Math 52H: Homework N4

Due to Friday, February 10

1. Spherical coordinates p € [0,00), ¢ € [0,7], 6 € [0,27), are introduced in R?® by the
formulas:

x = psinpcosf, y= psinpsind, z = pcos p.
Express the 1-form dz + 1(zdy — ydz) in spherical coordinates.

2. Consider a closed differential 1-form w = Fidx + Fydy + Fzdz in R3. Suppose that each

function Fj, k = 1,2, 3, satisfies the homogeneity equation
Fy(tz,ty, tz) = tFy(x,y, 2),
for any ¢t € R. Prove that w = df, where

1
f(.T,y,Z) = 5 (IFl(xuyVZ) +yF2(Jf,y, Z) + ZFg(JI,y,Z)) :

3. Consider in R?" differential forms

2n
w=dry Ndry N\ - Ndx,, and 0 = Z(—l)j_lxjda:nH A Ndxj_g Ndxjgqg A - N dxg,.
n+1
Prove that the (2n — 1)-form
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is closed.

4. Consider an operator 9 = (—1)% x~1 dx : QF(R") — Q¥ }(R"). Note that we equivalently
can write 9 = (—1)""*L « dx. Denote A := (0 + d)? (this is Laplace-de Rham operator).

a) Verify that A is an operator QF(R") — QF(R").

b) Compute A(fa) for a function f : R” — R and a differential 1-form «a.

¢) Find explicit formulas for A« for the cases when n = 3 and k =0, 1,2, 3.
d) For n = 2 find explicit formulas for A« in polar coordinates for k = 0, 1, 2.

Each problem (including subproblems in Problem 10) is 10 points.



