

—

vl < 30 () Jweptp 0.56)
o1

< (4 i ioe 0.57)
o

SN 3 LN 0.58)

~
o

Note (’Z) <kl forall¢=0,...,L—1 and all k sufficiently large. Thus, we have
-1

k _ _
() INISIAF Il < LRI Ao, 0.59)
(=0

Because |A| < 1 by assumption, we know the last quantity vanishes as k — oo, which completes the proof. Note that this
also shows ||D||,, < 1 by the way.

PROBLEM 7
(i). We directly compute
V-F(x,y) = 9,F(x,y)+9,F,(x,y) (0.60)
= 3:9,Y(x,y)—= 0,0 (x,y) (0.61)
=0 (0.62)

since 1) is smooth so its mixed partials agree.

(ii). It suffices to show that %w(X (t),Y(t)) =0 for all t > 0. To this end, we compute using the definition of F;, F, and
the ODEs for X(t), Y (t):

%w(X(t),Y(t)) = (X (), Y()X'(t) + 9,9(X(t),Y())Y'(t) (0.63)
= Sp(X (), Y()F1(X(2), Y (t)) + 3,9 (X(t),Y(t))F,(X(t),Y(¢)) (0.64)
= 0, Y(X(£), Y(£))o, (X (t),Y(£)) — 3, (X(¢), Y ()3, p(X(¢),Y(t)) (0.65)

= 0. (0.66)



which completes the proof.

(iii). This is the same calculation as part (ii), except we differentiate %H X(t),Y(t)).
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