MATH 210A, FALL 2017
HW 8 SOLUTIONS
WRITTEN BY DAN DORE

(If you find any errors, please email |[ddore @stanford.edu)

Question 1. Let V = R?" with basis v1, . . ., va,.
Find an explicit vector w € /\2V suchthatw Aw A -+~ Aw € /\2"V is nonzero.

Solution. Relabel the basis vy, ..., v, as e, ... en, f1,..., fn (€. ¢, = v;and f; = vp4; for 1 < i < n).
Define

w=erAfi+--+e,Afn

We will show by induction on m that

AT (@) =m0 Nserle A fi) i=mlY " (e A fi) Alen A fin) Ao Aein, A fin) (1)
I1C[n] 1<i1<ig<-+<im<n
[I|=m
Clearly this formula holds for m = 1, by definition of w. Now we may assume that it holds for some m. We
compute:

AT (W )—w/\( —m' Z w/\ Nier ezAfZ —m' Z Z ej/\fJ Zg[(ei/\fi))

IC[n] IC[n] j=1

[|=m [|=m
Now, note that (e; A f;) A (Aser(€i A fi)) = 0 whenever j € I, since the wedge product is alternating. In
addition, we have (e; A f;) A(ei A fi) = (e A fi) A(ej A f;), since the permutation swapping these two wedge
products is even. Thus, for j ¢ I, we may rewrite the term (e; A f;) A (Aier(ei A fi)) as Niegogsy(ei A fi)
(recalling that the latter notation means by definition that the 7 are taken in increasing order). Thus, we have:

A (w) = m! Z Z( ZGIU{j} ez/\fl)> (m+1)! Z /\jeJ e; A fj)

IC[n] j&l JC[n]
[1|=m |J|=m+1
The last equality is true because there are exactly m + 1 ways to each J C [n] with |J| = m + 1 as

J =TU{j}forj ¢ Iand|I| = m. Thus, we have proved our desired formula (1). Taking m = n in (I)
shows that A" (w) = n! A;cp, (€ A fi) = nl (=1)" (v1 Ava A+ Avgp). This is a nonzero multiple of the
standard basis element for one-dimensional R-vector space /\2"V with respect to the basis vy, ..., va,, SO it
is nonzero.
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Question 2. Let R = Z and let M be the R-module M = Q/Z. Compute 7™ (M).

Solution. First, we will show that M ®g M = 0. Indeed, consider any elementary tensor °* @ %. Then since

f]’: zz,wehave—@)p = ®p" = m@) ~ =0, since ©* =m € Z, soitis 0 in Q/Z. More generally,

this argument shows that the tensor product over Z of any torsion abelian grou* with any “divisible” abelian
grou‘ is 0. In this case Q/Z is both torsion and divisible, so the tensor vanishes. Thus,

T*(M) = ©p>oM®" = RO M =Z & (Q/Z).

This ring consists of all pairs (a, ) w1th 2 € Q/Z, and the multiplication is given by (a, ) (d, b—/) =

b ab!
(ad’, 2 4 2%).

The above is a sufficient answer to the question. But if we liked we could rewrite it in various ways. For
example, writing €,, = % € Q/Z, we could write this ring alternatively as:

T*(M) =Zley, | n € Zsol/(nen, =0, a€an = €n,y €n + €m = (N + M)€pm, €, - €m = 0)
More parsimoniously, using the fact that Q/Z = P, Z[ |/Z, we could write this as:

T*(M) = Zle,x | p prime, k > 0]/(pkepk = 0,pepe = €pr—1,€pk * €0 = 0)

P » Epk

Question 3. Let R = Z[v/—30], and let I be the ideal I = {2a + b\/—30|a,b € Z} = (2,/—30) C R.
Compute /\21 as an abelian group.
(but keep in mind the /\2 is as an R-module, i.e. it’s a quotient of ] ®p I).

Solution. First, we will describe I ®p I. Since I is generated as an R-module by 2 and v/—30, I ®p I is
generated by {2 ® v/—30,v/—=30® 2,2 ® 2,v/—30 ® vV—30} =: {e1, e, e3,e4}. fm: T @ T — AT is

the canonical quotient map, we have 7(e3) = m(es) = 0 and m(ey) = —m(e1). Thus, A1 is generated by

vy :=m(e1) = 2 A v/—30.

