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PROBLEM 1

(i). Consider the function y(t) = y,e®‘. Both the initial condition and ODE are readily checked.

(ii). Suppose y;(t), y,(t) are both solutions to the ODE y’(t) = a(t)y(t) with the same initial condition y(0) = y,. We
claim the set {t : y;(t) = y,(t)} is the entire real line. To this end, because it is nonempty, it suffices to show that it is
both closed and open.

e To show the closed property, observe y; (t), y,(t) are both continuous. Now suppose we have any sequence {t;};2,
with a limit t, such that y,(t;) = y,(t;) for all k. By taking limits and using continuity, we see y;(too) = ¥2(too)s
proving closedness.

o To show the open property, suppose y;(t) = y,(t); it suffices to find an open neighborhood around t for which
¥1 = Y, on the open neighborhood. But y;, y, satisfy the same ODE everywhere with the same value at t, so local
uniqueness provides us that y, = y, on some open neighborhood of this "new initial condition" ¢, which proves
the openness.

We now show that if y, > 0, then y(t) > 0 for all t € R; the argument applies equally as well upon flipping signs to the
problem of showing y(t) < 0 for all t € R if y, <O.

Suppose that y(T) < 0 for some T € R. Because y(t) is continuous, for some t, between 0 and T we know y(t,) = 0;
this is consequence of the intermediate value theorem. Thus, y is a solution to y'(t) = a(t)y(t) with y(t,) = 0. But the
zero function z = 0 is also a solution to this ODE, which by the first half of this part implies that y(t) = z(t) = 0 for all
t € R. This contradicts y(0) = y, > 0, so we deduce y(t) > 0 necessarily for all t € R.

As for why a solution exists, you can appeal to part (iii) and find the explicit solution. However, you can also do the
following.

The function F(t,x(t)) = a(t)x(t) is continuous in time and globally Lipschitz in the second variable. In particular, it
is uniformly Lipschitz for all t € [—K,K] for any K € R.

For any K > 0, we define the function

F(t,x) [t|] <K
Fp(t,x) = {F(K,x) t>K (0.1)

F(—K,x) t<
Thus, Fy(t,x) is globally Lipschitz, and thus the equation y;(t) = Fi(t, yx(t)) with initial condition yx(0) = y, has a
unique global solution. However, we know for |t| < K, that y,(t) solves the ODE z’(t) = a(t)z(t). In particular, we have
e A family of functions {yy(t)}z2, such that y,(t) solves the equation y; (t) = Fx(t, yx(t)) with the K-independent

initial condition yx (0) = y,. Moreover, we know y, (t) = a(t)y,(t) for [t| <K.

e From the above bullet point, we know that for any K < L, that y,(t) and y; (t) solve the same ODE with the same

initial condition on [—K,K]. Thus, by the uniqueness proof (which applies to intervals as well as R), we know
yi(t) =y (t) for all [t| < K.



e Thus, we know that limg_,., Y (t) exists for all ¢, and that the limiting function y.,(t) = limg_,.o yx(t) is
continuously differentiable, since it coincides with continuously differentiable functions (the limit as K — oo
is constant for every t eventually). Moreover, this limit is uniform on compact sets, since for any compact interval
[—K,K], we know that y.(t) =y, (t) forall L > K and all t € [—K,K].

e Because the limit is uniform on compact sets, we know a(s)yg(s) — a(s)yoo(s) uniformly on compact sets, so
given the equation

t

yr(t) = yo + J a(s)yx(s) ds, (0.2)

0
we may take limits as K — 00 to obtain

t

Yoolt) = yo + J a(s)yoo(s) ds. (0.3)

0
But this implies that y.,(t) solves the ODE z’(t) = a(t)z(t) for all t € R with the initial condition z(0) = y,, so

we have a global solution.

Roughly speaking, the point is that the factor a(t) does not depend on the solution y(t), the other factor of F(t, x) in the
equation depends on the solution in a globally Lipschitz fashion.

(iii). Suppose y(0) = y, > 0, so by part (ii) we know y(t) > O for all t € R. Defining z(t) = log y(t), by the chain rule
we see z'(t) = % and z(0) = log y,. Using the ODE for y(t), we deduce z’(t) = a(t). Integrating, we see

T T

a(t)dt = logy, + f a(t) dt. (0.4)
0

z(T) = z(0) + J

0
Exponentiating and recalling the definition of z(T), we see

T
y(T) = yoepr a(t) dt}, (0.5)
0

which can be readily verified as the solution to the ODE with the appropriate initial condition. This argument works for
Yo < 0 upon setting z(t) = log[—y(t)], which is well-defined by part (ii) as well, and we would get the same answer.

