Math 205A - Fall 2016
Midterm solutions

Problem 1:
(i) Let f € L*(R™) and g € L°°(R™). Show that
u@) = (fx9)@) = | flygle—y)dy
is bounded and continuous.
(ii) Let E € R™ be a bounded measurable set. Show that
E-E={x—y:z,y€c E}
contains an open ball centered at the origin.

(1) Ju(@)| < /If(y)lsuplgldy = ||9\|oo/|f(y)\dy = llglloo||f1lx < o0, hence u is bounded.

u is continuous since for all z € R™ and h € R™,

|wm+m—uwﬂ=L/uw+h»—ﬂwmw—ym4s|mw/fﬂy+m—f@n@,

and the integral goes to 0 as h — oo (similar to problem 4).

(ii) We'll prove a slightly stronger result: if A, B are bounded and measurable, with m(A N B) > 0, then A — B
contains an open ball centered at the origin. In deed, let f =14 and g = 1_p above. Then u(z) = m(AN (x+ B)),
it’s continuous at 0 and «(0) = m(AN B) > 0. This means that for § > 0 small, € Bs(0) = wu(z) > 0 too. But
uw(x) >0 = a=xz+be AN(zx+ B) forsome a € A,b€ B,iex=a—be A— B. Hence, Bs;(0) CA—B. 0O

Problem 2: Let p € (0,1), 0 < a < p, and suppose Ay,..., Ay are Lebesgue measurable subsets of [0, 1] with
average measure

| X
~ Z 1(Aq) = p.
N=
Let
E={x€][0,1]: x € A; for at least aN values of i}.
Show that u(E) > (1 —p)/(1 — a).

N
Let f(z) = %Z 14,(z). The number of i’s for which = € A; is N f(z), therefore E = {z : f(z) > a}, and
i=1
p(E) = p({z: f(z) > a}) = p({z:1 = f(z) <1 -a})
Chebychev ] 1 1 N 1_p
< = flh=—(1= = ) < .

Problem 3: Let f,g € L}(T), T = R/(27Z), and assume that for all ¢» € C°°(T), we have
27 2
fova=— [ g
0 0

i.e. that g is a weak derivative of f. Show that f is absolutely continuous, and that f’ = ¢g almost everywhere.

f is absolutely continuous if and only if it’s an indefinite integral with an L! integrand, and that’s what we’ll try to
show, i.e. that f(t) = fotg(s) ds + a a.e. t, with a to be determined later. In deed, let F(t) = f(t) — fot g(s)ds — a.
Then for any C* function ¢ we have
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In the last step, I = 0 from the condition of the problem, and I = 0 by applying the same condition with ¢ = 1.

So 0277 F(t)y'(t)dt = 0 for all C™ ¢’s. In general, for ¢ € C'° we have
2m

() ='(t) +b, where b= o(s)ds and ¥(t) = /0 (¢(s) — b)ds € C(T),

0

2 27 2w 2w
/ F(;S:/ Fz//+b/ F:b/ F.
0 0 0 0

Now we can choose a in the definition of F' so that fo% F =0, assuring that fo% F¢ =0 for all ¢ € C*°(T).

SO

The last step is to choose ¢ in C°° with compact support in [0,27] and [ ¢ = 1, let ¢y(z) = %¢(%) on [0, 2],

extended periodically on R. Then F * ¢; Lyr , for example by homework 4 (or you could use pointwise conver-
gence from homework 1) But F % ¢, = 0 by what we just proved, so ||F||; = 0, implying F' = 0 a.e.
So F =0 a.e., hence f(t) fo s)ds + a a.e., and therefore it’s absolutely continuous, with ' = g a.e. O

Problem 4: Let f € L'(R). Show that
hrn/\fort (z)|dz = 0.

Step functions are dense in L', so given ¢, pick a step function s such that ||f — s||;1 < e. Because

/uu+w—fmns/uw+ﬂ—dx+m+/ﬁm+w—ﬂun+/vuwwun<%+/w@+w—4mL

it’s enough to prove the statement for the step functions s = Z CiXlaib,] (f € L' implies s € L', so all the intervals

1
n

must be bounded). |s(-+¢)—s(-)| are dominated by 2 Z |ci|X[a,,b:], Which is integrable, and they converge pointwise
1

to 0 a.e.,s0 by dominated convergence / |s(z+t) —s(z)| = 0ast— 0. O

Problem 5: Suppose f,(z) >0, f, are Lebesgue measurable on [0,1] and f,,(z) — 0 a.e. on [0, 1]. Assume that
/ O(fn(x))dr <1

for some continuous function ¢ such that hm ¢(t)/t = co. Show that

1
lim [ fu(2)dz=0.
0

n—oo




Fix € > 0. By Egorov’s theorem, there exists N5 and a set Bs with |Bs| < § such that for all n > N, |fn(z)| <
in [0, 1]\ Bs, with ¢ to be chosen later. Then for n > Ny,

1
O/fn§6+3/5fn5+ / fn+ / Jn <04 M6+ / In,

{fn<M}NBs {fn>M}NBs {fn>M}NBs
for any M which will be chosen independently of § at the end. Finally for the last integral note that given N,
there exists My such that for all ¢ > My, ¢(t)/t > N, ie. t < ¢(t)/N. Then if M > My and f(z) > M > My,

O(fu(x)) < d(fn(z))/N, so 1
fosy [ot <5
0

{fn>]\/f}ﬁB§
Hence,

1
1
n <0+ M§+ —.
/f <O+ Mo+
0
Now we can pick the constants § = €/3, N such that 1/N < ¢/3, and M = max{1/3, My}, to ensure that for all

1
nZNa,/fnée. O
0

Problem 6: Let f be an absolutely continuous function on [0, 1]. Show that if a set A is measurable, then f(A) is
measurable. Hint: start by showing that if ' has Lebesgue measure 0, then f(F) has Lebesgue measure 0 as well.

Let us prove first the assertion of the hint: if m(E) = 0, then m(f(F)) = 0. In deed, fixing €, from the absolute
continuity of f, there exists a ¢ such that Y |y; — ;| < § implies > |f(y:) — f(z;)| < e. Now Lebesgue measure is a
Radon measure, so there exists an open set Os with m(Os\E) < §. Write Os as Os = |J(a;, b;) with > [b; —a;| < 0.
f is continuous, so it achieves its maximum and minimum over [a;, b;] at ¢; and d; respectively. This means that
f((ai,b;)) is contained in the interval with endpoints f(c;) and f(d;), and m(f((a:,6;))) < |f(e;) — f(d;)]- On the
other hand, |¢; — d;| < |b; — a4

Combining the assertions above, m(f(E)) < m(Os) < > |f(c;) — f(di)]. But > |e; — di] < > |a; — bi]d, so
Y1 f(e;) — f(d;)| < e from the absolute continuity of f. Hence, m(f(E)) < € for all ¢, implying that m(f(E)) = 0.

Now A is measurable, so there exist compact sets K; with m(A\K;) < 1/i. Then A = (|J; K;) U E, where m(E) = 0.
The image of compact sets under continuous functions is compact, so f(K;) is compact, hence measurable for all
i’s. Also f(FE) is measurable since it has measure 0. Combining these we get that f(A) = (U, f(&;)) U f(E) is
measurable. O



