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Abstract

Complete, axially symmetric surfaces of constant mean curvature in R® necessarily lie in
a one-parameter family of so-called Delaunay surfaces, denoted D-. The embedded elements
of this family, corresponding to 7 € (0,1] and known as unduloids, are stable in the sense
that the only global constant mean curvature deformations of them are other elements of this
Delaunay family. We prove here that this same property is true for the immersed Delaunay
surfaces parametrized by 7 < 0 and known as nodoids, only when 7 is sufficiently close to
zero (this corresponds to the necksize of these surfaces being small). On the other hand, as 7
decreases to —oo, we prove the existence of infinitely many branches of complete, cylindrically
bounded constant mean curvature surfaces which bifurcate off of this Delaunay family. These
branches contain surfaces which have only a discrete symmetry group.

1 Introduction

In 1841, C. Delaunay discovered a beautiful one-parameter family of complete noncompact sur-
faces of constant mean curvature one in R® which are invariant under rotations about an axis
[2]. (Henceforth we shall abbreviate constant mean curvature one by CMC.) Using the rotational
symmetry, the search for these surfaces reduces to finding their meridian curves, and these may be
found, in turn, by solving an appropriate ODE. This family of ‘Delaunay surfaces’ is parametrized
by a variable 7 in the set

'P:(—Oo,l]—{ =P P P =(—00; ); P =(=1]

The Delaunay surface corresponding to any value 7 P will be denoted . henr P,
then is embedded and is called an unduloid the meridian curve in this case is the roulette of
an ellipse. hen7 P |, then is no longer embedded, and is called a nodoid the meridian
curve of any nodoid is the roulette of a hyperbola. There is a good geometric limit of the surfaces

as 7 (which is the same for 7 and 7 ), which is the nodded surface formed by
the infinite union of mutually tangent spheres of radius 1 arranged along a common axis.  nice
geometric description of these Delaunay surfaces can be found in [ ].

In this paper we shall prove the existence of some rather surprising new families of complete
CMC surfaces which arise as deformations of Delaunay nodoids. et us digress brie y to set these
new surfaces into their proper context before describing our results in more detail.

The past several years have witnessed great progress in the understanding of more general
complete, CMC surfaces of finite topology. On the one hand, the great variety and exibility
of such surfaces has been suggested by numerous numerical and computer experiments, notably
by the group at the University of Massachusetts and rosse- rauc mann and his collab-
orators at the Universitat onn, see http www.gang.umass.edu cmc for many nice pictures.




On the other hand, there have been several theoretical advances which vindicate many of these
computer experiments. These advances may be subdivided into two groups of results, those con-
cerning various constructions of complete CMC surfaces, which are not relevant to the present
discussion, and those concerning the structure theory of these surfaces.

This structure theory is much better developed when we restrict attention to complete (ori-
ented) lexandrov-embedded CMC surfaces of finite topology, the ey point being that any one
of these surfaces has only finitely many ends, and each of these ends is necessarily modeled on
a Delaunay unduloid. ecall first that any surface of this type is conformally e uivalent to a

punctured iemann surface = {, , let 2 be a handlebody such that =
Then is said to be lexandrov embedded if its immersion into R® extends to an immersion of
{ , , . Inparticular, is not lexandrov-embedded when 7

deep theorem of Mee s [12] states that any end of an lexandrov-embedded CMC surface of
finite topology is cylindrically bounded. ollowing this, orevaar, usner and olomon [ ]showed
that for any such end there is a Delaunay unduloid to which the end converges exponentially.
[4] contains a further global structure theorems. These results show that Delaunay unduloids play
a fundamental role as building bloc s for finite topology lexandrov-embedded CMC surfaces.
In addition, this tameness of the geometry of the ends leads to a fairly detailed understanding of
many analytic and geometric problems on these surfaces, [ ], [1 ].

It is natural to try to extend this theory to complete, CMC surfaces with finite topology which
are not necessarily lexandrov-embedded, for example those with ends modeled on Delaunay
nodoids.  airly general examples of such surfaces are constructed in [ ], [1 ], but the ends of
those surfaces are modeled on Delaunay nodoids with 7 very close to zero.