PROBLEM 2

@.

e For uy =0, we have T,, T_ = oo because we have the solution u(t) =0 for all t € R.
u,
Tougt®

— We now record the candidate extremal times. In this case, if uy > 0, then T_ = o0 and T, = % Ifuy <0,

e For u, # 0, we have the solution u(t) =

then T_ = \u_lol and T, = o0.
It remains to show that these candidate times are the actual values of T, we are looking for. We consider v, > 0,
since the argument for 1, < 0 is the same.

Suppose for the sake of contradiction that T, > uio, so we have a solution ¢ (t) on [—oo, uio +¢] for some £ > 0
sufficiently small; namely, ¢(t) is continuous on this interval, and thus uniformly bounded in any sufficiently
small compact neighborhood of % However, we know |u(t)] — oo as t — % from the left, so the arrive at a
contradiction we need only show that ¢(t) = u(t) for all t < %

We know ¢(0) = u(0) = u, from assumption; define S, as, roughly speaking, the maximal positive time less
than ulo so that ¢ (t) = u(t):

S, = sup{t €0, ul) u(t)=¢(0)}. (0.6)
0

It remains to show S, = % To this end, suppose not. Because S, < uio, and because both u(t) and ¢(t) are

continuous, by definition of S, we can find a sequence {t;};°, such that t;, — S, from the left as k — o0,
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and u(t,) = ¢(ty), finally allowing us to deduce u(S.) = ¢(S.) by continuity. However, because u, ¢ solve
the same ODE on any sufficiently small neighborhood of S, by local uniqueness, since the function f(x) = x?
is locally Lipschitz, we know that there exists a small neighborhood of S, so that u(t) = ¢(t) for all t in that
neighborhood. But this includes values of t > S_, which contradicts the definition of S if S| < ul—o Thus, S, = u—lo,

which completes the proof.

From the above, we deduce T,,T_ = oo if and only if uy = 0.

(ii). Define F(x) = 1+ x2 and the initial condition u, = 0. If u(t) solves the equation u’(t) = F(u(t)) with the initial
condition u(0) = 0, consider the function z(t) = arctanu(t). Then, we see

u'(t)

Z'(t) =

and the initial condition z(0) = arctanu(0) = arctan(0) = O tells us z(t) = t.

We claim that T, < 7. Because u(t) is continuous with the initial condition u(0) = 0, we know u(t) = tan(t), where

here the tangent function is the piece of the periodic graph that has u(0) = 0. However, we know u(t) —» co ast — &

from the left, which shows that 7 is the terminal time to the right of 0. To show this is indeed the terminal time, we may
use the argument from part (i).
Showing that T_ < 7 follows from the same argument.

PROBLEM 3
(i). By explicit computation, namely the chain rule, we see
u'(t) = i sm(2t) 2cos(2t) = v(t) (0.8)
V() = i2 cos(2t) = —4sin(2t) = —4u(t). (0.9)
We also have u(0) = sin(0) = 0, and v(0) = 2cos(0) =2

(ii). Let us compute the Picard iterates. We first claim that

1)f 22€+1 t2[+1

_ ( _ (1)222Et22
u(t) = Z TE TS () = zZ Gor (0.10)

where the empty sum denotes a value of 0. To this end, we proceed inductively. For k = 0, this is clear by assumption.

Moreover, we now compute

u(t) = f vo(s) ds (0.11)
Ot
= f 2ds (0.12)
0
= 2t, 0.13)
and
t
vy(t) = 2—4f u;(s) ds 0.149)
0
= 2—4f 2s ds (0.15)
0

= 9—a, (0.16)
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which both agree with the asserted claim. Suppose now the claim holds for k € Z.,. We now compute

t
w1 (t) = f vi(s) ds (0.17)
0
_ ( 1)@22[ 20
= L 22 o (0.18)
k
1)[22Z+1J‘ o
>,
k
1)@22Z+1t25+1
= . 0.20
ZOI (2+1)! ( )
Similarly, we compute
t
Vig1 = 2—4J uy(s) ds (0.21)
0
t k=1
(_1)[22€+152€+1
= 2— _— 22
4L; Qv & (0.22)
k=1 . S\to2041 [t
- 2—4Z%J s2+1 ds (0.23)
_ ( 1){22Z+1t2€+2
= 92— 42 TR (0.24)
-1 l+122(l—1)+1tZZ
- 2_42( ) ol (0.25)
_ ( 1)£+122€+1t25
= Z o (0.26)
k ¢ 1\Eo20+1 .20
- Z(l)# 0.27)

420!

both of which agree with the claim.
We now claim that for |t| < & with £ > 0 sufficiently small, we have u;(t) — sin(2t) and v;(t) — 2cos(2t) as k — oco.
To this end, observe that
0 (_1)£222+1 20+1

sin(2t)—w(t) = » ————— (0.28)
k ; (2¢+1)!

