GLOBAL ANALYSIS OF QUASILINEAR WAVE EQUATIONS ON
ASYMPTOTICALLY KERR-DE SITTER SPACES
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ABSTRACT. We consider quasilinear wave equations on manifolds for which
infinity has a structure generalizing that of Kerr-de Sitter space; in particular
the trapped geodesics form a normally hyperbolic invariant manifold. We prove
the global existence and decay, to constants for the actual wave equation, of
solutions. The key new ingredient compared to earlier work by the authors in
the semilinear case [31] and by the first author in the non-trapping quasilinear
case [29] is the use of the Nash-Moser iteration in our framework.

1. INTRODUCTION

We consider quasilinear wave equations on manifolds for which infinity has a
structure generalizing that of Kerr-de Sitter space. An important feature is that,
as in perturbations of Kerr-de Sitter space, the trapped geodesics form a normally
hyperbolic invariant manifold. We prove the global existence and decay of solu-
tions; this means decay to constants for the actual wave equation. This result is
part of a new framework for solving quasilinear wave equations with normally hy-
perbolic trapping, which extends the semilinear framework developed by the two
authors [31] and the non-trapping quasilinear theory developed by the first author
[29]. The main new tool introduced here is a Nash-Moser iteration necessitated by
the loss of derivatives in the linear estimates at the normally hyperbolic trapping.
To our knowledge, this is the first global result for the forward problem for a quasi-
linear wave equation on either a Kerr or a Kerr-de Sitter background. We remark,
however, that Dafermos, Holzegel and Rodnianski [9] have constructed backward
solutions for Einstein’s equations on the Kerr background; for backward construc-
tions the trapping does not cause difficulties. For concreteness, we state our results
first in the special case of Kerr-de Sitter space, but it is important to keep in mind
that the setting is more general.

By adding an ‘ideal boundary’ at infinity in the standard description of Kerr-de
Sitter space, the region of Kerr-de Sitter space we are interested in can be consid-
ered a (non-compact) 4-dimensional manifold with boundary M. The interior M°
is equipped with a Lorentzian metric gg, recalled below, depending on three param-
eters A > 0 (the cosmological constant), M, > 0 (the black hole mass) and a (the

Date: April 4, 2014, revised May 10, 2014.

1991 Mathematics Subject Classification. 35L72, 35105, 35P25.

Key words and phrases. Quasilinear waves, Kerr-de Sitter space, b-pseudodifferential opera-
tors, Nash-Moser iteration, resonances, asymptotic expansion.

The authors were supported in part by A.V.’s National Science Foundation grants DMS-
0801226 and DMS-1068742 and P.H. was supported in part by a Gerhard Casper Stanford Grad-
uate Fellowship.



2 PETER HINTZ AND ANDRAS VASY

angular momentum), though we usually drop this in the notation." This Lorentzian
metric has a specific structure at dM, i.e. ‘infinity’, called a totally characteristic,
or b-, structure. Here recall that on any n-dimensional manifold with boundary
M, the Lie algebra of smooth vector fields tangent to the boundary is denoted by
V»(M); in local coordinates (x,y1,...,Yn—1), with « a boundary defining function,
these are linear combinations of 29, and 0,, with C*°(M) coefficients.

Just as a dual metric is a linear combination of symmetric tensor products of
coordinate vector fields, a dual metric in this totally characteristic setting, also
called a dual b-metric, is a linear combination of

1 1
20y ® 10y, §(x8m ® Oy, + 0y, ® x0;), i(ayi ® Oy, + 0y, ® 0y,).

One can think of this as a symmetric bilinear form; then a Lorentzian dual b-metric
is a non-degenerate bilinear form of signature (1,n — 1). The corresponding wave
operator is thus a totally characteristic, or b-, operator, [] € Difle)(M), i.e. is the
sum of products of up to two factors of elements of W}, (M), with C>°(M) coefficients.
The actual metric is then a linear combination of

E ol (Lody+dye®), dyody +dy ©dy).
We denote linear combinations of these tensors over a point p by Sym? bT;jM .

In order to set up our problem, see Figure 1 for an illustration, we consider
two functions t;, j = 1,2, with forward, resp. backward, time-like differentials near
their respective O-set H;, which are linearly independent at their joint O-set, and
let © = ;1([0,00)) Nt; ([0, 00)), with Q compact, so Q2 is a compact manifold with
corners with three boundary hypersurfaces Hy, Ho and X = 0M, all intersected
with 2. We are interested in solving the forward problem for wave-like equations
in 2, i.e. imposing vanishing Cauchy data at H;, which we assume is disjoint from
X; initial value problems with general Cauchy data can always be converted into
an equation of this type.

In order to compress notation for elements of W, (M) applied to a function w, it
is convenient to introduce the notation

dz
b, — .
du = (xdpu) - + Ej (0y, u)dy;

in terms of local coordinates. This is a re-interpretation of the differential du of u
in terms of the 1-forms df and dy; dual to the vector fields 20, and 0,,, thus it
is in fact invariantly defined. Note that when one writes e.g. a(u,®du), one could

instead, at least locally, write

a(u, z0zu, Oy, u, ..., 0y, u);

the Pdu notation is more concise and invariant. One calls linear combinations of df
and dy; over a point p elements of ®T¥ M. We note that "d preserves reality.
The wave equations we consider include those of the form

b
Dg(u,bdu)u = f + Q(uv d’LL),
lwe will always assume that A, Me and a are such that the non-degeneracy condition [47,

(6.2)] holds, which in particular ensures that the cosmological horizon lies outside the black hole
event horizon.
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FIGURE 1. Setup for the discussion of the forward problem on
Kerr-de Sitter space. Indicated are the ideal boundary X, the
Cauchy hypersurface H; and the hypersurface Hs, which has two
connected components which lie beyond the cosmological horizon
and beyond the black hole event horizon, respectively. The hori-
zons at X themselves are the projections to the base of the (gen-
eralized) radial sets L., discussed below, each of which has two
components, corresponding to the two horizons. The projection to
the base of the bicharacteristic flow is indicated near a point on
Ly ; near L_, the directions of the flowlines are reversed. Lastly,
I' is the trapped set, and the projection of a trapped trajectory
approaching T' within T_ = I't UT'Z, discussed below, is indicated.

where ¢(0,0) = go, and for each p € M, g,(vo,v) : R® bT;M — Sym? bT;M,
depending smoothly on p, and?

N’ N
q(u, du) = Zajuej H Xjku,
j=1 k=1

6]‘,Nj € No, Nj + €; > 2,
with
a; GCOO(M), Xjk eVb(M) (11)
Our central result in the form which is easiest to state, without reference to the
natural Sobolev spaces, is:

Theorem 1. On Kerr-de Sitter space with angular momentum |a| < M,, for
a > 0 sufficiently small and f € C(M°) with sufficiently small H*-norm, the
wave equation Uy, vayu = [+ q(u, du), with q as above with N; > 1 for all j,
has a unique smooth (in M°) global forward solution of the form u = ug + @, x~ %0
bounded, ug = cx, x € C*°(M) identically 1 near OM.

Further, the analogous conclusion holds for the Klein-Gordon operator [J — m?

with m > 0 sufficiently small, without the presence of the uy term, i.e. for o >

2Here a; is only relevant if N; = 0.
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0, m > 0 sufficiently small, if f € C>°(M°) has sufficiently small H'%-norm,
(Oy(u,bdu) — m?)u = f + q(u, du) has a unique smooth global forward solution
u € z*L>°(Q). In fact, for Klein-Gordon equations one can also obtain a lead-
ing term, analogously to ug, which now has the form cx’'y, o; the resonance of
Ug0) — m? with the largest imaginary part; thus Imo; < 0, so this is a decaying
solution.

The only reason the assumption |a| < M, is made is due to the possible presence
(to the extent that we do not disprove it here) of resonances in Imo > 0, apart
from the O-resonance with constants as the resonant state, for larger a. Below, in
Section 2, we give a general result in a form that makes it clear that this is the only
remaining item to check — indeed, this even holds in natural vector bundle settings.

In order to state the natural global regularity assumptions, we now discuss the
Sobolev spaces corresponding to our setting: We measure regularity with respect
to W, (M), and for non-negative integer s, one lets H (M) be the set of (complex-
valued) u € L3(M) such that Vi...Vju € LE(M) for j < s and Vi,...,V; €
Vy(M). Here, L? is the L?-space with respect to any b-metric, such as the Kerr-
de Sitter metric, which is thus in local coordinates given by a density which is
a positive smooth multiple of 7! |dzxdy; ...dy,_1|. Further, one introduces the
weighted Sobolev spaces Hy'* (M) = x*HE(M); H® (M;R) denotes the real-valued
elements of these spaces. Sections of vector bundles in H,'® are defined by local
trivializations; the Sobolev spaces on 2 are defined by restriction.

We then relax (1.1) to

a; € C(M)+ H (M), X, € (C* + Hy®)Vp (M), (1.2)

in our assumptions. Generalizing the forcing as well, and making the conclusion
more precise, the more natural version of Theorem 1 is, with further generalization
given in Theorems 3 and 4:

Theorem 2. On Kerr-de Sitter space with angular momentum |a| < M,, for
a > 0 sufficiently small and f € H> with sufficiently small H.**-norm, the
wave equation Oy, vayu = f+q(u, Pdu), with q as above with N; > 1 for all j, has
a unique, smooth in M°, global forward solution of the form u = ug+a, @ € Hy %,
ug = cx, x € C®(M) identically 1 near OM.