We now check directly that v; = 0. First, we check that 2 - v; = 0. Indeed,
201 =2A2v/=-30=(vV/-30)-(2A2) = (v/=30)-0=0.
Second, we check that 15 - v1 = 0. Indeed,

1501 = 30 A V=30 = (v/—=30) - (v=30 A v/—30) = (+/—30) -0 = 0.

Therefore 15v; — 2v; — - -+ — 2v; = vy is also equal to 0. This proves that /\21 =0.
For a less direct approach, we could consider the exact sequence

0—1—R—>R/[~Fy—0
We get an associated long exact Tor sequence:
- Torf (R, I) — Torf(R/I,I) = IQp T =T —=I/I> =0

But I is projective, so Torf'(R/I,I) = 0 and thus [ ®p I ~ ker(I — I/I%) = I?. This is the ideal of R
given by (4,2v/—30, —30) = (2) (note that 2 is the greatest common divisor of 4 and —30, so 2 is contained

li.e. every element has finite order
%i.e. an abelian group A where for any integer n and any a € A there exists some b € A with a = nb



in this ideal, and conversely every element of this ideal is a multiple of 2). The map I ®p I — I? is given by
11 ® 19 +> 11%2. The isomorphism [ ®pg [ 5717 maps €1, ez to 2v/—30, e3 to 4, and e4 to —30. Thus, this
isomorphism sends 8e3 + e4 to the generator 2. Therefore, 8e3 + e4 generates I ® g I as an R-module. But
we’ve seen that 7(e3) = 7(es) = 0, so m(8e3 + e4) = 0 and therefore A*I = 0.

There is an even less direct way to show that /\21 = 0 which might shed some light on what is “really”
going on [TC: but this is not what I was looking for here]. Recall that I is a finitely presented projective R-
module, and in fact it is locally free of rank one. (This follows essentially from the fact that Ry, is a principal
ideal domain for each maximal ideal m of R, so I, C Ry, is a principal ideal and thus a free R,-module). It
is not hard to see that the formation of /\QI commutes with localization, i.e. that ( /\21 Jm = /\21'm (indeed,
since localizing at m is the same thing as tensoring with Ry, this is obvious for %2, and then it is easy to
check that this isomorphism preserves the submodule of elements of the form 7 ® ¢). But I, ~ Ry, and we
know that exterior powers of rank-one free modules are zero. Thus, ( /\21 )m = 0 for all maximal ideals m,
and thus /\21 = 0. This argument is perfectly general and shows that the exterior powers /\kM with k > r
all vanish when M is locally free of rank r over any ring.

Question 4. Prove that for any R-modules M and N, and any k£ > 0, there is an isomorphism

A(MeN)= B (A\"M) @ (A"N).

a+b=k

(If M and N are free, this is pretty easy, because the natural basis for /\k(M @ N) splits up appropriately; the resulting
partition corresponds to the combinatorial identity (™;") = 3", +v—i (M) (%)- This doesn’t help directly for general

M and N, but perhaps it at least helps you get straight what’s going on.)
NOTE on Q4: If you like, you can prove this just for k = 3, i.e. that

N’(M & N) = N’ M
o (N°M)® N
& M ®(A°N)
@ N’N

This is no harder or easier than the general case, but might be simpler notationally.

Solution. We will define maps in both directions and then verify that they are inverse to each other. First, we
define a map from right to left, i.e. a map

v: P (AM) @ (A'N) » A'(M e N)
a+b=k

To do this, via the universal property of the direct sum, this is equivalent to defining maps W, ; for each

summand. Thus, we need to define ¥,: (A“M) ® (/\bN) to A¥(M @ N). By the universal prop-
erty of the tensor product and the exterior power, this 1s the same thing as defining a multilinear map
Y(mi,...,mg,n1,...,np) withm; € M,n; € N taking values in /\k(M @ N) such that if any two m; or
any two n; are equal, then ¢ (my, ..., mg,n1,...,np) = 0. We define:

Y(my,...,mg,N1,...,np) =My A~ AmgAng---Any

Since the wedge product is alternating and multilinear, we see that this definition satisfies the required
properties, so we get a well-defined map .