The results of this paper begin to elucidate the limitations of the structure theory [ ], and how
it fails when lexandrov-embeddedness is dropped. More specifically, we examine the stability
theory of the Delaunay nodoids as 7 —oo. In a sense we explain below, there is some
stable range —7 T for which the only deformations of are to other Delaunay surfaces.
However, as 7 decreases, we establish the existence of new CMC surfaces which bifurcate from
the Delaunay family. These surfaces have only a discrete symmetry group, rather than full
rotational symmetry, and the number and geometric complexity of these bifurcations increases
as 7 becomes more negative. 1l of these new surfaces remain cylindrically bounded, but their
geometric structure is rather intricate.

To conclude this general discussion, we recall that the basic theory of the moduli space of
complete lexandrov-embedded CMC surfaces of finite topology is established in [ ]. The paper
[1 ] extends this theory to include CMC surfaces with ends modeled on Delaunay nodoids with
7 7 (it also develops some global aspects of this moduli space theory). Our results here show
that any complete description of the moduli space theory of complete CMC surfaces of finite
topology must incorporate these new families of CMC surfaces.

e may now give the precise statements of our main results. These re uire a few preliminary
definitions.
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Our first main result states that there are infinitely many bifurcations from the Delaunay
family as 7  —oo to new CMC surfaces which have a discrete symmetry group

2 [_ ’ ]_{

This may be proved either using the general bifurcation theorem of moller and asserman [1 ]
or more simply by degree theory [14]. s in most such problems, the main point is to show
that the index (i.e. number of negative eigenvalues) of the acobi operator on some compact

uotient of increases as 7 —oo. s part of this, we show that there exists some value

7 (=2,— 2) such that no bifurcations occur when 7 7

This result can be sharpened when is large enough, for in this case we can guarantee that
the bifurcation value 7 is large negative. This allows us to obtain better control on the spectrum
of acobi operator, and so we may use the bifurcation theorem of Crandall and abinowitz [1] to
show that the bifurcation branches are smooth.

2 [_ ’ ]_{
(r, )
()
()
(,)  ()cos( ) ()
()= () =
( 2 )= (,)
In fact, we prove that
P () 1)
2
2 =
ro=- ()




Tot r r tri  tion o un ur c

ince the Delaunay surfaces are surfaces of revolution, their most natural parametrizations
would seem to be the obvious ones

(a)_ (()cos,()sin,),

where function = is a solution of an ODE which is derived from the constant mean curvature
condition. However, for most analytic purposes it turns out to be far more convenient to use a
di erent, isothermal parametrization, which we now describe. This definition may seem ad hoc,
but is motivated by a systematic line of reasoning in the theory of integrable systems [ ] contains
a detailed derivation of the fact that this is parametrization of the

This isothermal parametrization rests on two functions = and =, the definitions
of which vary, according to whether 7 is positive or negative. irst, is the uni ue smooth
nonconstant solution to the initial value problem

— T cosh =1, ()=, () , whent P | (2)

— T sinh =1, ()=, () , whent P ()

ext, () is the uni ue solution of

— =T cosh , ()=, whent P, (4)
— =-—7  sinh , ()=, when7 P ()
The change of variables from the previous cylindrical coordinates ( , ) is e ected by setting
= () and one then has (see []) ( () =7 , and so the new isothermal parametrization
is given by
1 .
R (a)_ 57- cos ,T s, () ()
The metric coe cients in this new coordinate system are = =7 , = = .
egardless of the sign of 7, the function () necessarily changes sign. Together with
( ), this means that when 7 , then is not monotone in contrast, using (4), is monotone
when 7 . Hence although the di erential of is always full ran , so that is always an
immersion, it is only an embedding when 7 . otice also that when 7 = 1, then (2) implies
that ,andso ()= and 1 2, which means that is a cylinder of radius 1 2.

