Math 52H: Homework N&

Due to Friday, March 9

1. Let f: R"™ — R be a smooth function. Consider a graphical n-dimensional submanifold

with boundary

Ly= {(:pl,...,xn,yl,...,yn) € R*™; Zx? <1 yjza_j(xl,...,xn), J :1,...,n} C R
1 J

Suppose that Ly is oriented by the parameteriztion

0
(X1, .., xy) — <:L’1,...,3:n,a—i(wl,...,xn),a n(xl,...,xn)).

Suppose that n = 2k. Compute

/(dml Adyy + -+ dx, A dyp)"".
Ly

2. Let A C V be a closed n-dimensional, n = k + [ + 1, submanifold, w a differential

k-form and 7 a differential [-form defined on a neighborhood of A in V. Prove that

/w/\dn:C/n/\dw
A

A

for some constant ', and find C'.

3. Consider the torus
T={23+25=1, 25 +2; =1} CR%.

1



This is a 2-dimensional submanifold of R*. Orient 7" in such a way that the tangent plane at
the point a = (1,0, 1,0) is oriented by the vectors e = (0,1,0,0), f = (0,0,0,1) € T,T C R%.

Compute [ w for the following differential 2-forms:
T
(i) w = dzy A dzy + dxs A dxg;

(i) w = dzy A dxs + dzg A day;

(ill) w = xoxydry A dzs.

4. Let S = {2? +y*>+ 2% = 1;2 > 0} C R3. We co-orient the sphere by the upward pointing
vector at the point (0,0,1). Compute f dr N\ dy + 2zdz A dx directly and using Stokes’
s

theorem.

6*. Let o be a differential 1-form and w a differential 2-form on R°. Suppose that
e w is closed;
e The form a A w A w does not vanish, i.e. (@ Aw Aw), # 0 for any a € R?;

e for any point a € R® and any two vectors X,Y € R> such that a,(X) = a,(Y) = 0
we have w,(X,Y) = (da).(X,Y); in other words, the forms w and da coincide on the
hyperplane field ¢ defined by a Pfaffian equation oo = 0.

Prove that w = da.

Problem 6 is an extra-credit. Each problem is 10 points.