Further, the analogous conclusion holds for the Klein-Gordon equation 0 —m
with m > 0 sufficiently small, without the presence of the ug term, i.e. for a >
0, m > 0 sufficiently small, if f € H"*(Q) has sufficiently small Ht1)4’a—n0rm,
(Og(ubdu) — m?)u = f + q(u,du) has a unique, smooth in M°, global forward
solution u € HY™* ().

2

For the proofs, we refer to Corollaries 5.13 and 5.16, which are special cases
of Theorems 5.10 and 5.15. For any finite amount of regularity of the solution,
our arguments only require a finite number of derivatives: Indeed, for sufficiently
large sp,C' € R and for s > sq, it is sufficient to assume f € HES’O‘, with small
Hé4’a—norm, to ensure the existence of a unique global forward solution u with
H“-regularity, i.e. with @ € H,'® in the case of wave equations, v € H;'® in the
case of Klein-Gordon equations; see Remark 5.12 for details.

We now discuss previous results on Kerr-de Sitter space and its perturbations.
There seems to be little work on non-linear equations in Kerr-de Sitter type settings;
indeed the only paper the authors are aware of is the earlier paper [31] of the authors
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in which the semilinear Klein-Gordon equation was studied (with small data well-
posedness shown) with non-linearity depending on u only, so that the losses due to
the trapping could still be handled by a contraction mapping argument. In addition,
the same paper also analyzed non-linearities depending on Pdu provided these had
a special structure at the trapped set. There is more work on the linear equation
on perturbations of de Sitter-Schwarzschild and Kerr-de Sitter spaces: a rather
complete analysis of the asymptotic behavior of solutions of the linear wave equation
was given in [47], upon which the linear analysis of the present paper is ultimately
based. Previously in exact Kerr-de Sitter space and for small angular momentum,
Dyatlov [21, 20] has shown exponential decay to constants, even across the event
horizon; see also the more recent work of Dyatlov [19]. Further, in de Sitter-
Schwarzschild space (non-rotating black holes) Bachelot [3] set up the functional
analytic scattering theory in the early 1990s, while later S& Barreto and Zworski [41]
and Bony and Héfner [6] studied resonances and decay away from the event horizon,
Dafermos and Rodnianski in [14] showed polynomial decay to constants in this
setting, and Melrose, S4 Barreto and Vasy [38] improved this result to exponential
decay to constants. There is also physics literature on the subject, starting with
Carter’s discovery of this space-time [8, 7], either using explicit solutions in special
cases, or numerical calculations, see in particular [50], and references therein. We
also refer to the paper of Dyatlov and Zworski [24] connecting recent mathematical
advances with the physics literature.

While it received more attention, the linear, and thus the non-linear, equation
on Kerr space (which has vanishing cosmological constant) does not fit directly into
our setting; see the introduction of [47] for an explanation and for further references
and [15] for more background and additional references. Some of the key works in
this area include the polynomial decay on Kerr space which was shown recently
by Tataru and Tohaneanu [44, 43] and Dafermos, Rodnianski and Shlapentokh-
Rothman [10, 11, 16], after pioneering work of Kay and Wald in [34] and [48] in
the Schwarzschild setting. Andersson and Blue [1] proved a decay result for the
Maxwell system on slowly rotating Kerr spaces; see also the earlier work of Bachelot
[2] in the Schwarzschild setting. The crucial normal hyperbolicity of the trapping,
corresponding to null-geodesics that do not escape through the event horizons, in
Kerr space was realized and proved by Wunsch and Zworski [49]; later Dyatlov
extended and refined the result [22, 23]. Note that a stronger version of normal
hyperbolicity is a notion that is stable under perturbations.

On the non-linear side, Luk [35] established global existence for forward problems
for semilinear wave equations on Kerr space under a null condition, and Dafermos,
Holzegel and Rodnianski [9] constructed backward solutions for Einstein’s equations
on Kerr space. (There was also recent work by Marzuola, Metcalfe, Tataru and
Tohaneanu [37] and Tohaneanu [46] on Strichartz estimates, which are applied to the
study of semilinear wave equations with power non-linearities, and by Donninger,
Schlag and Soffer [18] on L estimates on Schwarzschild black holes, following
L estimates of Dafermos and Rodnianski [13, 12], of Blue and Soffer [5] on non-
rotating charged black holes giving L% estimates, and of Finster, Kamran, Smoller
and Yau [25, 26] on Dirac waves on Kerr.)

In the next section, Section 2, we explain the ingredients of the proof of The-
orem 2, and we also state natural generalizations. At the end of that section we
provide a detailed roadmap through this paper.
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out the reference [32]. They are also very grateful to Maciej Zworski for comments
that improved the exposition. They are also thankful to Gunther Uhlmann, Richard
Melrose and Rafe Mazzeo for comments and interest in this project.

2. OVERVIEW OF THE PROOF AND THE MORE GENERAL RESULTS

Having stated the result, we now explain why it holds. Before doing this we
recall some notation. The description of V(M) in the introduction in terms of
local coordinates shows that it is the space of all C*> sections of a vector bundle,
T M, with local basis x0,, 0y, The dual bundle of PT M is denoted by PT*M; it
has a local basis of dx—””, dy;. A b-metric is a non-degenerate symmetric bilinear form
on the fibers of PT'M smoothly depending on the base point; a Lorentzian b-metric
is one of signature (1,7 —1). We point out that the b-differential ®d, defined locally
by

dx
b, — .
du = (xdpu) - + gj (0, u)dy;

maps H**(M) to H*~L(M;>T*M).

In order to start the explanation, it is best to begin with the underlying linear
equation; after all, the non-linearity is ‘just’ a rather serious perturbation! In
general, the analysis of b-differential operators (locally finite sums of finite products
of elements of Vi, (M)), such as O, € Difff (M), has two ingredients, corresponding
to the two orders, smoothness and decay, of the Sobolev spaces:

(1) b-regularity analysis. This provides the framework for understanding PDE
at high b-frequencies, which in non-degenerate situations involves the b-
principal symbol and perhaps a subprincipal term. This is sufficient in
order to control solutions u in H;"" modulo HSI’T, s’ < s, i.e. modulo a
space with higher regularity, but no additional decay. Since for the inclusion
H" — Hg/’r/ to be compact one needs both s > s’ and r > 7/, this does
not control the problem modulo relatively compact errors.

(2) Normal operator analysis. This provides a framework for understanding
the decay properties of solutions of the PDE. The normal operator is ob-
tained by freezing coefficients of the differential operator L at M to obtain
a dilation-invariant b-operator N(L). One then Mellin transforms the nor-
mal operator in the normal variable to obtain a family of operators L(c),
depending on the Mellin-dual variable o. The b-regularity analysis, in
non-degenerate situations, gives control of this family f/(a) in a Fredholm
sense, uniformly as |o| — oo with Imo bounded. However, in any such
strip, f/(a)_l will still typically have finitely many poles o;; these poles,
called resonances, dictate the asymptotic behavior of solutions of the PDE.

In order to have a Fredholm operator L, one needs to work in spaces such as Hy™",
where r is such that there are no resonances o; with Imo; = —r. One can also work
in slightly more general spaces, such as C @ H_'", r > 0, identified with a space of
distributions via u = ug+a, @ € Hy~'“, ug = ¢y, corresponding to (¢, u) € C&H,™".

Now, the b-regularity analysis for our non-elliptic equation involves the (null)-
bicharacteristic flow. In view of the version of Hérmander’s theorem on propagation
of singularities in this setting, and in view of the a priori control on Cauchy data at
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H;y, what one would like is that all bicharacteristics tend to 1%, M in one direction.
Moreover, for the purposes of the adjoint problem, which effectively imposes Cauchy
data at Hs, one would like that the bicharacteristics tend to bTI*{QM in the other
direction.

Unfortunately, bicharacteristics within PT° ¥ M can never leave this space, and
thus will not tend to 7%, M. This is mostly resolved, however, by the conormal
bundle of the horizons at X, which give rise to a bundle of saddle points for the
bicharacteristic flow. Since the flow is homogeneous, it is convenient to consider it in
bS*M = (PT*M \ 0)/R*. The characteristic set in ®S* M has two components .,
with X _ forward-oriented (i.e. future oriented time functions increase along null-
bicharacteristics in X_), ¥4 backward oriented. Then the images of the conormal
bundles of the horizons in the cosphere bundle are submanifolds Ly C Y4 of ®S% M,
with one-dimensional stable (—)/unstable (+) manifold £y transversal to ®S% M.
(The flow within Ly need not be trivial; if it is, one has radial points, as in the
a = 0 de Sitter-Schwarzschild space. However, for simplicity we refer to the L4
estimates as radial point estimates in general.) The realistic ideal situation, called a
non-trapping one, then is if all (null-)bicharacteristics in *SgM N (X1 \ L) tend to
bS}"bM U L4 in the backward direction, and bS}"{lM U L4 in the forward direction,
with a similar statement for ¥_, with backward and forward interchanged.” In this
non-trapping setting the only subtlety is that the propagation estimates through
L. require that the differentiability order s and the decay order r be related by
s > % + [Br for a suitable § > 0 (dictated by the Hamilton dynamics at Ly), i.e.
the more decay one wants, the higher the regularity needs to be.