Going the other direction, to define ®: A\*(M @& N) — @, (A“M) @ (/\bN), the universal
property of the direct product (which is naturally isomorphic to the direct sum since there are finitely
many summands) implies that it is equivalent to define ®, : AN'(M & N) - (A"M) @ (/\bN). Then,
the universal property of the exterior power says that this is equivalent to defining a multilinear map
o((m1,n1), ..., (mg,ng)) to (M) ® (/\bN). Using the notation defined in , we define:

e((m1,n1), ..., (mg,ng)) = Z er, (Nieymi) @ (/\jejnj) 2

IUJ=[k]
|=a
Here, the €7 ; are =1. We will leave these as indeterminates for now, and derive what they have to be in order
to make @, U well-defined and mutually inverse.
To see that this is alternating, assume that (m;, n;) = (m;,n;) forsome ¢ < j. If U J = [k] and ¢, j are
either both in I or both in .J, then the corresponding term in the sum vanishes due to the fact that the wedge
product is alternating and m; = m, n; = n;. For all of the remaining terms, either ¢ € I or j € J, so we

may write:
p((m,n)) = Z er. (Niermi) ® </\jeJ”j) + Z €r1,J (/\ielmi) ® (AjeJnj)
IUJ=[k] TUJ=[k]
M]=a H|=a
iel,jed ieJjel
= Z <€1J (/\ielmi) ® (/\jeJnj) ter,y (/\iel’mi) ® (AjeJ’nj)>
TUJ=]k]
[I|=a
iel,jeJ

Here, for any I, J with i € I, j € J, we define I, J' by swapping i and j, i.e. I’ = (I — {i}) U{;j} and
J = (J —{j}) U {i}. Since m; = mj, N\;cpmi = (=1)N1ii \,.;m;, with Ny, ; equal to the number
of elements of  which are strictly between ¢ and j. Similarly, A, ;n; = (—1)N7ii Njesn;- Note that
Nr1,ij + Ny j is just the number of elements of [n] strictly between i and j, whichis (j — i) — 1.

Thus, we come to our first requirement on €7_j:

€. g = (—1)071’)6]7] (3)

If the €7, ; satisfy Equation (3), then @ is well-defined. Now, let’s see that & and W are mutually inverse.

Toseethat o W: @ ., . (A"M) @ (/\bN) = Doy (N'M) @ </\bN) is equal to the identity, we
may check it on each component, i.e. we may check that ®, ; o ¥, ; is the identity. Unwinding the definitions,
we see that this is the statement that:

©((mq,0),...,(mg,0),(0,n1),...,(0,np)) = (M1 A+ mg) @ (N A -+ Amy)
But we can compute the left-hand side via (2) as:
¢((m1,0),...,(mq,0),(0,n1),...,(0,n)) = €1, a),[at1,...k) (ML A Amg) @ (n1 A=+ Amp)
Thus, we get our second requirement on €y j:
€[L,....a],[a+1,..k] = 1 4

4



We’ve shown that as long as (@) is satisfied, ® o ¥ = id. Now, we need to check that ¥ o & = id. By
unwinding the definitions, this says that:

(my+n1) A A (my + ng) Z Z €71, J ]mi) A (/\jejnj)

atb=k ILJ=[K]
[Il=a

The linearity of the wedge product shows that:

(m1+mn1) A A(mg +ng) = Z Z /\ze ]

a+b=k TUJ=[k]
|I|=a

Here, a; = m; if ¢ € I and o; = n; if ¢ € J. By the skew-symmetry of the wedge product, we see that:

/\ie[n]ai = sgn(o7,7) (Aieymi) A (/\jeJnJ)

Here, oy, is the permutation of [k] which maps 1,...,atoiy,...,1i, (meaning that it maps 1 to iy, 2 to is,
etc)anda+1,...,kto0 j1,...,0p, Where iy < i9 < --- < igand j; < jo < --- < jJp are the elements of
I, J respectively. Thus, we get our third requirement on €, ;, which serves as a definition for ¢; ;.

€r,;7 = sgn(or,z) Q)

Now, we are reduced to checking that if we define the ¢y via (3)), they satisfy (3) and (). It is easy to check
(F_f[), SiNCe o[y, q],[a+1,...,k] 1S the identity permutation. Now, @ says that:

sgn(op,y) = (—1)V " sgn(oy )

To do this, we will write o/ y» = 0; o7 ; and show that sgn(o; ;) = (— )(3 i), We have Oij =0r.J0], J.

Since a;’}] takes i1,...,9,t01,...,aand op y takes 1,...,atod},. .. we see that 0; ; takes i1, ..., 1,4

Y a’
to i}, ...,i, and likewise for .J.
If p < i or p > 7, then this permutation fixes p: this is because the segments of I (resp. J) and I’ (resp.