riod unction

The Hamiltonian nature of the e uations (2) and ( ) implies that is periodic. e denote its

period by a2 . e now investigate the dependence of  on 7.
To begin,  has an integral representation. To state it, let be determined by the
e uations 7cosh =1 when 7 and 7sinh = —1 when 7 . Then
2
== —_— when 7 P, ()
1—17 cosh
and
2
== _— when 7 P (8)
1 — 17 sinh



e also use the following e uivalent forms of these representations

2
= — —_— When T P 5 ( )
cos —T
where  =arccost [, 2), 7 1, and
2
cos T
These are e ected by the changes of variables 7cosh = cos and 7sinh = cos , respectively.
T —0 T
T 1
It is obvious from (1 ) that T when 7 . The fact that  decreases when 7

increases from to 1 is less obvious and somewhat more di cult to obtain since we do not need
it here we omit the proof.

e next consider the asymptotics of  as 7 approaches various possible limiting values in P.
The first two cases are less important, but we record them anyway namely, we have

1
=——logT 1) as T (11)
and also
lim =1
On the other hand, the behaviour of as 7 —oo is fundamental to our analysis. To study

this we introduce an auxiliary function

by design, has period 2 .

T —00 cos
() = cos (r ) (= (79, (12)
T -
- -1 (7)) (1)
17 T —00
et = (). ince — , we may define the function () by
()= ()cos(r ())
To normalize it, we re uire that ( )= and () . The e uation for , ( ), becomes
sinh  —sinh




which can be rewritten as

() = )= O) i () =sinh (14)
( ) also implies that sinh 7 . Using the first term of the Taylor expansion of
gives =1 (7 ), and so we have
(=0 (= ) 1)

ext, the periodicity of translates to the e uality
-2 =7 (2 )=71(2 (7 )

or e uivalently,

Inserting this into the expression for ( ), and using =arcsinh(1 7)=1 7 (1 7 3)gives

() =cos ()

This procedure may be continued, using this expansion for (and hence for ) to determine the
next term in the expansion for , then using this in turn to get the next term in the expansion
for , and so on.

ctr n i ot coio r tor

The primary tool in this paper is a detailed analysis of the spectrum of the linearized mean
curvature operator (which is usually called the acobi operator) on the family of Delaunay
surfaces . e begin by describing the specific form of this operator and then review how loch
wave theory may be applied in this context. This theory reduces the spectral analysis to that of a
countable collection of continuous families of operators with discrete spectrum and it shows that
the spectrum of is a union of ‘bands’. eometric considerations allow us to identify specific
solutions of = , and this, in turn, allows us to trac the location of some of these bands as
T  —o0.

It is well nown that the acobi operator has the form

Y

where and are the aplace operator and second fundamental form on | respectively. In
terms of the isothermal parametrization ( ),

=- — 7 cosh?2 (1)

e shall be using the periodicity of the coe cients of this operator in a central way. However,
it is more convenient to wor with a family of operators for which the period is fixed as 7 varies.
ccordingly, we change variables, setting



so that the coe cients of with respect to (, ) have period 2 for all 7 P. In these new
coordinates,

1 — 7 cosh(2 )
-
emoving the factor 1 ( 7 ), we define
=— - — 7 cosh(2 )
ince we are only interested in some aspects of the spectral analysis of , such as the number of

negative eigenvalues, the existence of a nullspace, etc., we may concentrate on the study of the
slightly simpler operator

The operator  has many symmetries, and these may be used to reduce it to operators for which
the spectral analysis is more tractable.
The first and most obvious reduction uses the rotational invariance in . Thus, if (, )
(R ), we have the decomposition

where each of the coe cients ()isin (R) and 0o. The operator  induces the
operator

=— — 7 cosh(2 ), (1)

on the eigenspace. In fancier language, the operator is reduced by the splitting

R )= (R)
from this eigenspace decomposition into a direct sum of (self ad oint) ordinary di erential op-
erators . ote that = , even though the spaces and are di erent (one
corresponds to the eigenfunction and the other to the eigenfunction )- It is clear that
spec( )= spec( )

urthermore, noting that
= ; (18)

we may as well restrict attention to the operator and the single Hilbert space  (R).