This is still not the case in Kerr-de Sitter space, though it is true for neighbor-
hoods of the static patch in de Sitter space, and its perturbations. The additional
ingredient for Kerr-de Sitter space is normally hyperbolic trapping, introduced in
this context by Wunsch and Zworski [49], given by smooth submanifolds T+ C Y.
Here T'* are invariant submanifolds for the Hamilton flow, given by the transversal
intersection of locally defined smooth, Hamilton flow invariant, I+t = I‘Jir NI,
with I C ¥ transversal to bS* M NY, and Ff C PS% M N'Y. Combining results
of [22, 23] (which would work directly in a dilation invariant setting) and [30] we
show that for r > 0 sufficiently small, one can propagate H;"" estimates through
I't. This suffices to complete the b-regularity setup if the non-trapping require-
ment is replaced by: All (null-)bicharacteristics in *SgM N (24 \ (Ly UTH)) tend
to either bS}‘{ZM U Ly UTT in the backward direction, and bS}JlM UL UTT in
the forward direction, with the tending to I'" allowed in only one of the forward
and backward directions, with a similar statement for ¥_, with backward and for-
ward interchanged. Finally, this is satisfied in Kerr-de Sitter space, and also in its
b-perturbations (the whole setup is perturbation stable).

Next, one needs to know about the resonances of the operator. For the wave
operator, the only resonance with non-negative imaginary part is 0, with the kernel
of f/(a) one dimensional, consisting of constants. Since strips can only have finitely
many resonances, there is r > 0 such that in Imo > —r the only resonance is 0;
then H,"" & C works for our Fredholm setup. For the Klein-Gordon equation with

3Notice that due to the assumption on the one-dimensional stable/unstable manifold being
transversal to bS}‘(M, there cannot be non-trivial bicharacteristics in PS*M tending to Ly in
both the forward and the backward direction, since a bicharacteristic is either completely in
bS;(M, or completely outside it.
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m > 0 small, the m = 0 resonance at 0 moves to oy = o1(m) inside Imo < 0,

see [21, 31]. Thus, one can either work with Hg’r/ where 7/ is sufficiently small
(depending on m), or with H,"" @ C, though with C now identified with cz?*x.

We now discuss the non-linear terms. Here the basic point is that HS’O is an
algebra if s > n/2, and thus for such s, products of elements of H,"" possess even
more decay if 7 > 0, but they become more growing if » < 0. Thus, one is forced
to work with r > 0.

First, with the simplest semilinear equation, with no derivatives in the non-
linearity ¢ (so N; > 2 is replaced by N; = 0), the regularity losses due to the
normally hyperbolic trapping are in principle sufficiently small to allow for a con-
traction mapping principle (Picard iteration) based argument. However, for the
actual wave equation on Kerr-de Sitter space, the O-resonance prohibits this, as
the iteration maps outside the space Hy'" @ C. Thus, it is the semilinear Klein-
Gordon equation that is well-behaved from this perspective, and this was solved
by the authors in [31]. On the other hand, if derivatives are allowed, with an at
least quadratic behavior in "du, then the non-linearity annihilates the O-resonance.
Unfortunately, since the normally hyperbolic estimate loses 1 + € derivatives, as
opposed to the usual real principal type/radial point loss of one derivative, the
solution operator for [, will not map q(u, °du) back into the desired Sobolev space,
preventing a non-linear analysis based on the contraction mapping principle.

Fortunately, the Nash-Moser iteration is designed to deal with just such a situ-
ation. In this paper we adapt the iteration to our requirements, and in particular
show that semilinear equations of the kind just described are in fact solvable. In
particular, we prove that all the estimates used in the linear problems are tame.
Here we remark that Klainerman’s early work on global solvability involved the
Nash-Moser scheme [32], though this was later removed by Klainerman and Ponce
[33]. In the present situation the loss of derivatives seems much more serious, how-
ever, due to the trapping, so it seems unlikely that the solution scheme can be made
more ‘classical’.

However, we are also interested in quasilinear equations. Quasilinear versions of
the above non-trapping scenario were studied by the first author [29], who showed
the solvability of quasilinear wave equations on perturbations of de Sitter space.
The key ingredient in dealing with quasilinear equations is to allow operators with
coefficients with regularity the same kind as what one is proving for the solutions,
in this case H;'"-regularity. All of the smooth linear ingredients (microlocal elliptic
regularity, propagation of singularities, radial points) have their analogue for H;"
coefficients if s is sufficiently large. Thus, in [29] a Picard-type iteration, ugy1 =
D;(tk)( f + q(ug,®duy)) was used to solve the quasilinear wave equations on de
Sitter space. Notice that [(,,) has non-smooth coefficients; indeed, these lie in a
weighted b-Sobolev space.

In our Kerr-de Sitter situation there is normally hyperbolic trapping. However,
notice that as we work in decaying Sobolev spaces modulo constants, [y, differs
from a Kerr-de Sitter operator with smooth coefficients, [y (., by one with decaying
coefficients. This means that one can combine the smooth coefficient normally
hyperbolic theory, as in the work of Dyatlov [22], with a tame estimate in H,"" with
r < 0; the sign of r here is a crucial gain since for r < 0 the propagation estimates
through normally hyperbolic trapped sets behave in exactly the same way as real
principal type estimates. In combination this provides the required tame estimates
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for Kerr-de Sitter wave equations, and Nash-Moser iteration completes the proof of
the main theorem.

We emphasize that our treatment of these quasilinear equations is systematic and
general. Thus, quasilinear equations which at X = 0M are modelled on a finite
dimensional family L = L(vp), vo € C? small corresponding to the zero resonances
(thus the family is 0-dimensional without O-resonances!), of smooth b-differential
operators on a vector bundle with scalar principal symbol which has the bicharac-
teristic dynamics described above (radial sets, normally hyperbolic trapping, etc.)
fits into it, provided two conditions hold for the normal operator (i.e. the dilation
invariant model associated to L at dM).*

(1) First, the resonances for the model L(vg) have negative imaginary part, or
if they have 0 imaginary part, the non-linearity annihilates them.

(2) Second, the normally hyperbolic trapping estimates of Dyatlov [22] hold for
L(0) (as |Reo| — 00) in Imo > —rq for some ro > 0. In the semiclassical
rescaling, with ¢ = h™='z, h = |o|~!, this is a statement about Lj . =
R™L(h='z), Imz > —roh. By Dyatlov’s recent result® [23] this indeed is
the case if IAJ;MZ satisfies that at I its skew-adjoint part, z%'(ﬁh,z - [Af,*lyz) €

hDiff,li(X ), for z € R has semiclassical principal symbol bounded above by

hVmin/2 for some € > 0, where vy, is the minimal expansion rate in the
normal directions at T'; see [23, Theorem 1] and the remark below it (which
allows the non-trivial skew-adjoint part, denoted by @ there, microlocally

at T).

It is important to point out that in view of the decay of the solutions either to 0
if there are no real resonance, or to the space of resonant states corresponding to
real resonances, the conditions must be checked for at most a finite dimensional
family of elements of the ‘smooth’ algebra W, (M), and moreover there is no need
to prove tame estimates, deal with rough coefficients, etc., for this point, and one is
in a dilation invariant setting, i.e. can simply Mellin transform the problem. Thus,
in principle, solving wave-type equations on more complicated bundles is reduced
to analyzing these two aspects of the associated linear model operator at infinity.
Concretely, we have the following two theorems:

Theorem 3. Let M be a Kerr-de Sitter space with angular momentum |a| < @M.
that satisfies [47, (6.13)],° E a vector bundle over it with a positive definite metric k
on E, and let Ly, rqu) € Diff (M; E) have principal symbol G = g~ (u, *du) (times
the identity), and suppose that Lo = Lg,0y satisfies that

(1) the large parameter principal symbol of ﬁ(LO—LS), with the adjoint taken
relative to k|dg|, at the trapped set T is < vmin/2 as an endomorphism of
E7

(2) Lo(o) has no resonances in Imo > 0.

4The differential operator needs to be second order, with principal symbol a Lorentzian dual
metric near the Cauchy hypersurfaces if the latter are used; otherwise the order m of the operator
is irrelevant.

5This could presumably also be seen from the work of Nonnenmacher and Zworski [40] by
checking that this extension goes through without significant changes in the proof.

6This condition on A, Mo and a ensures non-trapping classical dynamics for the null-geodesic
flow.
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Then for a > 0 sufficiently small, there exists’ d > 0 such that the following holds:
If f € HZ"(Q) has a sufficiently small H2*-norm, then the equation Ly, vguyt =
[+ q(u,bdu) has a unique, smooth in M°, global forward solution u € HZ™(€2).

In particular, the conditions at I" for the theorem hold if |a| < M,, E = "A*M,
Lyu,raw) = Ogupan) the differential form d’Alembertian, or indeed if L, bgu) —
Og(u,bauy is @ Oth order operator, since hyperbolicity is shown in [47] in the full
stated range of a, while for a = 0, %(LO — L§) can be computed explicitly at T',
with k being the Riemannian metric of the form o? dZ? + h near the projection of
I, where ¢ has the form a?d#? — h, @ an appropriate boundary defining function
on M strictly away from the horizons. Thus, in this case the only assumption in
the theorem remaining to be checked is the second one, concerning resonances.