J") below 7 and above j are the same. Label the elements of I such that:

1< <= <apl < <ig < J<igp <o <lg
and similarly for J:

N< <1 <t <Jy < <Jsg=7<Jot1 < <Jb

Now, i), = i, for p < aworp > B, iy, = ipy1 for @ < p < B, ijy = j. Similarly, j,, = j, forp < yorp >4,
gy =i, jp = Jp—1 for v < p < 0. Thus, 0y ; is:

(P dat1 fat2 - 15118 J Jo—1 Js—2 * = Jy+1 Jv)

This is a cyclic permutation moving all elements p € [k] with i < p < j. There are (j — i) + 1 of these. Now,

a cyclic permutation moving ¢ elements is a product of £ — 1 transpositions and thus it has sign (—1)~!, so

we have sgn(o; ;) = (—1)77, as desired. This concludes the proof.



Question 5. Given an abelian group M and a subgroup A C M, define the saturation of A to be
sat(A)={me M|In#0cZst.n-me A}.

This sat(A) is a subgroup of M (you may assume this without proof).
Prove that if M is finitely generated, then for any subgroup A C M the saturation sat(A) is a direct
summand of M that is, there exists a subgroup N C M such that M = sat(A) & N.

Solution. First, note that if A is a submodule of an abelian group M, then sat(A) is saturated, meaning
that if m € M is such that nm € sat(A) for some n # 0 € Z, then m € sat(A). Indeed, by the definition
of sat(A), if nm € sat(A), then for some n’ # 0 € Z, (n'n)m = n’(nm) € A. But since Z is a domain,
n'n # 0, so this means that m € sat(A).

Now, since abelian groups are the same thing as Z-modules, we may apply the structure theorem for
finitely generated modules over a PID. In the case that the PID is equal to Z, this says that any finitely
generated abelian group L satisfies:

L~7Z"aT

Here, T is a finite torsion abelian group. We will apply this to the finitely generated Z-module M /sat(A):
M /sat(A) ~ Z" & T. Now, let m € M be such that [m] € T. Since T is torsion, for some n # 0 € Z,
n[m] = [nm] = 01in M/A. This means that nm € sat(A). But because sat(A) is saturated, this implies
m € sat(A), i.e. [m] = 0. Thus, we’ve seen that ' = 0, so M /sat(A) ~ Z". Thus, we have an exact
sequence of abelian groups:

0—sat(A) > M —-Z"—0

However, since Z" is a free Z-module, it is projective, so the above exact sequence splits. Let o: Z" — M
be a splitting. Define N = o(Z") ~ Z" (since o is injective). Then the map sat(A) & N — M induced by
the inclusions is an isomorphism (this follows from the definition of a splitting since the composite of the
inclusion of IV into M and the isomorphism Z" =+ N induced by ¢ is exactly o).

Question 6. Given k linearly independent vectors vy, . . ., v in Z", there are two definitions of the discrimi-
nant:

Definition 1: Consider the elementw = vy A -+ Avg € /\kZ”.
Let discy (v1, . .., vk) be the largest d € N such that w is divisible by d.
(i.e. such that there exists some other y € /\kZ” such that w = d - )

Definition 2: Let K = (v1,...,v;) be the subgroup of Z" generated by these elements. Let L be the
quotient L = Z" /K. Let disca(v1, . . ., vx) be the cardinality of the torsion subgroup Torsion(L).

Prove that disc; (v1, ..., vx) = disca(v1, . . ., V).

Solution. Let Ky = sat(K). Then by Question 5, we have Z" ~ Ky & N for a subgroup N of Z". Since
Ky, N are subgroups of the finitely generated free Z-module Z", they are both free. Thus, Ky ~ Z™! and
N =~ Z™2 for some mi, ms. Since Ko ® N ~ Z", we have m1 + mg = n. The fact that vy, ..., vy are
linearly independent says exactly that the morphism Z* — K given by mapping the basis vectors to the
v; is injective. Since it is clearly surjective, we see that K ~ Z*. Now, since K C Ky, we have k£ < mj.
Conversely, let wy, . .., wy,, be a basis for K. For each wj, there is some ¢; # 0 € Z such that /;w; € K.
Taking ¢ to be the least common multiple of the ¢;, we see that £ - Ko C K. But £ - Kg >~ Ky ~ Z™! since
multiplication by ¢ is injective and thus an isomorphism onto its image. Thus, m; < k so m; = k and
mog =1 — k.