To analyze this last operator we use the techni ue of loch waves, also nown as loc uet
theory. e refer to [1 ] and [8] for details, cf. also [11]. This relies on a direct integral decomposi-
tion of  (R) defined using the ourier- aplace transform. iven any function in the chwartz
space on R, define

()= (2
e may as well assume that — . This function satisfies ( 2, )= (, ), and
so we lose no information by restricting to lie in [— , ]. It is straightforward to chec that

=2



which means that the map may be extended as an isometry from  (R) into ([— , ] ).
In fact it is an isometry, since there is an inversion mapping given by

1
( ) = 5 ( ’ ) ’
where [, Jand = 2 . ltogether, this gives the direct integral decomposition
(R) = ()
the Hilbert spaces appearing here are all the same, but the index re ects the fact that they
arise as the closures of the space of continuous (or ) functions which satisfy ( ) = (= ).
The reason for this distinction will be evident soon.
The importance of this decomposition for us is that the operator reduces further into
a direct integral of operators (1) induced on each one of the spaces . More specifically,
(1) has the same expression as , but its domain is the space of functions on [— , ]
satisfying the uasiperiodic boundary conditions ( ) = (=), ()= (- ).

s an aside about notation, we will be considering the reduction of the full operator  to the
subspace of - uasiperiodic functions, and shall denote this operator by (7). Its restriction to

the eigenspace of the cross-sectional operator is denoted (1), and since

= (0 ; (1)
it will su ce at first to consider only the case = . otice that the subscripts and refer to the
symmetries of this reduced subspace (i.e. eigenvalue on the cross-section and uasiperiodicity

) the parameter 7 has been elevated to ground level, since our ultimate concern is with the
spectral ow of these operators as a function of 7.
Continuing the main thread of the discussion, even though the spaces are the same as one

another, what di ers is the domains of the restrictions of to each of them. ince these are
self-ad oint boundary conditions, each (1) has discrete spectrum
spec( (1)) ={ (7, ) (r, )
The eigenvalue map be considered as a map
(1,) - R
its image is an interval  (7), which is called the band the union of all these intervals

constitutes the spectrum of
spec( )= (1)

bit more is nown about these bands, and the ‘band functions” . irst, since is an
ordinary di erential operator, the multiplicity of each of its eigenspaces is precisely two. uppose
that is in the spectrum, i.e. = (7, ) for some and . The corresponding eigenfunction
satisfies ( 2 ) = () since the coe cients of the operator are real, is in the same
eigenspace and satisfies ( 2 )= (). This implies that (7,— )= (7, ), and hence
we may as well restrict . In fact, it is nown [8] that the band functions with index
are nondecreasing while the band functions with index are nonincreasing in this interval, so

that



This means that the bands are nonoverlapping, except perhaps at their endpoints, and we have
n =101 (=) )
(T) = [ (Ta )a (T> )]

otice that no band  (7) may reduce to a point for any 7 P. The reason is simply that if

this were the case, then the band function (7, ) would be constant in , say (r, ) (),
and hence there would be an infinite dimensional space of solutions to the e uation =
(1) , which is at odds with the fact that is an ordinary di erential operator.
or any R, the space of solutions of =  is two-dimensional. hen (1),
then the eigenspace contains two uasi-periodic (and hence bounded) functions, whereas if lies
outside the spectrum, then the corresponding set of solutions has a basis { , where decays
exponentially as —oo and grows exponentially as 00, while grows exponentially as
—oo and decays exponentially as 00.

The main tas lying ahead is to understand the dependence on 7 of these bands (7).  hile
it is certainly not possible to do this explicitly, we will use a number of special geometric solutions
of = , the existence and nature of which give some nontrivial information about the bands

(r), = .12

olutions of = (or e uivalently, = ) are called acobi fields they correspond to
infinitesimal variations of the Delaunay surface which preserve the mean curvature operator
to second order. These solutions may not correspond to actual CMC deformations, or may
correspond to such deformations only over some portion of . However, there is a distinguished
family of acobi fields characterized by the fact that they correspond to global CMC deformations
these are the acobi fields which are polynomially bounded on . e now describe these.

It is possible to use the loch wave theory of the previous subsection, cf. [11], [ ], to obtain

redholm properties and asymptotic expansions as oo for solutions of = . Crucial
in this development is the fact that acobi fields have definite exponential rates of growth. One
conse uence of this theory is that there is at most a finite dimensional family of acobi fields

which satisfy the bounds for some (and in fact any) su ciently small . ome-
what remar ably, it is possible to identify every one of these temperate acobi fields because all
correspond to explicit CMC deformations of

There are three types of global CMC deformations those corresponding to translations of
which are a three-dimensional family, those corresponding to rotations of , which are a two-
dimensional family, and a final one-dimensional family corresponding to changing the Delaunay
parameter 7. The infinitesimal variations corresponding to each of these span the six-dimensional
space of temperate acobi fields. e now describe the distinguished three-dimensional subspace
of these which are bounded.
e temporarily revert to the isothermal ( , ) coordinate system.

