
Math 205A - Fall 2016
Homework #2

Solutions

Problem 1: Show that there is a support of every Borel measure. Show that every compact set is the support of
some Borel measure.

Let F = {(p, q) : p, q ∈ Q, µ((p, q)) = 0}. If F = ∅, then K = [0, 1] because each open interval has positive
measure. Otherwise, we claim that K = Oc, where O = (∪F (p, q))c. Clearly K is compact and λ(K) = 1−λ(O) = 0.
If the compact set H ⊂ K is a proper subset, K\H contains a rational interval (p, q), and (p, q) ⊂ K = Oc, so (p, q)
is not in F . This implies that λ(p, q) > 0, therefore λ(H) ≤ 1− λ(p, q) < 1.

If K ⊂ [0, 1] is compact & non-empty, it has a dense sequence x1, x2, . . ., possibly finite. If it is a finite sequence
x1, . . . , xN , just let xn := xN for n > N . Define µ by on the Borel σ-algebra via µ(S) :=

∑
2−nδxn

(S). Then
µ([0, 1]) = 1, and its support is K. �

Problem 2: Construct a function such that each set {f(x) = α} is measurable for any α ∈ R, but the set
{f(x) > 0} is not measurable.

Let P ∈ [0, 1) be the non-measurable set constructed by picking exactly one element of each of the equivalence
classes of the relation x ∼ y ⇐⇒ x− y ∈ Q. Define f by

f(x) =

{
x x ∈ P

−|x| x /∈ P.
{f(x) = α} ⊆ {−α,+α} is discrete, hence measurable, whereas {f(x) > 0} = P , which is not measurable. �

Problem 3: Construct a monotone function that is discontinuous on a dense set of [0, 1].

Let q1, q2, ... be an enumeration of rationals, and let f(x) :=
∑

2−nχ(qn,∞). f is monotone, as a sum of increasing
functions. Furthermore, it’s discontinuous in Q: given n, for all x > qn, f(x) ≥ 2−n + f(qn). �

Problem 4: (i) Show that φt(g)→ g(0).
(ii) How much can we weaken the regularity assumptions on φ and g?

Let M = sup |g(x)| < ∞ (since g is C∞ and with compact support), and let ε > 0. Then there exists a δ > 0
s.t. |x| < δ implies |g(x)− g(0)| < ε. Now noting that by a change of variables

∫
φt(x)dx = 1, we get:

|φt(g)− g(0)| =
∣∣∣∣∫ φt(x)(g(x)− g(0))dx

∣∣∣∣ ≤ ∫
|x|<δ

φt(x)|g(x)− g(0)|dx+

∫
|x|≥δ

φt(x)|g(x)− g(0)|dx

≤ ε

∫
|x|<δ

φt(x)dx+ 2M

∫
|x|≥δ

φt(x)dx ≤ ε
∫
Rn

φt(x)dx+ 2M

∫
|y|≥δ/t

φ(y)dy

︸ ︷︷ ︸
change of variables x=ty

≤ ε+ 2M

∫
|y|≥δ/t

φ(y)dy

But
∫
φ = 1 implies that

∫
|y|≥δ/t φ→ 0 as t→ 0. Hence, lim

t→0
|φt(g)−g(0)| ≤ ε. The result follows by sending ε→ 0.
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(ii) In the proof above, all we needed was that g is in L1
⋂
L∞ and continuous at 0, and that φ is in L1,

non-negative, with
∫
φ = 1. �

Problem 5: Show that if
∑∞
k=0 µ(Ek) <∞, then almost every x lies in at most finitely many of the Ek’s.

The event E that x lies in at most finitely many Ek’s can be written as E =
∞⋃
n=1

⋂
k≥n

Eck. Now

µ(Ec) = µ(

∞⋂
n=1

⋃
k≥n

Ek) = lim
n→∞

µ(
⋃
k≥n

Ek) ≤ lim
n→∞

∞∑
k=n

µ(Ek) = 0, since
∑

µ(Ek) <∞.

Hence, µ(E) = 1, i.e. almost every x lies in at most finitely many Ek’s. �

Problem 6: Show that f(x) =
∑

4−nψ(4nx) is continuous, but nowhere differentiable.

The series is uniformly convergent by Weierstrass M-test, since |4−nψ(4nx)| ≤ 4−n, and
∑

4−n ≤ ∞. Then f
is continuous as the uniform limit of a sequence of continuous functions.

Nowhere differentiability: Fix x ∈ R. We will show that f is not differentiable at x by finding a sequence hm → 0

such that f(x+hm)−f(x)
hm

diverges as m → ∞. Let hm = ±4−m, with the sign such that 4m−1x and 4m−1(x + hm)
have no fraction of the form k/2, k ∈ Z between them. Then

f(x+ hm)− f(x)

hm
=

∞∑
n=1

4−n
ψ(4nx+ 4nhm)− ψ(4nx)

hm
=

m−1∑
n=1

4−n
ψ(4nx+ 4nhm)− ψ(4nx)

hm
,

because for n ≥ m, 4nhm = ±4n−m ∈ Z, so ψ(4nx + 4nhm) − ψ(x) = 0 by periodicity. On the other hand, for
n < m, 4nx and 4n(x + hm) can not have a fraction of the form k/2, k ∈ Z in between either, otherwise so would
4m−1x and 4m−1(x+ hm). This means that they both lie on the same linear part of ψ, hence

ψ(4nx+ 4nhm)− ψ(4nx)

hm
=
cn,m4nhm

hm
= cn,m4n,

where cn,m = ±1, giving

f(x+ hm)− f(x)

hm
=

m−1∑
n=1

cn,m.

But this is for all m an integer that changes parity whenever m does. Hence, it can not have a limit as m→∞.
�
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