Theorem 4. Let M be a Kerr-de Sitter space with angular momentum |a| < @M,
that satisfies [47, (6.13)], E a vector bundle over it with a positive definite metric k
on E, and let Ly, vgy) € Diff (M; E) have principal symbol G = g~ (u, *du) (times

g(u,
the identity). Suppose that Lo = Lgo,0) s such that Lo(o) has a simple resonance
at 0, with resonant states spanned by uo1,...,u0,d, and no other resonances in
Imo > 0. Consider the family Ly, bdue) (7)), wo € Span{ug 1, ..., upq} with small

enough norm. Suppose that

(1) this family only has resonances at 0 in Imo > 0, and these are given by
Span{uo.1,...,%0,d}, A
(2) T is uniformly normally hyperbolic for Ly, vauy) (o) for ug of small norm,
(8) the large parameter principal symbol of ﬁ(LO—L(’;), with the adjoint taken
relative to k|dg|, at the trapped set T is < Vmin/2,
(4) q(uo, dug) =0 for ug € Span{ug. 1, .. .,uo.q}-
Then for a > 0 sufficiently small, there exists® d > 0 such that the following holds:
If f € H™ has a sufficiently small Hgd’a—norm, then the equation L, ng,yu =
f + q(u,®u) has a unique, smooth in M®, global forward solution of the form

u=up+u, @€ H ", uy= XZ?:1 ¢juo,j, X € C(M) identically 1 near OM.

Here ‘uniformly normally hyperbolic’ in the theorem means that one has a
smooth family I' = T, of trapped sets, with a smooth family of stable/unstable
manifolds, with uniform bounds (within this family) on the normal expansion rates
for the flow, which ensures that the normally hyperbolic estimates are uniform
within the family (for small ug); see the discussion around (4.27) for details.

Again, the conditions at T' for the theorem hold if |a| < M,, E = PA*M, if
Ly(u,pdu) — Og(u,pau) is a Oth order operator, Uy, rgy) the differential form d’Alem-
bertian, since the structurally stable r-normally hyperbolic statement is shown in
[47]) (which implies the uniform normal hyperbolicity required in the theorem),
while for a = 0, i(Lo — L§) can be computed explicitly at I', as mentioned above,
and upper bounds on this are stable under perturbations.

The uniform normal hyperbolicity condition at T' holds if |a| < @Mu E =
PA*M, Ly raw) = Og(uraw) the differential form d’Alembertian, with g(uo, "dug)
being a Kerr-de Sitter metric for uy € Span{ug1,...,u0,q} with small norm since

"See the proof of this theorem in Section 5.4, in particular (5.27), for the value of d.
8The value of d is given in (5.27) in the course of the proof of this theorem in Section 5.4.



QUASILINEAR WAVE EQUATIONS ON KERR-DE SITTER 11

the hyperbolicity of I" was shown in this generality in [47]. However, the computa-
tion of & (Lo — L) is more involved.

The plan of the rest of this paper is the following. In Section 3 we show that the
non-smooth pseudodifferential operators of [29] facilitate tame estimates (operator
bounds, composition, etc.), with Section 4 establishing tame elliptic estimates in
Section 4.1, tame real principal type and radial point estimates in Section 4.2 and
tame estimates at normally hyperbolic trapping in Section 4.3 for r < 0. In Sec-
tion 4.4, we adapt Dyatlov’s analysis at normally hyperbolic trapping given in [23]
to our needs. Finally, in Section 5 we solve our quasilinear equations by first show-
ing that the microlocal results of Section 4 combine with the high energy estimates
for the relevant normal operators following from the discussion of Section 4.4 to
give tame estimates for the forward propagator in Section 5.1, and then showing in
Section 5.2 that the Nash-Moser iteration indeed allows for solving our wave equa-
tions. Section 5.3 then explains the changes required for quasilinear Klein-Gordon
equations. Finally, in Section 5.4 we show how our methods apply in the general
settings of Theorems 3 and 4.

3. TAME ESTIMATES IN THE NON-SMOOTH OPERATOR CALCULUS

In this section we prove the basic tame estimates for the Hy,-coefficient, or simply
non-smooth, b-pseudodifferential operators defined in [29].

3.1. Mapping properties. We start with the tame mapping estimate, Proposi-
tion 3.1, which essentially states that for non-smooth pseudodifferential operators
A, a high regularity norm of Au can be estimated by a high regularity norm of
A times a low regularity norm of u, plus a low regularity norm of A times a high
regularity norm of u. This is stronger than the a priori continuity estimate one gets
from the bilinear map (A, u) — Au, which would require a product of high norms
of both. In case A is a multiplication operator, this is essentially a b-version of a
(weak) Moser estimate, see Corollary 3.2.

We work on the half space R with coordinates z = (z,y) € [0,00) x R"™!; the
coordinates in the fiber of the b-cotangent bundle are denoted ¢ = (\,n), i.e. we
write b-covectors as A df + ndy. Recall from [29] the symbol class

S™OHy = {a(z,¢): ()™ alz,¢)lln; € LE}

with the norm

naym@:H@iigo

)

co2
LCLE

where a denotes the Mellin transform in = and Fourier transform in y of a. Left
quantizations of such symbols, denoted Op(a) € ¥™°H}, act on u € C°(RT) by

omwwa:/?%aaomo«.
Also recall
S™FHE = {a € S™OHS: 0%a € S™IO M || < kY.

and \I/"“ng = Op SW’“Hg. For brevity, we will use the following notation for
Sobolev, symbol class and operator class norms, with the distinction between sym-
bolic and b-Sobolev norms being clear from the context:

lulls = llulleg, — Nulls,r = llellzg
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allm,s = llallsmomg,  lallgniry,s = llallsmmg,
Al = I Allwmong, (Al gniky.s = [ Allwmsn g

If A is a b-operator acting on an element of a weighted b-Sobolev space with weight
r (which will be apparent from the context), then ||A],, s is to be understood as
27" Az" || 1,5, similarly for || Al (mr),s- Lastly, for A € HWP, we write [|All gzopm,
by an abuse of notation, for an unspec1ﬁed H slI!m—semmorm of A.

Recall the notation z; = max(z,0) for « € R.

Proposition 3.1. (Eztension of [29, Proposition 3.9].) Let s € R, A = Op(a) €
UmOYHS, and suppose s' € R is such that s > s’ —m, s > n/2+ (m — ') 4. Then
A defines a bounded map Hﬁl — H{j/_m, and for all fixed p,v with

u>n/2+(m—s)y, v>n/24+(m—s)y+5 —s,
there is a constant C' > 0 such that
[Aullsr—m < C([[Allm,wllulls + [|Allm,sllull.)- (3.1)

Observe that by the assumptions on s and s’, the intervals of allowed u,v are
always non-empty (since they contain p = s and v = s’). Estimates of the form
(3.1), called ‘tame estimates’ e.g. in [28, 42], are crucial for applications in a Nash-
Moser iteration scheme.

Proof of Proposition 3.1. We compute
[Auls = [P Ru(O) d¢

< / ()2 =m ( / la(¢ — &.€)a(g)] d5)2 d¢.

We split the inner integral into two pieces, corresponding to the domains of inte-
gration |¢ — &| < €| and |£] < |¢ — £[, which can be thought of as splitting up the
action of A on w into a low-high and a high-low frequency interaction. We estimate

/ ()2 =m) ( / |d<<—§,£)a<f)|ds> ac
[¢—¢|1<|€]
(Q)2("=m) (g)2m (3.2)
</</¢ el<iel (€ — &)%) dg)

< 7£>2#|d(<7§75)|2 25 | ~ 9
: (/ G (&) a(e)| ds) ac,

and we claim that the integral which is the first factor on the right hand side is
uniformly bounded in ¢: Indeed, if s’ —m > 0, then we use || < 2|¢| on the domain
of integration, thus

(g =
d¢ e LY,
/c el<le] (¢ — &)1 (€)%0 = / (¢C—¢)2m el
since p > n/2; if, on the other hand, s’ — m < 0, then |£| < |¢ — &| + [¢| gives

(€)2m==) 1 _
d
/IC—£|§|£| (¢ —&)2m(g)2(m==") = / (C—¢)? gy SELS,
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since p > n/2 4+ (m — §'); hence, from (3.2), the Hglfm norm of the low-high
frequency interaction in Aw is bounded by C,,|al|m,.[/ulls -
We estimate the norm of high-low interaction in a similar way: We have

/ ()26~ < / a(C — £ &)ae)| d&) dc
[€1<IC=¢€]

(O g)>m (3.3)
</(/|g|g<—s (C=&)()* d§>

(€= 01 = £ youy o2
“(/ e g ap ae) ac.

If s —m > 0, the first inner integral on the right hand side is bounded by
1 1
, & < [ ey d6
/|£|§|C—f| <<‘ _ £>2(sfs +m) <§>2(u7m) <§>2(575 +v)

where we use s > s’ — m, and this integral is finite in view of v > n/2 + ¢’ — s; if
s’ —m <0, then

1 1
d by
/£<|<§| (Q)2m=s(C — &) (€)= §§/<€>2(V—m+s) 3

which is finite in view of v > n/2 + m — s. In summary, we need v > n/2 +

max(m,s’) —s =n/2+ (m—s')y + s — s and can then bound the Hg,_m norm of
the high-low interaction by C,||al|m,s||u||,. The proof is complete. O

Using H C S%°H{, we obtain the following weak version of the Moser estimate
for the product of two b-Sobolev functions:

Corollary 3.2. Let s >n/2, |s'| <s. Ifue HS,v e Hg/, then uv € Hﬁ', and one
has an estimate
[uvlls < Cllullpllvfls + lullslv]l)
for fived p>n/24 (=s")y,v >n/2+ s, —s. In particular, for u,v € Hf,
[uolls < Cllullllv]ls + [lulls|lv]l.)
for fized > n/2.