Taking the absolute value, applying the triangle inequality gives us
oo
Isin(26) —w ()] < Y, 22412, (0.29)

Assuming |t| < € for € < %, say, then the RHS is the tail of a geometric series. Thus, we may compute it exactly as

lsin(2¢) — u(¢)] < Z[ze]ﬂ’“ (0.30)
=k
= 2¢ > [4¢?] (0.31)
=k
21k
= 2¢ 1I:LE;4]€2 (0.32)

which clearly vanishes as k — oo if £ < %



PROBLEM 5

(i). Define z(t) = x,(t) —x;(t), and let T = sup{t € [0, 00) : inf,[o,12(s) > 0}. Suppose for the sake of contradiction
that T < o0o. Because x,(t), x;(t) are continuous, we know z(t) is continuous and thus z(T) = 0. However,

Z(T) = Fy(x5(T)) — F1(x1(T)) = Fy(x5(T))—F1(x5(T)) > 0. (0.33)

In particular, because z’(T) is continuous, we know that it is strictly positive on some neighborhood of T € R. Thus, by

the fundamental theorem of calculus, we have

€

2(T+¢) = 2(T) + J Z(T+s)ds = f 2’ (T +s) ds (0.39)
0

0
for any ¢ > 0 sufficiently small, since z(T) = 0. However, the LHS is negative by assumption if £ > 0 is sufficiently small,
and the RHS is positive is £ > 0 is sufficiently small, which is a contradiction.

(ii). If xgn)(t) solves the equation y’(t) = Fz(n)(y) = F,(y)+ %, with the initial condition xgn)(O) + 1 > x,(0), then by part
(i) we know that xgn)(t) > x,(t) forall t €R.
We now show that xé”)(t) =00 X5(t) uniformly in compact sets in t € R. To this end, define z,,(t) = xg")(t) — x5(8).

By the fundamental theorem of calculus, and the initial conditions matching, we see

z,(t) = %+J #/(s)ds = %+ f Fy(x0(s)) — Fa(x,(s)) ds + %t. (0.35)
0 0

Taking absolute values and using the uniform Lipschitz property for F,, for all t in some compact set K, we see

t
1 1
l2a(0)] < = +f Fo(x07(5)) = Fa(x(s))| ds + ~t (0.36)
0
' 1 1
< CJ |2,(s)] ds + —Cx + —, 0.37)
o n n
where C depends on the Lipschitz norm of F and Cy depends only on the compact set K. Iterating as in Problem 8 below,
we see
1
|z,(t)] < =Cpet (0.38)
n
1. o
< —CGew« (0.39)
n

where Cy is another constant that depends only on the compact set K. Because this upper bound is uniform in t € K,
taking n — oo completes the proof.

PROBLEM 6

We give two proofs.
Fix any € > 0. For any t € J, given the "weaker-looking" condition we may find a neighborhood B, = {s € J : |t—s| < &,}
with &, > 0 such that for all n, we have |f,(s) — f,(t)] < %e for all s € B,. By the triangle inequality, we deduce

()= £ < 1) = fu(O] + £ = fulO)] < € (0.40)

for all s,s” € B,.

We now consider a covering of J by the neighborhoods Q,, where Q, = {s € J : |t —s| < %5 .} are the neighborhoods
with half the radius the corresponding B,. Because J is compact, we have a finite subcovering, so that J =Q, U...UQ,,
for a finite set of points ty,...,t),. Define 6 =min;; _y %5ti'

We now prove the "stronger-looking" condition. To this end, suppose |t —s| < &, and suppose s € Q, for some i =
1,...,M. Clearly, we have s € B, . By the triangle inequality, we know

1
[t—t;| < |[t—s|+[s—¢t;] < 5+§5n < O, (0.41)
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Thus, we have t € B, , and thus since s € B, we have |f,,(t) — f,(s)| < ¢ for all n. This completes the proof.
For the second proof, we define the function § : J - R

6f = sup{r=0: |t—s|<r = |f,(t)—f.(s)l <&, neZ,y}. (0.42)

t

The weaker looking condition guarantees that 6; > 0 for all t € J and & > 0. It suffices to show that inf,c; 6; > 0 for all
e>0.