Since K C Ky, the isomorphism Ko & N — Z" gives an isomorphism Ko/K @& N = L. Now, since
Ky = sat(K), for any m € Ky we have some n # 0 € Z such that nm € K, so n[m] = 0in K(/K. Thus,
Ky/K is torsion. Since N is free, we see that the torsion subgroup of L is isomorphic to Ky/K. Thus,

disca(v1, . . ., vg) defined as above is the same as disco(v1, . .., vx) when we regard the v; as elements of
Ko~ ZF.
Using Question 4 and the isomorphism Ky & N ~ Z", we will show the analogous statement is true for
discy (v1, ..., vg), and this will allow us to assume that n = k. Indeed, Question 4 shows us that:
k b
A (Z™) ~ P (N*Eo) @ (A'N)
a+b=k

Now, since v; € Ky for each ¢, w = v1 A - -+ A v maps into the summand /\kKo (i.e. the summand with
a = k and b = 0). This is because the N-component of v; is 0 for each i, so by looking at the definition
of the above isomorphism ®, we see that ®,;, = 0 unless (a,b) = (k,0). Thus, if w = d - p with
pe \"Z", d € Z, then i € \*Ky. (This is because \*(Z") is a torsion-free Z-module, so if d - 1z is in a
direct summand of this module, then the components of p in the other direct summands must vanish since
their d-multiples do). Thus, we see that discy (v1, . .., vx) is the same when we regard the v; as elements of
Ky ~ ZF. Thus, we may assume n = k.

Now, if e1, ..., ey is a basis for Z*, the Z-module /\k(Zk) is free with generator e; A - - - A eg. Thus,
we may write w = Ce; A -+ A ey, for some C € Z. If w = d - p for some p € /\k(Zk), we may also
write p = C’e; A -+ A ek, so C = dC’. Thus, we see that discy (v1, . . ., v;) = |C|; since the definition of
the discriminant does not depend on a choice of basis, neither does |C|. Furthermore, if we write the v; as
vj = Y, a;je;, the matrix Me = (ai;) sends e; to v;. Then, we have C' = det M, v, as we can see by
expanding w as:

W=V A AV = Zailei A A Zaikei = ngn(U)Hag(j)j e1 N Aeg
i 7 o J

This holds since (1) A - -+ A ey(x) = sgn(a)er A - -+ A eg, and any terms with one of the e; repeated are 0.
This is one of the definitions of the determinant of the matrix M = (aij). Note that if we pick another
basis fi, ..., fi of Z¥, we have Mgy = Mg sMev My e = Mf_’elMe,Vvae, so det Me v = det Mg . Thus,
we see that even C' does not depend on the choice of basis for Z*.

Now, we will show that |C| = disc(vy,...,vy) is unchanged by replacing vy, ..., v; by any set of
generators of K, the submodule of Z* generated by the v;. Indeed, K ~ Z* (this follows from linear
independence of the v;, as we’ve seen above). Thus, a set of generators w1, . . ., wy, of Z* is actually a basis
(this follows from the fact that a surjective endomorphism of free modules is actually an isomorphism). This
means that the matrix My v = (b;;) taking v; to w; = ) . b;;v; is invertible, so its determinant is +1. Since
Mew = My wMe,, we see that discq (w1, ..., wg) = !det Me,w‘ = ‘idet Me | = discq(v1,. .., k).
Note that disca(v1, . .., vx) by construction only depends on the submodule K generated by vy, .. ., vg. Thus,
we may freely replace vy, ..., v; by any other basis for K.

Now, we need to pick some basis e, . . ., ej, of Z¥ and vy, . . ., vj, of K where we can compute det Me v,
and then show that it is equal to disca(v1,...,v;). We claim that we may choose these bases such that
for each i, v; = d; - e; for some d; € Z. This follows from the proof of the structure theorem for finitely



generated modules over a PID. Now, we may write down Me v as:

do

dn
Thus, detMe v = [, d;, so discy (v1, ..., v) = [[, |di|. On the other hand, we may compute Z*/K as:
ZF K ~Ze1 & - @ Zeyp/(Z(die)) @ - - & Z(dyey,)) ~ (Z/d1Z) & - - - & (Z/)d},Z)

This group is torsion and clearly has order disca(v1, ..., v;) = []; |di|, so we are done.