There is a acobi field () which corresponds to translating along its axis. It is
obtained by pro ecting the constant illing field ( , ,1) generating this translation over
the normal vector field to . This yields

It is clear that this acobi field is rotationally invariant it is also periodic in , hence
bounded. In addition, has precisely two nodal domains on the portion of where

[.2 ]



The two acobi fields corresponding to translating orthogonally to its axis are given by
pro ecting the constant illing fields (1, , ) and ( ,1, ) on the unit normal field. These
functions are again periodic in by choosing appropriate (complex) linear combinations of

them, we may assume these acobi fields have the form () . Closer inspection gives
= cosh when 7 P |

and
= sinh when 7 7P

otice that cosh does not change sign while sinh has precisely two nodal domains when

[.2 ]

e shall henceforth always reduce to - uasiperiodic functions, and so it is no longer necessary
to thin in terms of the operator  on the complete Delaunay surface  , nor the band structure
of its spectrum rather, we focus on the operators  (7), which are simpler to analyze because
of their discrete spectrum. The ultimate goal now is to determine when these operators become
unstable, i.e. when they have nonzero index (number of negative eigenvalues). e now this does
not occur when 7 ,nor when T 7 . In this section we analyze the spectral ow of ()
as 7 decreases to —oo.

The eigenvalues of this operator ta e the form (= (r, ) , ., = ,1,2, |
and so this study divides into essentially two parts. irst we obtain some information about the
values of (7, ) when = ,1,2 following this we turn to the problem of when  (7)

e ta e up the first of these tas s in the next two subsections. ecause (7, ) always lies
between (7, ) and (7, ), we focus most of the attention on functions satisfying periodic or
antiperiodic boundary conditions.

(1) T

lthough not needed later, we first show that there is no spectral ow for the operators  (7)
as 7 increases from to 1.

T P (1) = -
(7—7 ) = -
either (r, )= or (r, )=
e have indicated that  (cosh ) = , and it satisfies periodic boundary conditions,
so that (t)(cosh )= . y (1), this is the same as
(t)(cosh ) =— cosh

ut since cosh is everywhere positive, it must correspond to the ground state eigenvalue.



ext, the function = is a solution of = , and again satisfies periodic boundary
conditions moreover, it has precisely two nodal regions in a period domain, and so it must
correspond to either the second or third eigenvalue of (1), i.e. either to (7, Yor (7, ),
as stated. Unfortunately, it is not clear from the evidence at hand which of these is actually the
case.

T (1)
R (r) R
(1) T P
The first statement follows at once from the previous roposition. Obviously, since (7, )
— ,wehave (1) for all 1, and all 7 [, ]. This proves the last statement.
(1) T

In contrast to the situation for unduloids, there is more to say about the spectrum of  (7) for
nodoids.

T P [, ]

-2

irst consider the identities for and . e now that (sinh ) = and this
function again satisfies periodic boundary conditions, so that (r)(sinh ) =— sinh . This
function has two nodal regions, hence — must e ual either the second or third eigenvalue of
(7). On the other hand, we also now that = , and this function is again periodic,
so is also in the spectrum of (). ince again has only two nodal regions, must also
be either the second or the third eigenvalue. utting these statements together shows that —
is the second eigenvalue and is the third eigenvalue of (7).