Suppose not for the sake of contradiction. Then we have a sequence {t;};2, of points in J so that & fk — 0. Because J is
compact, we have a subsequence {t,, } such that t, — t,, €J and 6 b, ™ 0, still. Moreover, for n; sufficiently large, we
know [t —too| < %5 ii, notice the change in parameter to %5 t%:) We now show that for such ¢, , we have 6 fnk > %5 i‘:,
this would provide a contradiction, since the RHS strictly positive, whereas the LHS is assumed to vanish as ¢, — te-

1
To prove the claim, suppose |s —t, | < %55; By the triangle inequality, we have

Is—tool < ls—tp | + |t —teol (0.43)
1.1, 1.1
le
=6/ . (0.45)

1
By definition, we deduce |f,,(s) — f(too)| < %8 for all n. Meanwhile, we know |t,, —teo| <0 f: as was used above, so we
have [f,(t,,) — fu(teo)l < %s as well. By the triangle inequality, we have

1fa(8) = faltn )l < 1fa(s) = frultoo)l + 1 faltoo) = frltn )l (0.46)
< %84— %8 0.47)
= &. (0.48)

1
So in particular, for any s such that [s —¢t,, | < %6 f:, we know |f,(s) — f,(t,, )| < & for all n, which proves the claim.

PROBLEM 7
We define the following sequence of functions:
1 x €0, %]
falx) = {2—nx xe[},2] (0.49)
0 x€[2,1]

for n > 3, say. In words, f,,(x) is the linear interpolation between the constant function 1 on [0, %] and the O function on
2

Clearly, the sequence of functions is uniformly bounded. We claim that {f, }°°

-, cannot converge uniformly to a contin-

uous limit. To this end, suppose that it did, and that f,, — g uniformly as n — oo with g a continuous function.
We first claim g(x) = 0 for any x € (0,1]. To see this, for any such x € (0,1], we take N sufficiently large so that
x> % Then we have f);(x) =0 for all M > N, and thus

g(x) = ]ngr{l)ofM(X) = 0. (0.50)

Moreover, we claim that g(0) = 1; this would show that g is not continuous. This follows from the observation that
f2(0) =1 for all n.
It now remains to show that the sequence {f,(x)}°2, is not equicontinuous. To this end, pick any small ¢ > 0, and pick

any 6 > 0. It suffices to show that there exists a function f,, in the sequence for which there exist two points s, t € [0, 1]
6



such that |t —s| < & but |f,(t) — f,(s)| > &, since the parameters &, ¢ > 0 were arbitrarily small. To this end, we choose N
. This gives

4N

sufficiently large so that % < 6. We then choose s = }% and t =

Ifn ()= fu ()l

if € is sufficiently small. However, we know |t —s| = ]% < &; this shows the sequence is not equicontinuous.

1>c¢ (0.51)

PROBLEM 8

Suppose x(t) is a solution to the ODE x’(t) = F(x(t)) with the initial condition x(0) = x,, and suppose that the
maximal interval on which we have the solution is (—T_, T,) for T_, T, € (0, c0) U {+00}.

Suppose first that T, < oo. Then there exists a sequence of points {t,},_,.o converging to T, so that ||x(t,)|| — oo as
n — oo. On the other hand, for each t,,, we have

tﬂ
x(t,) = xo + J F(x(s)) ds. (0.52)
0
Taking norms and using the triangle inequality, we have
tfl
(eIl < llxoll + f IF(xe(s)Il ds (0.53)
0
tl‘l
< lxoll + J Cllx(s)ll ds. (0.54)
0

Indeed, this bound is true upon replacing t,, with any t € [0, t,]. In particular, we deduce

ty t, s
lIxoll ds + f J llxx(r)Il dr (0.55)
0 0

and further iterating as in Problem 5 of the previous homework, we see

(el < lixoll + f

0

(o] t,li
(el < llxoll 27 (0.56)
k=0
< lixolle™ (0.57)
< llxolle™. (0.58)

However, this is uniformly bounded as t, — T, which contradicts the assumption that T, < oco. To show T_ = oo, the

same argument applies.

PROBLEM 9

We first make the observation that because T < 0o, we must have |y(t,)| =, +0© along some sequence {t,}°2,
converging to T from the left. In particular, we must have |y’(t;)| —j_oo +00 for possibly another sequence {t;}°,
converging to T, since by the fundamental theorem of calculus, we have

T—e

y(T—¢) = y(0) + J y'(s) ds, (0.59)
0

and if | y’(s)| were uniformly bounded near T, we would have |y(t)| be uniformly bounded near T, which is a contradiction.
Given the ODE, we multiply by 2y’(t) on both sides to obtain

2y"(0)y'(t) = =2VV(y()y'(t) (0.60)
which is equivalent to

d ., o, _ .d
(7] = =22 V(y(©), (0.61)
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so we have, for any small € > 0,

Y6 = y'(0) — 2v(y(t) + 2V(y(0)). (0.62)
Letting k — oo, the LHS diverges. Because the first and third quantities on the RHS are independent of k, we deduce that
V(y(t)) = —o0.
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