3.2. Operator compositions. We give a tame estimate for the norms of expan-
sion and remainder terms arising in the composition of two non-smooth operators:

Proposition 3.3. Suppose s,m,m’ € R, k, k' € Ny are such that s > n/2, s < s'—k
and k > m + k. Suppose P = p(z,°D) € W™*Hs Q = q(z,"D) € \I/m,;OHgl. Put

1
Ej:= Y @(3?prfq)(z,bD)7
1B1=5 "
R:=PoQ- > Ej
0<j<k
Then E; € O™ =500 and R € O™ ~FOHS  and for p > n/2 fized,
1Ejllgrm+m =50 e < CUPllwrmss g QU gm0 provs + [P

1Bl gm0 g < CUPgrmsr || Q)

v g3 || Qllgmr o s

ym/;0 etk + HP”\I/"H’CHEHQ”\ym’;OH{;“‘)'
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Proof. The statements about the E; follow from Corollary 3.2. For the purpose of
proving the estimate for R, we define

po=0Fpe S™HOHE, PDrge s™OHE Tk,

where we write 8? = (8? )|8|=k> similarly for PDk. Notice that in particular py €
SU0H$. Then R = r(z,°D) with

1
|7(n; ) ,S/(/O po(n—f;Cthf)dt) q0(&;¢) d€
by Taylor’s formula, hence

)2 17 (s QP
/ G

(n)**
s / </n—£IS§ (n— &) (£) dg)

([ ([ - eimin-e.c+gpan) CEI o) g

(¢)zm
(n)*
i / </|£S77—£ (n—&)*(&)r dg)

" (/(/Olm—s>25|po<n—s,c+ts>|2dt)Wdf) dn

which implies the claimed estimate for ¥’ = 0. For ¥’ > 0, we use a trick of Beals
and Reed [4] as in the proof of Theorem 3.12 in [29] to reduce the statement to the
case k' = 0: Recall that the idea is to split up ¢(z, () into a ‘trivial’ part go with
compact support in ¢ and n parts g;, where ¢; has support in |(;| > 1, and then
writing

X

PoQi= chk'PbDZ_j o (*DI,q:)(z,"D)"D ¥

j=0
for some constants c;, € R using the Leibniz rule; then what we have proved above
for ¥ = 0 can be applied to the j-th summand on the right hand side, which we
expand to order k — 7, giving the result. (I

3.3. Reciprocals of and compositions with H} functions. We also need sharp-
er bounds for reciprocals and compositions of b-Sobolev functions on a compact
n-dimensional manifold with boundary. Localizing using a partition of unity, we
can simply work on M

Proposition 3.4. (Eztension of [29, Lemma 4.1].) Let s > n/2 + 1, u,w € H{,
a € C™, and suppose that |a+u| > co near suppw. Then w/(a+u) € Hf, and one
has an estimate

w _ —[s
< C(lulls llallon eyt max(eg 1, 1) (Jlwlls + [fwll,o (1 + fulls)).  (3.4)

a+u s

for any fixed p > n/2 + 1 and some s-dependent N € N.
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Proof. Choose g, € C* such that g = 1 on suppw, ¥ = 1 on supp ¢g, and such
that moreover |a +u| > co > 0 on supp . Then we have [|[w/(a +u)|jo < ¢y *|Jwllo-
We now iteratively prove higher regularity of w/(a + u) and an accompanying
‘tame’ estimate: Let us assume w/(a + u) € Hf)/_l for some 1 < ¢’ < s. Let
Ay = Mo (PD) € \IIS' be an operator with principal symbol (C)S/. Then

vl < = 2+ o 225
a+u a+u a—+ullo
< N ’
Ha—i—uH * e Hd}a—ﬁ—u Sa—l—uHo
» B w (3.5)
<c¢p ||TUHO+CO HwAs’wHO—’— Hw[AS’7a+u]a+uH0
w
< s’ As’, H )
o <|U’|| + Ha+u T Hw[ u]a+u 0)

where we used that the support assumptions on ¢y and ¢ imply (1 — ¢¥)Agth €
o and 9[Ay,a] € U 1. Hence, in order to prove that w/(a + u) € Hy, it
suffices to show that [Ay,u]: HZ ' — HY. Let v € HS ~*. Since

(Awuw) () = / A (¢ — €)0(E) de
(uhyv) () = / (¢ — )M (€)0(6) de,

we have, by taking a first order Taylor expansion of Ay ({) = A (§+({—&)) around
¢=¢

(A o) Z/(/ DN (4 1(C — s)>dt) (PDEu)(C — €)0(E) d,

[Bl=1
thus, writing v’ = ®D,u € H{ ™",
1 - R
Ay, ulv) ()] S &) d "(¢C=9|o(8)| de.
|([Asr, uo)~(O)] /(/O €+t —¢) t) /(¢ = &)0(€)] d¢

To obtain a tame estimate for the Lg norm of this expression, we again use the
method of decomposing the integral into low-high and high-low components: The
low-high component is bounded by

/ / SUPges<1 (€ + (¢ — €))%= p
c—gl<le] (¢ =D
X (/(C 7@2(/171)’1?@ . §)|2<£>2(s'1)|@(€)|2d§> dc:

the first inner integral, in view of s’ > 1, so the sup is bounded by (£)2(+'~1) which
cancels the corresponding term in the denominator, is finite for 1 > n/2 + 1. For
the high-low component, we likewise estimate

supg<<1 (€ + (¢ — £))2'=1)
/ </|£|§|c—£ (¢ =& dg)

: (/ (=™ w(c —€>|2<£>2”|@<5>2d5) ac.
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and the first inner integral on the right hand side is bounded by

1 1
de< [— 1 4
/|£|<|cg (¢ —&)2s=sN(g) <= / (€)2(s=s"+v) ¢

because of s > s, which is finite for v > n/2 + s’ — s. We conclude that
[[As, ulvflo < Cuv([lullpllvlls—1 + lJulls lv]l),
for p >n/2+1,v>n/2+ s —s. Plugging this into (3.5) yields

w

+ [lulls

s’'—1 a+u

a+u

)

where the implicit constant in the inequality is independent of ¢y, w and u. Using
the abbreviations ¢, := ||w/(a4u)|s, te = ||ullo, we = |w||s and fixing g > n/24+1,
this means

St (lels/ + (1 ully)
S/

w
a+u

gs Syt (we + (1 +uy)ge—1 +ugq), v>nj2+s —s,

with the implicit constant being independent of ¢y, w, a,u, u. We will use this for
s <vy:=|n/2] +1 withv = —1, and for s > ~, we will take v = ~, thus
obtaining a tame estimate for ¢,. In more detail, for 1 < s’ < ~, we have
qs’ S/ Cal(ws’ + (1 + us’)Qs’fl)v

which gives, with Cy = max(1, cal),

v—1

0y S gty (65 (L u) o+ (e (14 13)) a0 S 65 s (1+ us)”
j=0

using the bound ¢y < calwo < calwy. For v < s’ < s, we have
qs’ 5 Co_l(ws + Usqy + (1 + uu)Qs’—1)7
thus for integer £ > 1 with v+ k < s,
k—1
Qytk < Cal(ws + usqy) Z(Cal(l +up))’ + (‘351(1 + uu))k‘h
§j=0
< cang_l(l + uu)k(ws + (14 us)gy)
S 06103+k(1 + u“)wﬂc(ws + (1 + us)w,),
where we used p > v in the last inequality, thus proving the estimate (3.4) in case

s is an integer; in the general case, we just use ¢,» < ¢4 for 4/ < ~, in particular for
v =s—[s—~], and use the above with ¢4 replaced by g, 1. O

As in [29], one thus obtains regularity results for compositions, but now with
sharper estimates. To illustrate how to obtain these, let us prove an extension of
[29, Proposition 4.5]. Let M be a compact n-dimensional manifold with boundary,
s>n/24+1,a>0.

Proposition 3.5. Let u € H)(M). If F: Q — C, F(0) =0, is holomorphic in a
simply connected neighborhood Q of the range of u, then F(u) € HY*(M), and
[ F(u)ls,a < Clullp,a)(X + [lulls,a) (3.6)

for fized > n/2 4+ 1. Moreover, there exists € > 0 such that F(v) € H“(M)
depends continuously on v € Hy*(M), |[u — v|[s,a < €.
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Proof. Observe that u(M) is compact. Let v C C denote a smooth contour which
is disjoint from u(M), has winding number 1 around every point in u(M), and lies
within the region of holomorphicity of F. Then, writing F'(z) = zF;(z) with F}
holomorphic in 2, we have

Flu) = — f F(Q)

2

u
(—u
Since v 5 ¢ — u/(¢ —u) € HY*(M) is continuous by Proposition 3.4, we obtain,
using the estimate (3.4),

IF(w)lls,a < CUllulln) (lulls,a + Hullma(l + uls)),

which implies (3.6) in view of a > 0. The continuous (in fact, Lipschitz) dependence
of F(v) on v is a consequence of Proposition 3.4 and Corollary 3.2. (]

dg,

We also study compositions F'(u) for F' € C*°(R;C) and real-valued u.