Question 7. Let V' be an n-dimensional vector space over Q, and fix k > 1.
Recall from class that for any endomorphism 7': V' — V', we obtain an endomorphism
T,: V®k — V@ defined on generators by

Ti(v1®- - @ug) =T(v1) @ @T(vg).

In this question, we want to find the endomorphisms of VEF that commute with T, for all T .
Recall from class that the permutation group Sy acts on V®* (on the right) by

(Ul®...®fuk).o'zvo_(1) ®®v0'(k’)
Let f, € Endg(V®*) be this endomorphism. We can easily check that this commutes with T}, since

(T*(vl ®-~®Uk)) L0 = (T(U1)®--'®T(’l}k)) o

(Vo(1) ® *++ ® Vg1
:T*(('U1®®'Uk)0')

In other words, f, o Ty, = Ty o fo.
The same is automatically true for linear combinations: for any x = ) a,0 € Q[Sk], the endomorphism
fz == as f has the same property that f, o T}, = T} o f, forall T' € Endg(V).
Your task: prove that these are the only endomorphisms that commute with all 7.
That is, prove that if ¢ € Endg(V®*) satisfies g o T\ = Tk o g forall T' € Endq(V),
then there exists some = € Q[Sk] such that g = f,.

Solution. First, we will assume that n > k. Let ey, ..., e, be a basis for V. Recall that V®* has a basis
consisting of all vectors of the form e;; ® --- ® e;, for arbitrary i1, ..., %;. We want to show that there are
constants a, € Q such that g = ZU aq fo. This means exactly that for any 1, . .., i;, we have:

gl ® - ®e;) = Zaa <€z‘0(1) Q- ® €ig(k)> (6)

(e

Since n > k, the element e; ® - - - ® ¢, is in V®_ Thus, if Equation @) holds, we must have:

g(€1®...®ek):Zao-(eo.(l)@-..@eo—(k)) (7)

g



and that the terms on the right-hand side are linearly independent, so Equation (/) uniquely determines the
as. Now, we will show that Equation (/) holds and use this to define the a,, then show that this implies that
Equation (6] holds.

Let T be the matrix T = . where the p; € Z C Q are distinct prime numbers. Then
Pn

Tie1® - ®ep) = (Hle pi) (1 ® -+ ® eg). Since g commutes with T, g must preserve the Hle Dsi-
eigenspace of 7. Now, we have T (e;, ® --- @ ¢;, ) = H§:1 pi;- By uniqueness of prime factorization, this
number is equal to Hle pi iff {i1, ..., ik} ={1,...,k} assubsets of [n] = {1,...,n}. For I C [n] with
|I| = k, define p; = [[;c; pi- We may partition the basis {e;, ® --- ® e;, } in terms of the sets {71, ..., ix}:
the basis can be written as

{ei,® - ®ei}t = |_| {eiam) Q- ® eia(k)}I:{il,...,z’k}
Ig[n] UESk
\T]=k

Thus, we may write g(e; ® - - - ® eg) uniquely as:

gle1®---®ep) = Z Z a{,eio(l) Q- ® €y, ()

[Cln] @
1=k

Then we have:

prgler® - ®ex) = g(Tu(e1 @ - @ eg))
=Ti(g9(e1® - @ eg))

=4 Z Zaéeim) ® - Q iy

IC[n] ©
\T]=k

I
= Z pr Z“oeicr(l) & O e,
g

IC[n]
\I|=k

Since the {e;;, ® - - - ® e, } are linearly independent, we may compare coefficients to see that al =0 for
I # [k]. Thus, the formula (8) gives us (7).

Now, let z = ) _a,0 € Q[S}] with the a, defined by , s0 fz =D, o fo. Since this is in the image
of the map from Q[S}] to End(V®*), we see that f, commutes with the action of End(V'). Now, we want
to show that g = f,. Let h = g — f,. This commutes with the action of End(V), since g and f, both do,
and by (7), we know that h(eq ® - - ® ej,) = 0. Now, we want to show that i = 0.

It suffices to show that h(e;, ® --- ®e;, ) = 0 for any 41, .. ., i, so fix some such i1, ..., ;. Define an
operator 7' € End (V') which sends ¢; to e;; for j = 1,...,k and sends e; to O for j > k. This is possible
since e1, . . ., ey are linearly independent (so we’re really using that n > k). Then we have:

hiei, ®---®e;,) =hoTi(e1® - - Rep) =Tioh(e1® - @eg) =Tx(0) =0

Thus, h = 0, so we have shown the case n > k.



