Math 63CM Homework 1 Solutions

Kevin Yang

Stanford University

January 21, 2020

1. PROBLEM 1

It suffices to show det(B — Al) = det(A— Al) for all A € C. Indeed, this would identify the respective roots and thus

eigenvalues. To prove this, we note I = C~'IC and thus

det(B—AI) = det(C'AC—C™'AIC) (1.1)
= det(C'(A—AIC) (1.2)
= det(C™!)det(A— Al)det(C) (1.3)
= det(A—AI) (1.4)

since det(C™!) = det(C)™! if C is invertible.

2. PROBLEM 2

Take y € f(U) given by y = f(x). It suffices to show that there exists a neighborhood of y that is contained in f (U). To
this end, by the inverse function theorem, since det Df (x) # 0, there exists a neighborhood B(x) € U such that f defines
a continuously differentiable bijection f : B(x) — f(B(x)) whose inverse is continuously differentiable with f(B(x)) an
open neighborhood of y. But f(B(x)) is the neighborhood we want, since it is open, it contains y = f(x), and it is
contained in f(U) since B(x) C U.

3. PROBLEM 3

We first prove that the annulus is open. To do this, we write it as
1
U = {xeR2:||x||<l}n{xeR2: ||x||>§}. 3.1)

Both sets on the RHS are open, since one is the interior of the unit disc and the other is the complement of the closed disc
of radius 272. Thus, their intersection is open.
Consider the example function
x2—y?

feoy) = Vi ). (3.2)

2xy
It is easy to check that ||f (x, y)|| = ||[(x, ¥)Il, i.e. the function preserves lengths, since
(XZ _y2)2 4x2y2
X2 + y2 x2 + y2
x*+2x2y? +4y?
- Yy Ty (3.4)
x2+y2
X2+ y2 (3.5)

11Ge, VI, (3.6)

1

I1f G, IP (3.3)




which means it defines a map from U to itself. Moreover, if y = 0, then

|x|

f(x,0) = (0

) = f(—x,0), 3.7

and because (x,0) € U if and only if (—x, 0) € U, this function is not injective. So it remains to check that detDf (x,y) >0
for every (x, y) € U; it happens to be true for every (x, y) # (0, 0); which can be checked directly. In particular, we may

compute
2 x(P=yhH 2y y(*—y?)
1 3 1 3
_ | meey21E syl pew2d o ey
Df(x) = SR R e, (3.8)
[x24y2]2  [x24y2]2  [x24y2]2 [x24y2]3

from which the determinant turns out to be 2.

Alternatively, in polar coordinates, the map is given by (r, 8) — (r, 20); thus this map is linear in these coordinates so its
1 0 2 0
derivative matrix in these coordinates is equal to (O 5 ) or maybe (O 1) depending on your ordering of coordinates.

So its derivative matrix has determinant 2 at all values of (r, ).
Denoting the map in Cartesian coordinates by f*¥ and the map in polar coordinates by ¢, if C denotes the map given
by changing from Cartesian to polar coordinates, then we have f¥¥ = ¢~ o f"% o C. Applying the Chain rule, we have

detDf*¥ = det[DCT'(f"? o C)]-det[Df"(C)]- detC. (3.9)
The determinant of C at a point (r, 8) is equal to r; because f"? preserves the radius r, we see det [DC‘l( fr9o C)] =r!
when evaluated at any point (r, ). Thus, we have

detDf*Y = rt.2.r = 2, (3.10)

which is what we want.

4. PROBLEM 4
Since ||Ax|| < 1 is equivalent to ||Ax|> < 1 and ||Ax||? = [Ax]-[Ax] = x - ATAx, we see
E = {xeR": x-A"Ax < 1}. 4.1)

Because ATA is symmetric, we can diagonalize it into ATA = QT DQ, where Q is an orthogonal matrix and D is the diagonal
matrix of eigenvalues.

We now claim the eigenvalues of ATA are positive. To this end, suppose A is an eigenvalue with eigenvector v; we have
v-ATAy = A|v|? (4.2)

and
v-ATAy = |Av|2. 4.3)

Thus, we see A > 0. Because A is invertible, its transpose is invertible and thus AT A is invertible, so it does not have 0 as

an eigenvalue. Thus, all eigenvalues are positive. Thus, we have

E

{xeRr": x-ATAx < 1} (4.4)

= {xeR": x-Q"DQx < 1} (4.5)
N

- {xeRN: Zki[Qx]i}, (4.6)
i=1

with A; > 0, which is exactly the desired claim.



5. PROBLEM 5

(i). Suppose that x(t) is k-times differentiable. Then

d dk+l ¢
ax(t) = WL x(s) ds (5.1)

which thus has k-many more derivatives, and thus x(t) has k + 1-derivatives. Because x(t) has 1 derivative already,
induction tells us that x(t) is infinitely differentiable. Moreover, we know f—:kx(t) = x(t) also by induction. Thus, for any

point t, € R, we know Cfl—[kkx(t)ltzt0 = x(ty). This implies the Taylor approximations of x(t) near t, are given by

T.(t) = ZX(tO)(t—to)k. (5.3)

k=0

Moreover, for any t € R, the error between T, (t) and the solution x(t) is given by

dn+1

x(t) — T,(t) = %(r—ro)"ﬂ (5.4)
= (:lcs_tl))!(t—to)”“. (5.5)

where t’ is somewhere between ¢, t. Because this last quantity converges to 0 uniformly in compact sets around any ¢,
we see |x(t)—T,(t)] — 0 as n — oo uniformly in compact sets around any t,, which shows that the Taylor approximations
of x(t) indeed converge to x(t) itself.