Proposition 3.6. (Extension of [29, Proposition 4.7].) Let F € C*(R;C), F(0) =
0. Then for w e HY*(M;R), we have F(u) € Hy*(M), and one has an estimate

[ F(u)ls,a < Cllullp,a)(X + [lulls,a) (3.7)
for fized > n/2+ 1. In fact, F(u) depends continuously on u.

Proof. The proof is the same as in [29], using almost analytic extensions, only we
now use the sharper estimate (3.4) to obtain (3.7). O

Proposition 3.7. (Extension of [29, Proposition 4.8].) Let F € C*(R;C), and
u € C®(M;R),u" € HYY(M;R); put w = o +u”. Then F(u) € C®(M) +
HY*(M), and one has an estimate

I1F(w) = Fu)lls.a < CUIW o, [[u”]] ) (1 + [[u”]]s,0)

for fized > n/2+ 1 and some N € N. In fact, F(u) depends continuously on u.

Proof. The proof is the same as in [29], but now uses the sharper estimate (3.4). O

4. MICROLOCAL REGULARITY: TAME ESTIMATES

When stating microlocal regularity estimates (like elliptic regularity, real princi-
pal type propagation, etc.) for operators with coefficients in H;(R™), we will give
two quantitative statements, one for ‘low’ regularities o  n/2, in which we will not
make use of any tame estimates established earlier, and one for ‘high’ regularities
n/2 5 o 5 s, in which the tame estimates will be used.

To concisely write down tame estimates, we use the following notation: The
right hand side of a tame estimate will be a real-valued function, denoted by L, of
the form

¢ ¢ ‘ ¢
L(plv tee 7pa;p}117 T 7pg;u17 R auc;ullla te ,UZ)
- ’ £y, h SR ’ £y, h, £ (4.1)
= i Pl + D> el ph)phug,
j=1 j=1k=1
here, the ¢; and c;j, are continuous functions. In applications, pﬁ/ " Wil be a
¢/h

low/high regularity norm of the coefficients of a non-smooth operator, and u;

will be a low/high regularity norm of a function that an operator is applied to. The
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important feature of such functions L is that they are linear in the ug/ h, and all

p? , u?, corresponding to high regularity norms, only appear in the first power.

4.1. Elliptic regularity. Concretely, we have the following quantitative elliptic
estimate:
Proposition 4.1. (Cf. [29, Theorem 5.1].) Let m,s,r € R and ¢y € "T*R7Y \ o.
Suppose P' = p'(z,°D) € Hglll{)’iM) has a homogeneous principal symbol p.. .
Moreover, let R € \Ilgn_l;OH{;_l(R’_f_). Let P = P’ + R, and suppose py, = pl, i
elliptic at Co. Let 3 € R be such that § < s —1 and s > n/2+ 1+ (=35)4, and
suppose that u € H§+m71’r(ﬁ) satisfies
Pu=fe H(RY).

Then there exists B € W) (R™) elliptic at {y such that Bu € Hb§+m, and for § <
n/24+t, t >0, the estimate

[Btllstm,r < CUP loms1)n/2+14 (=54 65 1 Rlm—1,n/24+(—5) 5 +t)

X (lulls+m-1.r + [1fll5,r)

holds. For § > mn/2, e > 0, there is a tame estimate

(4.2)

||Bu||§+m,r < L(HP/||(m;1),n/2+1+ev ||R||m71,n/2+e; ||P/||(m;1)’sv HR”m—l,S—l;

||an/2+m—1+67rv ||an/2—1+6,r; ||u||§+m—1,v"a ||f||§,7")
(4.3)

Let us point out that in our application of such an estimate to the study of
nonlinear equations it will be irrelevant what exactly the low regularity norms in
(4.3) are; in fact, it will be sufficient to know that there is some tame estimate of the
general form (4.3), and this in turn is in fact clear without any computation, namely
it follows directly from the fact that we have tame estimates for all ‘non-smooth’
operations involved in the proof of this proposition. The same remark applies to all
further tame microlocal regularity results below. The only point where the precise
numerology does matter is when one wants to find an explicit bound on the number
of required derivatives for the forcing term in Theorems 2, 3 and 4, as we will do.
Proof of Proposition 4.1. We can assume that r = 0 by conjugating P by x~".
Choose ag € S° elliptic at ¢y such that p,, is elliptic’ on suppag. Let A,, € e
be a b-ps.d.o with full symbol \,,({) independent of z, whose principal symbol is
(¢)™, and define

q(z, C) = a0(27 C))‘m(C)/pm(Za C) € S();Ongv Q= q(Z7bD)a
then by Proposition 3.4 and Corollary 3.2, we have
”Q”(O;k),a < C(”P,||(m;k),n/2+1+e)(1 + ”P/”(m;k),a)v o> n/2 +1,e>0. (4'4)

Put B = ag(z, D)A,,, then
QoP =B+R
with R’ € U™~ 1051 by Proposition 3.3, we have for n/2 < o <s—1

HR/Hm*l,U 5 HQ”(O;U,uHP/H(m;l),UJrl + ||Q||(0;1),a||Pl||(m;1).,#+1a > n/2. (4~5)

9And non-vanishing, which only matters near the zero section.
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Now, since Bu = QP'u—R'u = Q f —QRu— R'u, we need to estimate the H-norms
of Qf, QRu and R'u, which we will do using Proposition 3.1. In the low regularity
regime, we have, for t > 0 and § <n/2 4+ ¢, using (4.4) and (4.5):
1QFls < 1Qllo,n/2+(-5), +ellflls < CUP Nimmszs14(-5), +6)1.flls,
[Rulls < ”RI”m—l,n/2+(—§)++t||u||§+m71
< CUIP N miny,ny2414(=35) s 40| ll5m—15
1QRulls < CUIP lm.nj2s1t(—a) s+ | Bllm—1.n/24(~8), +elullstm—1,

giving (4.2). In the high regularity regime, in fact for 0 < § < s — 1, we have, for
€>0,

1QF NIz < 1Qllon/2+ell flls + 1Qllo.s [l flln/2-14¢
< C1P mnsz+1+) (Lf s + QA (1P ) 1 [l j2=14)
IR ulls S MR lm-1m/2+ellullsm—1 + 1R Im-1,s-1llulln/24m—1+
< CUIP Nmsvynsz41+e) ullsrm—1 + @+ 1P Nmsn) ) wllnyzem—1+),
IQRulls < LAIP lm,n /2145 1R lm—1.0/245 1P [l [ Rllim—1,5-15
ul

n/2+m71+e; Hu||§+m71)7

giving (4.3). The proof is complete. O

There is a similar tame microlocal elliptic estimate for operators of the form
P = P'+ P" 4+ R with P/, R as above and P” € ¥}, as in part (2) of [29,
Theorem 5.1], where the tame estimate now also involves the C™-norm of the
‘smooth part” P of the operator for some (s-dependent) N.°

4.2. Real principal type propagation; radial points. Tame estimates for real
principal type propagation and propagation near radial points can be deduced from
a careful analysis of the proofs of the corresponding results in [29]. The main ob-
servation is that the regularity requirements, given in the footnotes to the proofs of
these results in [29], indicate what regularity is needed to estimate the correspond-

ing terms: For example, an operator in A € U"™CH with m > 0 maps H]T/z to
H;m/z under the condition s > n/2 4+ m/2, which is to say that one has a bound

||A’L~L||,m/2 5 ||A||m71,n/2+m/2+eHa||m/2a €>0.

This means that the only places where one needs to use tame operator bounds for
operators with coefficients of regularity s are those where the condition for mapping
properties etc. to hold reads s Z o where o is the regularity of the target space, i.e.
where o is comparable to the regularity s of the coefficients.

We again only prove the tame real principal type estimate in the interior; the
estimate near the boundary is proved in the same way, see also the discussion at
the end of Section 4.1.

Proposition 4.2. (Cf. [29, Theorem 6.6].) Let m,r,s,5 € R. Suppose Py, €
HyWT (RY) has a real, scalar, homogeneous principal symbol py,, and let Py, €

10Since in our application P’ will only depend on finitely many complex parameters, there is
no need to prove an estimate which is also tame with respect to the CN-norm of P”; however,
this could easily be done in principle.
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H7' = (RY), Re o> H 7 (RT). Let P = Py, + Py_1 + R. Suppose s and
5 are such that
§<s—1, s>n/24+7/24+(2-38)4,

and suppose u € H§+m_3/2’r(@) satisfies Pu = [ € H{ET(M) Suppose (o ¢
WE ™V (w), and let : [0, T] — PT*R7\ o be a segment of a null-bicharacteristic
of pm with 4(0) = Co, then v(t) ¢ WEL ™"V (w) for all t € [0,T]. Moreover, for
all A € Uy elliptic at (o there exist B € W) elliptic at v(T) and G € U} elliptic on
([0, T]) such that for § <n/241, € >0,

||Bu||§+m—17r

< C(||Pm||Hg/2+7/2+(2—-<>++ew7 [ Prn—1 \|H3/2+1+<3/2—5>++e\1,£,171, 1Rlln2414(—5)4)

X (lulls+m-s/2.r + [[Atllstm—1.r + G Sll5,r)-

(4.6)
Moreover, for § >n/2+1, € > 0, there is a tame estimate
|Bulssm-tr < LIPol gz 247725 | Pt s gn s [ Rl
||Pm||H§\I'{;"a ||Pm—1||H§*1\1;g“17 ||R||m—2,s—1; (4‘7)

||an/2—1/2+m+e; ||u||§+m—3/277'7 ||AUH§+m—1,T7 ||Gf||§77")

