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What Proofs Must Do

• A proof must convince us of the truth of 
the statement being proved.

• “Truth” is taken in its prima facie sense, i.e. 
we are supposed to understand the 
meanings of the notions in that statement. 

• To be convinced of a proof, one must 
follow the argument and check the steps 
using also background knowledge. 



What Proofs Must Do (contd.)

• So to follow a proof we must also 
understand the meanings of the 
notions used in the proof and from 
background knowledge.

• Even given that, it is possible to go 
through the steps of a proof and not 
“really understand” the proof itself.  



Really Understanding Proofs

• When we’re led to say, “Oh, I see!”

• It’s a special kind of insight into how 
and why the proof works.

• That kind of understanding of proofs 
is necessary in order to be a full-
fledged consumer and producer of 
mathematics.



Diagrams in Proofs

• Ubiquitous in geometry from the 
Greeks to the present, as well as in 
early analysis. 

• Doubts cast on their validity because 
the diagrams used might not be 
“typical”. 



Diagrams in Proofs (cont’d)

• 19th c. rigorization of mathematics 
supposedly led to the elimination in 
principle of diagrams from proofs.

• But the practice of reliance on diagrams is 
still integral to the presentation of 
mathematical proofs of all sorts.  

• That’s because such use is often part of 
what is needed for real understanding.  



What Are Diagrams?

• Two-dimensional representations of 
(possibly parts of possibly infinite) 
mathematical configurations.

• Lines, curves, arrows, labels, marks, 
shaded areas.

• Broken lines, dotted lines, dots.  

• It’s questionable whether one can 
define this concept in general. 



Typicality in Diagrams

• Interesting mathematical theorems 
state a fact about infinitely many 
objects of a certain kind, e.g. triangles.

• But the diagram used in a proof 
represents only one such object.

• It is an issue whether the 
representation taken is typical.



Infinite Diagrams and Typicality

• In modern mathematics often deal with a 
diagram representing a typical part of a 
single infinite configuration, the balance 
indicated by dots. 

• The use of such infinite diagrams is 
essential to understanding certain proofs.  

• The statement of some theorems can’t 
even be understood without reference to 
such a diagram.



The Dynamic View of Diagrams

• We should not think of diagrams, finite 
or infinite, as static completed figures.

• Rather, think of them as constructed 
and reasoned about in stages.

• Or retrace static representations in a 
dynamic way.  

• Example: Pythagoras’ Theorem. 





Proofs Without Words
Roger B. Nelsen (ed.)

• The title is misleading: we need words to 
say what the diagrams are proofs of and 
words to guide us dynamically through the 
proofs. 

• Nelsen: “generally, PWWs are pictures or 
diagrams that help the observers see why a 
particular statement may be true, and also 
to see how one might begin to go about 
proving it true.”





Some Arithmetical PWWs

• Proofs of some identities                     
f(1)+f(2)+...+f(n) = g(n).

• Typical diagram is given for some specific 
n, usually smaller than 10.

• They constitute completely convincing 
evidence for the truth of the identity.

• But they don’t at all suggest the usual proof 
by induction.











“Hilbert’s Thesis”

• The thesis that every proof can be 
formalized, i.e. turned into a formal proof in 
a formal system.

• Defenders and critics; cf., e.g., the Azzouni-
Rav exchange in Philosophia Mathematica.

• The possible significance of 
metamathematical results for mathematical 
practice depends on the thesis.



The Main Challenge to 
Hilbert’s Thesis

• Understanding of both meanings and 
proofs is essential to higher 
mathematical activity, and that is in no 
way reflected in the formal model.

• The cases of essential use of reasoning 
with diagrams is part of that challenge.  









The Koch Snowflake
A Bounded Continuous Infinitely Long Curve













THE END