(ii). The function X; : t = x(t +s) solves the ODE X/(t) = x'(t +s) = x(t +s) = X/(t), with initial condition X;(0) = x(s).
The function %; : t — x(t)x(s) solves the ODE x/(t) = x’(t)x(s) = x(t)x(s) = %,(t) with the initial condition %,(0) = x(s).
Because for each fixed s, the functions X,(t) and £,(t) both solve the equation y’ = y with the same initial condition, and
because the function f(y) = y is globally Lipschitz, by global uniqueness %,(t) = X,(t), or that x(t +s) = x(t)x(s) for all
s, t €R.

(iii). The claim is that
£k

Tx(t) = > —. (5.6)
£ k!

To prove this, we proceed inductively. Clearly, we have T'x(t) =1+ f Ot x(0) ds =1 + t. Inductively, we have

t
T™x(t) = 1 + J T"x(s) ds (5.7)
=1+ Z— ds (5.8)
0 k=0
t
_ il k
—1+§k!ﬁ)s ds (5.9)
< 1
=14 Y — k1 5.10
;(k+1)! (5.10)
n+1 l’k
= ZF (5.11)
k=0 "

which completes the proof.



6. PROBLEM 6

(i). Differentiating via the chain rule, we see
d
g(x) = a[—nxz]e_”xz = —2mxg(x), (6.1)
which is the desired ODE. Checking g(0) = 1 is straightforward.

(ii). Differentiating directly, we see

u'(k) = i cos(2mkx)e ™ dx (6.2)
= ” icos(Zﬂ:kx)e_"x2 dx (6.3)
) dk ‘
= J —27TXx sin(27rkx)e_’”‘2 dx (6.4)

< d _ .
= J sin(2wkx)—e™™ dx (6.5)
oo dx
“d . e
= —f — sin(2mkx)e™™ dx (6.6)
oo dx
= —Zﬁkf cos(27‘ckx)e*’”c2 dx. (6.7)

Moreover, we know u(0) = f f:o e ™ dx = 1. It remains to justify the second identity. To do this, it suffices to show that
for each k € R, we have
lim

k—o0

u(k +R) —u(k)
h

f (—27'cx)sin(2¢th)e_”xZ dx} = 0. (6.8)

—0o0
Computing the inside of the limit, because all of the integrals are absolutely convergent (i.e. by comparing to the associated
infinite series and apply the ratio test), we see

u(k+h)—u(k)_f°°

Y (—27x) sin(27th)e_’”2 dx

—0Q

L
= Llim f [ cos(2m(k + h));l) —cos@rkx) _ (—2mx) sin(anx)] e ™ dx (6.9)
L
L
< Llim J cos(2m(k + h);i) — cos(2rkx) —(—27x)sin(2mkx) e ™ dx. (6.10)
—L
Estimating inside, by the fundamental theorem of calculus we have
h
2n(k +h)x)— 2mk 1
cos(2m(k + ));1) cos(2mkx) —(—27x)sin(2mkx)| = ‘EJ (—27x)sin(2m(k + t)x) — (—27x) sin(2mwkx) de| (6.11)
0

]
1
S Tl J (=2mx)sin(2r(k + )x) - (~27x)sin(2mk)| dt.
0
(6.12)
Using the inequality |f (k + ) — f (k)| < supyeg |f/(K)| - |¢] applied to the sine function, we have
! " 1 [1|
] f [(=2mx)sin(2m(k + t)x) — (—27x) sin(2kx)|dt < i f 4m2x - |t] de ©613)
’ 0

= 2m%x?|h|. (6.14)



This is true FOR ALL x € R, so we have

L
Llim J COS(Zﬂ?(k-i—h));‘l)—COS(Z’IIkX) —(—27x)sin(2mkx) e ™ dx (6.15)
— 00 L
L
< Llim J 272|x|2|h|e ™" dx (6.16)
—L
L
= 2n2|h|Llim f x|~ dx (6.17)
)
< 2Cn?|h| (6.18)

for some constant C > 0, since the last indefinite integral converges (by a similar argument as the previous indefinite
integrals). This vanishes as h — 0, which completes the proof.

(iii). Consider the difference w(k) = u(k) — g(k). It’s easy to check via straightforward differentiation that w(k) solves
the equation

w'(k)+2mkw(k) = 0, w(0) = 0. (6.19)

Observe that w(k) is a continuous function, so the set {k € R : w(k) = 0} is a closed subset of R. Also, suppose w(k) =
0. Then by local existence and uniqueness (since 2kw(k) is continuous in k and Lipschitz in w(k)), there exists a
neighborhood (k— &,k + &) with § > 0 so that w/(k) + 2nkw(k) = 0 has a unique solution with w(k) = 0. But this unique
solution is 0, so w is equal to 0 on (k — &,k + &). This implies that the set {k € R : w(k) = 0} is open. But it’s nonempty
since w(0) = 0; because the only closed, open, nonempty subset of R is the whole thing, this implies that w(k) = 0 for all
k € R, which implies g(k) = u(k) for all k € R.
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