Proof. We follow the proof of the regularity result in [29] and state the estimates
needed to establish (4.6) and (4.7) along the way. Using the notation of the proof of

[29, Theorem 6.6], but now calling the regularization parameter d, in particular As e

\I/?_(m_l)/ ? is the regularized commutant, which depends on a positive constant M

chosen below, and putting f = f — Ru, we have, assuming m > 1 and § > (5—m)/2
for now,

Re(i/l} [Pr, Ag]u, w)

1 . . D . .
= §<i(Pm — P)Asu, Asu) — Re(iAsf, Asu) + Re(iAs Pp—1u, Asu)
=1+ I11+111
For € > 0, we can bound the first term by
TS NPl g/ nmny 24 | Al frn 1) s
the second one by
21| S NASFIZ 1y 2 + I1RUll + [ Asullt—1) 2
where in turn
| Rulls < [ Bllm—25n/24(=5) 4 +tlulls4m—2, % <n/2+1t,
||R||m—2;n/2+e||u”§+m72 + ||R||m,2;s,1||an/2+m_2+e, 5§20
for t > 0 by Proposition 3.1. We estimate the third term by
|III| 5 ||Pm_1 ||HE]ax(71/2+e,(m—1)/2)\Ilz)n,—l ||fl5u\|?m_1)/2 + |<[A5, Pm_l]u, 145U,>|
and further, with Ry € \I/i+(m_1)/2_1o\Pm*1?0H§_2 denoting a part of the expansion
of [As, P,_1] as defined after [29, Footnote 28],

([, Pra—slu, Ast)] < CODIPrv-l s sinsacns g s [0l sy
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+ ||R2u||2—(’m—1)/2 =+ ||A5u||%7n—1)/2’
where
||R2u||7(m71)/2

| Pl n/2t1+a-5)4 +e [ul|54m—2, 5<n/2+1+e¢,
Hb

wpeil
< C(M) ||Pm_1HHln/2+1+€\I,lvn—l||u|
D D

§+m—2
Sy Y (Y W AR EE)
Therefore, we obtain, see [29, Equation (6.24)],

Re < (uig [P, As] + B Bs + M2(AAs)* (AAs) — E(;)u, u> s
> —[(Esu, u)| = | A5 £|2 1) — L2 + | Bsul 2. '
where

M = M(||Pm||H§/2+1+<m—1>/2+e\1,{)n, ||me1||H:ax(n/zh,(m—l)/m\pgl—l)a
and L is ‘tame’; more precisely, for § <n/2+t, t > 0,
L<C(M, ||Pm—1||Hs/2+1+max<m/2—1,175)++eq,{)n—17 | Rl —2:m /24 (= 5) 4 +t) 1l s4m—3/2,
and for § > 1,
L =L(M,||Pyn— HH;L/2+1+(m/2*1)++5\1!;n—17 1Rl m—2,n/2+¢
[Pl ==t 1R llm—2is—15 [0l j24m—146; [1ulls4m—3/2)-

Next, in order to exploit the positive commutator of the principal symbols of P,
and Ajs in the estimate (4.8), we introduce operators J* € \Pf(”(m*l)/z*l) with
principal symbols j* such that J+tJ~ — I € U, %% then

’LJiAg [Pm, Ag] = Op(jfd(;Hpmd(;) + R1 4+ Ro + Rs + Ry,
see [29, Equation (6.27)], where
[(Ryu, (T5) u)] < COD | Pl sz rztegn [Ul3 g g0 5= 1,34,

and Ry € \Ilf)+(m_1)/2_1 o \Ilm?OHﬁ_Q, hence
[(Rau, (J7F)w)]
(1+ HPm|‘i{;’/2+2+(3/2_§)++‘ngl)Hu”§+m—3/2 v s,
< CODS O+ 1Pl sy N
1Pl 1251 iy 5 2 372

Thus, further following the proof in [29] to equation (6.28) and beyond, it remains
to bound

Re(Op(j~ f5/57) () u, (JF)*u) + Re(R'u, (J*) u), R € wsH3m=D/20ps=1

from below, which is accomplished by

(R, (74)" )] < COD| Pl g2 250 g Nl
Re(Op(j ™ fi/i)(T+) "ty (J+)* ) 2 ~COM| P g zsssmase g N2 a2
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Lastly, for general m € R, we rewrite the equation Pu = f as PAT(A~u) = f+PRu
with A* € \Ilb:F(m_mO), R € W, °°, where mo > 1; hence, replacing P by PA™, u by
A~ u and m by mg in the above estimates is equivalent to just replacing m by mqg
in the b-Sobolev norms of the coefficients of P. Choosing mo =1+2(2—3)4 as in
[29] then implies the estimates (4.6) and (4.7) with B = By, G an elliptic multiple
of Ay, and A elliptic on the microsupport of Fj. O

In a similar manner, we can analyze the proof of the radial point estimate,
obtaining, in the notation of [29, §6.4]:

Proposition 4.3. Let m,r, 5,5 € R, a > 0. Let P = P, + P,,_1 + R, where
P; = P[4+ P}, j = m,m — 1, with P}, € Hy*U"(R}) and P}, € V7(R%) hav-
ing real, scalar, homogeneous principal symbols pl, and pl . respectively; more-
over P!, € H "o Y RY), P/, € Y (RY) and R = R + R" with
R e U 7V (RT) and R” € U~ 2(RT). Suppose that the conditions (1)-(4)
in [29, §6.4] hold for p =pl,, and

1 R
Tb,m—1 <((P7{,2 +P_y) — (P + Prlr/L—l)*)> = +BBop™ " at Ly, (4.9)

2i
where B € C®(Ly) is self-adjoint at every point. Finally, assume that s and §

satisfy
§<s—1, s>n/24+7/24+(2—-38);. (4.10)
Suppose u € H§+m_3/2’r(M) is such that Pu= f € Hﬁr(M)
(1) If 5+(m—1)/2—1+infL, (3—7B) > 0, let us assume that in a neighborhood
of Ly, Lo 0 {x >0} is disjoint from WET" 717 (4).
(2) If s+ (m—1)/2 + supLi(B —1rf3) < 0, let us assume that a punctured
neighborhood of L., with Ly removed, in ¥ N S M is disjoint from

} B]Ri
WFs+m7 1,r (u)
b .

Then in both cases, Ly is disjoint from WEL ™™™ (v).

Quantitatively, for every neighborhood U of Ly, there exist By, By € WY elliptic
at Ly, A € \Ilg with microsupport in the respective a priori control region in the
two cases above, with WFy (A), WFL(B;) C U, j = 1,2, and x € C*(U), such for
§<n/2+1, € >0, we have, with implicit dependence of the appearing constants
on seminorms of the smooth operators P)l PY _| and R":

[ Boulls+m—1,r < CIPpll nrz47/24e-54tea
b b
1Py -1 ”H§/2+1+<3/2‘5>++€'”\1/;"*1’ IR lm—2,m/2414(~5), ) (4.11)
X (1ullsgm—z/2r + [ Aullazm—1.r + | Bifllsr + X flls=1r)-

Moreover, for § >mn/2+ 1, € > 0, there is a tame estimate

1Botllsm—1.r < L(IPhl gov2s7r2te s Pl g 1 g, | R fon 2

|P7/n—1HHg’1*O‘\pbm_17 ||R/||m—2,s—1; Hu”n/2fl/2+m+ea ||f||n/27l+e;

s IXFlls=1.)-

|| ; ||
j S, m
mIlH "W

[ull54m—3/2,m [ Aullspm—1.0, | Brf
(4.12)
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Proof. One detail changes as compared to the previous proof: While it still suffices
to only assume microlocal regularity Bof € H;"" at L4, we now in addition need to
assume local regularity xf € H}f*l’r, which is due to the use of elliptic regularity
in the proof given in [29]. O

4.3. Non-trapping estimates at normally hyperbolic trapping. We now ex-
tend the proof of non-trapping estimates on weighted b-Sobolev spaces at normally
hyperbolically trapped sets given in [30, Theorem 3.2] to the non-smooth setting.
To set this up, let Py € ¥ (R") with

1

2i
where the adjoint is taken with respect to a fixed smooth b-density; an example
to keep in mind here and in what follows is Py = [, for a smooth Lorentzian

(Po— Py) = Er € ¥ 1 (RY), (4.13)

b-metric g on @, considered a coordinate patch of Kerr-de Sitter space, in which
case F; = 0, and the threshold weight in Theorem 4.4 below is r = 0. Let pg be the
principal symbol of P. Let us use the coordinates (z;¢) = (z,y;\,n) on "T*R'}
and write M = M, X = 8@. With ¥ € PS*M denoting the characteristic set of
Py, we make the following assumptions:
(1) T € £NPS% M is a smooth submanifold disjoint from the image of T* X \ o,
so xD,, is elliptic near T,
(2) T is a smooth submanifold of N PS% M in a neighborhood U; of T,
(3) T'_ is a smooth submanifold of ¥ transversal to ¥ N PS% M in Uy,
(4) T4 has codimension 2 in ¥, I'_ has codimension 1,
(5) I'y and I'_ intersect transversally in ¥ with 'y NT'_ =T,
(6) the vector field V' is tangent to both I'y and T'_, and thus to T,
(7) T4 is backward trapped for the Hamilton flow, I'_ is forward trapped; in
particular, I" is a trapped set.