To obtain the bounds on the bottom eigenvalue, note that the potential in satisfies the
estimates

- (r 2 — 7 cosh(2) - 71
since
7 cosh(2 )=7 27 sinh

and 7 sinh 1. The estimate for (7, ) is then straightforward by monotonicity, but cf.
below for the precise form of the eigendata of these - uasiperiodic problems when the potential
is replaced by a constant.

e have now shown that

n  @O=[ @) @I [ &)1 (=),

and
D=0, )]
ecalling our earlier remar that no band reduces to a point, we have (7, ) and hence
(r) R when

11



(1) (1)

It will also be necessary later to have more refined information about the behaviour of the

- uasiperiodic eigenvalues as 7 —oo. The ey observation is that converges uniformly

in this limit to = — —1, and hence the spectrum of converges to that of . Clearly

spec( ) = [-1,00), but although has constant coe cients we may still perform the loch

wave analysis to decompose this spectral ray into an infinite union of spectral bands. In fact, the

solutions of =  with (2 )= (), (2)= () are given by , and so
for [, ], we have

-1 when is even

— -1 when is odd,

- when is even
()=
- when is odd
This gives the band structure
=[-1,— 4], =[- 4, ], =[, 4, etc.
The lac of smoothness in the band functions ( ) at = , is due to the absence of gaps

between these bands. It is possible to find smooth band functions, but we omit this detail since
it is not needed.
e now use emma 1 to perturb o this limiting situation.

(m)= () (v ) (21)

The fact that the limits of (7, ) and (7, ) converge to ( ) and ( ) is clear
from general theory. To get the estimate on the eigenvalue, use emma 1 to get that

T cosh(2 () =1 (r ), and 7 cosh(2 () = (7 3 (22)

ssuming that the functions (7, ) are normalized to have norm e ual to 1, we use the
standard formula from eigenvalue perturbation theory

(Ta )= (7’, )7 (T, ) = (T 3)7

which follows directly from (22). Integrating from —oo to 7 gives the first part of (2 ) then a
standard perturbation argument yields (21).

12



(1)

e now let (r) denote the operator acting on - uasiperiodic functions. (Thus it is
rotational invariant, and its reductions to the eigenspaces of the cross-section are the operators
(7).) The motivation for this whole paper is the fundamental observation that  (7) has a
nontrivial spectral ow as 7 decreases from to —oo. To see this, recall that we have already
determined that its eigenvalues are of the form

(T7 ) ’ 7 = ) ]'7 27
In addition, when [, ], (7, )staysstrictly negative and uniformly bounded away from zero
as T  —oo, and the same is true for (7, ) for [, ] (but note that (7, )=— ).
In particular, we see that (7, ) is positive for all (because of (11)), but eventually

becomes negative for each fixed . Thus more and more eigenvalues, corresponding to higher and
higher eigenmodes on the cross-section, change signs from positive to negative.

The following two propositions ma e this more precise. The first is valid for any 2 and
for ‘intermediate’ values of 7. The second gives a much more accurate estimate, but is only valid
when 7 is large.

2 (1) (r) 4
(,00)
It follows from roposition that
(r, ) (= 2
Hence, (1) cannot contain if 7 2 and 2. Therefore, we can assume that
' _()W,Q-suppose the result were to fail. Then for some we would have both
(r, ) and (r, ) 4
This gives
(r, ) =4 (7, )

On the other hand, from roposition |,

¢ ) ) ) o7

which implies that

Combining these two ine ualities we get

ut from (1 ),

These two ine ualities are incompatible when 7 — 2.



e now apply the information we have about the spectrum of  (7) to the spectral ow and
index of  restricted to to the subspace functions which are -symmetric and also invariant
under the re ection (, ) (—,— ). E uivalently, we let  act on functions which satisfy

( 27)= (7 )7 (7 2 )= (7)and (—,—): (7)

forall (, ) [-, ] . s before, we denote the closure of this space by
Observe that the ourier decomposition of any function reads

(,)= )

where  satisfy ( 2 )= (Yand (=)=-— ().
It is easy to see that the spectrum of  acting on the above space is given by

spec( ) = (r)

ow, for 2,7 P and , define (1) to be the number of negative eigenvalues

of the operator acting on . e have established that there exists a 7 such that

() = when 7 (7, ). s 7 decreases, 7 is the first value at which an eigenvalue of

(1) crosses zero since we are restricting to some proper subspace of functions, the spectrum of
(1) may remain positive on a larger interval. Thus define

T =inf{r (r)y= 7 (1,)
hence all eigenvalues of (1) remain positive when 7 (7 , ). o, forall7 (7 ), the
index of is and for some 7 which is slightly smaller than 7 , the index of  is at least 1.
Observe that 7 is a root of the e uation (7, ) = . The next result shows that we

have a good control on 7 when is large enough.
2
T =-
= %) ()