Now, for the case n < k, we need to use a few ideas from representation theory. We will give the proof
with Q replaced by C (or any algebraically closed field of characteristic 0). It turns out that a similar proof
works over Q, but this requires knowing some non-trivial information about the representation theory of
symmetric groups.

Our strategy will be to try to embed V' in a vector space W of dimension at least £ and extend g to a map
g: W&k — W%k which commutes with the action of End (/) and such that |y ¢« = g. Then by the case
n > k, we have g = EU aq fo, and we can see directly that this continues to hold when we restrict to V®k,

The action of Sj; on V®* makes V®* into an Sj-module. Since Q has characteristic 0, any S;-module
W is a direct sum of irreducible representations of Si. This is called Maschke’s Theorem.

Theorem 1 (Maschke’s Theorem). If W is a finite-dimensional vector space over a field of characteristic 0
and G is a finite group acting on W, then W = @;W; with W; irreducible representations of G.

Proof. We need to show that if W7 is an G-invariant subspace of W, then W = W; & W5 for some G-
invariant subspace W5. Then we may induct on the dimension of W. In order to construct Ws, we will
construct a projection operator p: W — W with im p = W and p|yw, = idy,. Then W = W; @ker p. If we
arrange that p(g-w) = g-p(w) forall g € G, w € W, then ker p is G-invariant and gives the desired splitting.
Now, we may chose some projection operator pg with image ;. Let p(w) = ﬁ Shech - po(ht - w).
Then

1 _
plgw) = @Zh-po(h 'g-w) =

1
e =l

a2 9l ) - po((g™"h) ™" w) = gp(w)

heG

Moreover, if w € Wi, = - w € Wy, so po(h~! - w) = h~1 - w. Thus, p(w) = ﬁ Shea(hh™h) - w = w.
Finally, the image of p is contained in W) because W is (G-stable and the image of pg is contained in
Wi. O

Thus, we may write V& ~ \ D2, U, Here, A ranges through a set indexing all isomorphism
classes of irreducible representations U of SkEI and n) is the number of times U), appears as a direct
summand of V¢, U A,i just denotes the i-th copy of U). In the case k& = 2, this is just saying that we can
choose a basis for V2 where every tensor appearing in the basis is either symmetric or anti-symmetric: a
symmetric or anti-symmetric tensor is an eigenvector for the action of the non-trivial element of Sy, so it
spans a one-dimensional irreducible representation of .Ss.

We want to show that if g commutes with the action of End(V'), then in fact g preserves the U ;. In fact,
we will prove the following stronger result: EI

3For any finite group, there are only finitely many non-isomorphic irreducible representations over any given field of characteristic
0, and all of these are finite-dimensional. Neither fact is necessary here, however, since we know V®F is a finite-dimensional space
and we only need to consider the isomorphism classes appearing as direct summands of this representation. In addition, we know
that for the group Sk, the irreducible representations of Sy are indexed by partitions X of [n]. The representation associated to a
partition A is determined by studying the “Young tableaux of shape A\”. This is an interesting (and accessible) fact at the intersection
of combinatorics and representation theory.

* In fact, this result implies the full statement of the problem due to the double centralizer theorem. Let W be a representation of a
group G over a field k£ which is a direct sum of irreducible representations (a “semi-simple” representation). Define C¢ C End (W)
to be the centralizer of G, i.e. the set of endomorphisms which commute with the action of G. Then this theorem says that if
h € End(W) commutes with every element of C, actually h is the image of an element of k[G]. We can take W = V®* and
G = Sk. Then Lemmal[2]says that C¢ is the image of End(V) in End(W), so the double centralizer theorem says that any element
of End (W) which commutes with the action of End (V) is actually of the form f, for z € Q[Sk].
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Lemma 2. If h: V& — V& commutes with fo for every o € Sy, then h is a k-linear combination of T}
for various 7' € End(V).