(r)= T T (ry 1 T T

The number 7  corresponds to the value of 7 for which (7, ) = . The

estimate here follows from (2 ) and the explicit expression for (). The point of re uiring to
be large is that this forces 7 also to be large, and then we can use these asymptotics results.

or general 2 our control on 7 is wea er. The proposition below is immediate from
roposition

2 N )

The next result is a conse uence of the proof of emma 1, and is the basis for proving that
when is large enough, the eigenvalue crossings are transversal.

[_7] 2 (Ta) =

14



irst, from emma 1, we now that (r, )= (7 3). Ilso,by(1), =17

(7 ), and =-273 (7 ). Hence
( () )=-2 7° (71 ?)
Then observe that, since (7, ) = (recall that is bounded since we only need
consider = 1), then T ,s0 ( (1,) ) is certainly negative when is

large enough.

d or tion o nodoid

e now employ the preceding results about the acobi operator to deduce the existence of new
CMC surfaces with Symmetry.

or any 7 P, parametrize by

The unit normal at  (, ) is then

(, ) =(rsinh ( )cos ,7sinh ( )sin ,— ¢ ) (2)
If is any function which is small, then let which by definition is the image of the
map
ote that if is or or symmetric, then has the same symmetries.

There is a rather complicated nonlinear elliptic e uation which determines when has mean
curvature 1. e do not write this out in full, but write it in abbreviated form as

()= (24)

where is the multiple of the acobi operator which we have been studying, and is a

second order nonlinear di erential operator which vanishes uadratically at = . More precise

information about the structure of  is given in [ ]. ote that in the (, ) coordinate system,
is 2 periodic.

ecause this is a nonlinear problem, we shall use the function spaces (R ), defined
for any 2 and [- , ] to contain all functions which are -symmetric and
invariant under the re ection (, ) (—,—)
R )= & ) C 2,)=0 )

Clearly

and



are smooth.

Instead of constructing the surfaces bifurcating from as submanifolds of R?, it is e uivalent
tota e the uotient of R® with respect to the screw motion  along the -axis, with translation
length 2 . The uotient of R® by this motion is a 2-plane bundle over ~ with holonomy , and

is a compact submanifold.

e are now in a position to prove the existence of families of (immersed) CMC surfaces which
bifurcate o the Delaunay surfaces

The proof of Theorem 1 follows from the general bifurcation theorem of moller and asser-
man [1 ], cf. also Theorem 1 .1 in [14]. To apply this result, we re uire only the fact that, by
definition, the index (r)is foranyr 7 and,by roposition ,the index (1) is exactly
1 for some 7 7 , arbitrarily close to 7 . This change of multiplicity ensures the existence of

a bifurcation for the nonlinear problem (24) in the space (R ) (modulo the screw motion
). hen = | this produces nonrotationally invariant CMC surfaces which are periodic and
symmetric. hen = this produces nonrotationally invariant CMC surfaces which are

symmetric. y roposition we get the estimate on the location of this bifurcation point.

One defect of this general theorem is that we obtain no information about whether this
bifurcation gives a smooth connected branch of solutions. or this we re uire nondegenerate
crossing of a simple eigenvalue. However, in roposition 8, we have verified this hypothesis when

and hence 7 is su ciently large. Therefore, we obtain Theorem 2 from the theorem of Crandall
and abinowitz [1], cf. also Theorem 1 . in [14].

e conclude by noting that there are many unresolved uestions concerning the surfaces we
have produced. The most obvious one concerns the existence of a second bifurcation which arises
when (7, ) crosses zero. This should not be di cult to obtain, and re uires only a slight
elaboration of the techni ues and estimates we have been using. One complication here is how to
separate the second bifurcation for some smaller value of occurring at the same value of 7 as the
first bifurcation for a larger value of . e have not pursued this because our information about
these surfaces is so limited, since we have proved their existence using an abstract functional
analytic techni ue. The most interesting problem is to globalize this construction and find a
complete characterization of all cylindrically bounded CMC surfaces with two ends.
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