Proof. First of all, we may write any such A as a sum of elements of the form h; ® - - - ® hy, which we may
furthermore assume are linearly independent from each other:

h:Zh§®---®h}; 9)

Indeed, we have a natural map (End(V))®k — End(V®*) induced by the multilinear map sending
(hi,...,hg) to hy ® --- ® hg. The space on the left has a basis consisting of all tensors of the form
(€irj1) @ - -+ ® (e, 4, ) for elementary matrices e;,;,. The image of an element of this basis is the endomor-
phism of V®* which sends e;, ® - - - e;, to ej; ®--- ® ej, and is zero on any other element of the basis
{ep, ® -+ @ ep, } of VEF, Thus, the image of these basis elements are linearly independent in End(V ®*).

Now, since h commutes with f,, for all ¢, we have f, o h o f,—1 = h. Note that for any v; ® - - - vg, we
have:

frohi®  @hjofo1 (1@ @) = foo (M@ @I (Vo101 @ ®Vp-15y)  (10)

= I (W01 ) @+ ® (W01t an
= hyy(01) @ -~ @ hi g (vg) (12)
= (hoy @ - @ hg() ) (1 ® - - - @ vg) (13)

We expand this identity using (9) and (I0):
D> ohi®@- @ =Y hlgy®@- @i,
i i
By linear independence we may conclude that for each i, we have:
i®~-®h2=h?}(1)®-~®h2(k)

This lmphes that:

€S}

Now, for J C [k], let T’ be the endomorphism jeJ h; We will use the following fact:

Lemma 3.

S obhy @ @bl =Y (=) iT)), (15)

oS}, JCK]

We will give the proof only in the case £k = 2, but the general case is a messy but straightforward
induction (think “inclusion-exclusion”). For & = 2, the formula is the obvious statement that:

1 ®hy+ hh @ hi = (k] + hy) @ (ki + hb) — (hf @ ki + hy ® hb)

Thus, we see that /¢ is a k-linear combination of T}, for various 7' € End(V). Ul
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Now, the projection operator p) ; from Ve to U A, 1 Sp-invariant, so by Lemma [2} it is a linear
combination of 7} for various 7T'. Since g commutes with all such 7, it commutes with this projection
operator. Thus, for u € Uy ;, g(u) = g o pxi(u) = px; o g(u) € Uy, so g preserves Uy ;. Let gx; = glu, ;-
Now, for each ¢ < j choose a map «; ;: Uy ; = U, ; which is an Sj-equivariant isomorphism. We can
extend this to an endomorphism h; ; of V®* by requiring h| U,; = 0 whenever (u,j) # (X, 4). This is
Sk-invariant, so it commutes with g as above. Thus, for u € U; », we have «; j o gy ;(u) = h;j o g(u) =
goh;j(u) = gx;oa;j(u). Thus, for each 7, j, we have:

grj = Qijogrioa; ) (16)

Now, we will use this to construct the extension g. Write Wek = D, @Znél Uy, Here, n’/\ > n, for
each A, and we may assume that for 7 < ny, Uy ; C V® and that it is the same U A,i from the decomposition
of V®*_ For each )\, choose isomorphisms of S-modules «; ;: Uy ; = U,,j such that for ¢, j < n,, these
are the same «; ; considered above. Now, we define §|UM to be 0 whenever ny = 0 and o ;0 gy 0 ai}
whenever n # 0. By the previous paragraph, for i < ny, glu, ; = 9r: = 9lu, ;-

Now, we must show that g commutes with End(W). Let T' € End(W). Note that T, commutes with
Q[Sk], so (T%)|u, , maps into @;il Uy,;- Then, for each j, we get amap T ; ;: Uy; — Uy ; by projecting

to the j-th term of this direct sum. Thus, «; Lo T),i,; is an Sy-equivariant endomorphism of the irreducible

)-]
representation U) ;. We claim that it must be a scalarﬂ This is:

Lemma 4 (Schur’s Lemma). Any endomorphism p of an irreducible representation U of a group G over an
algebraically closed field which commutes with the G-action is a scalar.

Proof. Since the field is algebraically closed, any endomorphism of U must have an eigenvector v, so
p(v) = X - v for some scalar \. But then the nonzero eigenspace ker(p — \) is G-invariant: if p(v) = X - v,
then p(g(v)) = g(p(v)) = g(A-v) = A - g(v). Thus, since U is irreducible, this eigenspace is equal to
U. O

Thus, T ; ; = Ch; o, for Cy; ; € C. It suffices to show that g commutes with T ; ; for all A, 4, j.
But this is immediate from the definition of gy, ; via Equation li

Sthis is where we are using that we are working over C instead of over Q: with more specific analysis of the representation
theory of Sk, we may prove this “by hand” over Q.
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