In view of condition (1), we can take
p=(\) near I,

appropriately extended to PT M , as the inverse of a boundary defining function of
fiber infinity .S* M in bT"M. Then, let
V= p_m+1HPo>

be the rescaled Hamilton vector field of pg. We make quantitative assumptions
related to condition (7): Let ¢, € C>®(PS*M) be a defining function of I'; in
bS* M, and let ¢_ € C>(PS* M) be a defining function of I'_. Thus, '} is defined
within PS*M by 2 = 0,¢, = 0. Let
po=p""po.
We then assume that
(8) ¢4+ and ¢_ satisty

Vi =—ciop +ppx+vipo, Vo =c ¢ +v_po, (4.14)

with cx > 0 smooth near I' and g, v+ smooth near I'. This is consistent
with the (in)stability of I'_ (T'y),
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(9) z satisfies

Vo =—cpx, co>0, (4.15)
which is consistent with the stability of I'_,
(10) near I,
p Vp=csx (4.16)

for some smooth ¢y, which holds in view of our choice of p.

Here we recall from [22, Lemma 5.1], see also [23, Lemma 2.4], that in the closely
related semiclassical setting'' one can arrange for any (small) € > 0 that

0 < Vpin — € < c?t < Vmax + €, (4.17)

where vpin and vpax are the minimal and maximal normal expansion rates; see
[22, Equations (5.1) and (5.2)] for the definition of the latter, with vy, also given
in (4.27) below. Note that in these works of Dyatlov our ¢ is denoted by cy.
In particular, if M is replaced by [0,00) x X, and if P, is dilation invariant, then
the semiclassical and the b-settings are equivalent via the Mellin transform and
a rescaling, see e.g. [47, Section 3.1]; since in our general case Ci|bs;{M is what
matters, we can replace Py by N(Pp), and in particular (4.17) applies, with the
expansion rate calculated using p0|bT;( M-

We now perturb Py by a non-smooth operator P, that is, we consider the operator
P=P+P, P=P,+P,_1+R, (4.18)
where for some fixed a > 0, we have P, ; € Hs_j’o‘\llgl_j, j=0,1,and R €

\Pm—2;0H5—1,a
b b :
We then have the following tame non-trapping estimate at I':

Theorem 4.4. Using the above notation and making the above assumptions, let
s,58 € R be such that

§<s—1, s>n/2+7/24(2-3),. (4.19)
Suppose u € H§+m_3/2’r(@) is such that Pu = f € HY"(R™).

Then for r < —suppp "oy m_1(E1)/co and for any neighborhood U of T,
there exist By € W) (M) elliptic at T' and By, By € V(M) with WFy(B;) C U,
j=0,1,2, WFL(B2) NIy =0, and x € C=(U), such that the following estimate
holds for 5 <n/2+1, ¢ > 0:

HBOuH§+m71,T < C(Hpm||H;L/2+7/2+(2*5)++6va\1,]7)n>
1P|y rzersr2=0r 0 s [Rllm—2inj214(-5), ) (4.20)
b b
X ([ulls+m—sz/2,r + [ Batllsym—1.r + | Bifllar + xS lla-1.r)-

Moreover, for § >n/2+ 1, € > 0, there is a tame estimate

||BOUI|§+m—1,T < L(HpmHHS/2+7/2+€va\ygw |Pm—1||H§/2+1+€va\pg’r—17 ||RHm72’n/2+e§
||Pm||H;a\Ilb"‘v ||Pm*1HHS_1v“\1;{)”*17 ||RHm72,571; ||u||n/2—1/2+m+ev ||an/2—1+5;
lulls4m—3/2,r5 | Betllstm—1,m | B f s IXFlls=1.r)-

(4.21)

Hgee the discussion prior to Theorem 5.5.
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On the other hand, for r > —infr p~™ oy, ., _1(E1)/co and for appropriate B
with WF(By) NT_ = ), the estimates (4.20) and (4.21) hold as well. These
estimates are understood in the sense that if all quantities on the right hand side
are finite, then so is the left hand side, and the inequality holds.

Proof. The main part of the argument, in particular the choice of the commutant, is
a slight modification of the positive commutator argument of [30, Theorem 3.2]; the
handling of the non-smooth terms is a modification of the proof of the radial point
estimate, [29, Theorem 6.10]. In particular, the positivity comes from differentiating
the weight =" in the commutant. To avoid working in weighted b-Sobolev spaces
for the non-smooth problem, we will conjugate P by ™", giving an advantageous
(here meaning negative) contribution to the imaginary part of the subprincipal
symbol of the conjugated operator near T.

Throughout this proof, we denote operators and their symbols by the correspond-
ing capital and lower case letters, respectively.

Concretely, put ¢ = § +m — 1, and define

up = ax"ue HV?, foi= a7 f € HOTMH
P.:=3""Pa" =Py, +P,, Py,=1"Pua",P,=3"Pa",
where
Po=Pur+Po1,+ Ry Ppj, € HTOUM R, c w2071,

then P.u, = f,, and we must show a non-trapping estimate for u, on unweighted
b-Sobolev spaces. A simple computation shows that

1 . 1 . N —
?i(PO’T - Po,r) - <2’L(PO - Po) - Op(rw 1Hpox)> € \Ilb 2;

but 27 H, x = —p™~lcp with cg > 0 near T' by (4.15), hence, using (4.13),

1
%(PO,T -PF,)=Ei+E +B (4.22)
with B, E| € \Ilg%l, where B has principal symbol b = rcgp™ ! near I', and
WF{ (E;) NT = (). Notice that by assumption on r, B + Ej is elliptic on T
We now turn to the positive commutator argument: Fix 0 < 8 < min(1, «) and
define

py =5+’
Let xo(t) = e ¥t for t > 0 and xo(t) = 0 for t < 0, further x € C°([0, R)) for
R > 0 to be chosen below, xy = 1 near 0, x’ < 0, and finally ¥ € C°((—R, R)),
1 = 1 near 0. Define for k > 0, specified later,

a=p"" "Dy — ¢ + K)x(p+ ) (Po)-

On suppa, we have p; < R, thus the argument of x¢ is bounded above by R +
k. Moreover, ¢2 < R+ k and & < R'Y?, therefore a is supported in any given
neighborhood of T" if one chooses R and x small. Notice that a is merely a conormal
symbol which does not grow at the boundary. However, b-analysis for operators
with conormal coefficients can easily be seen to work without much additional work,
in fact, a logarithmic change of variables essentially reduces such a b-analysis on R?
to the analysis of operators corresponding to uniform symbols on R™. Moreover,
the proofs of composition results of smooth and non-smooth b-ps.d.o’s presented in
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[29] go through without changes if one uses b-ps.d.o’s with non-growing conormal,
instead of smooth, symbols.'?

Define the regularizer s5(¢) = (1 + dp)~! near T, and put as = psa. Put
V =p "t H;  and define &p,ép € Hy " near I' by Va = &z, p~'Vp = &pa.
Then, with py,.» = po.r + Dm.r, We obtain, using (4.14)-(4.16):

asHy,, a5 = 05p° xgx*¢* (0 — (m —1)/2 = dpps) (cs + &)z
— ©30* xoXOX*V? (263 6% + Beox” — 2pid i — 2w, ¢ Py
+22 6% +2w_¢_po — V2 + Beaz” +V2)
+ @307 XNV (Vs + Vi) + @030 xgx v (Vo + Vo)

= _63-03,-,6 - 62_a2_75 + a+,6h+,5pm,r + a—,éh—,éan,r +e5+gs — féa (423)

where, writing po = p~"pm,r — 0~ " Dm,r in the second and third line,
a5 = 0sp°\/ 2X0 XXV Pk
his = £ps5p" "/ 2X0X0X YV
es = o3P XexxX' (Vo + Vpy),
95 = P3P" XYY (Vibo + Vo),
fs = €307 x0x*0? [(/3(06 + )2’ —2u g — Ve + Ve
+ 2y —v-b)p " Bmr) X0
— (o= (m = 1)/2 = dpgs)(es + )20

Note that in the definition of f5, by the choice of § and using the fact that yg is
bounded by a constant multiple of x{, on its support, the constant being uniform
for R+ k < 1, the term cpz” dominates all other terms on the support of f5 €
SQU?OOHS_l for R and x small enough, hence fs > 0, and its contribution will be
controlled by virtue of the sharp Garding inequality. The term arising from es
will be controlled using the a priori regularity assumption of u, on I'_, and gs,
which is supported away from the characteristic set, will be controlled using elliptic
regularity.

Proceeding with the argument, we first make the simplification R, = 0 by re-
placing f by f — Ryu,, and we assume m > 1 and § > (5—m)/2 for now. Then we
have, as in the proof of [29, Theorem 6.10],

~ 1
Re<ZA§ [PO,T + Pm,ra Aﬁ]ur; ur> + <?<P0,r - PO*T)A(S’U,T, A5UT>
i )

12A somewhat more direct way of dealing with this issue goes as follows: Assume, as one
may, that £ := 8~ € N. Then even though a is not a smooth symbol of @ with the standard
smooth structure, it becomes smooth if one changes the smooth structure of @ by blowing up the
boundary to the ¢-th order, i.e. by taking 2’ = 2° as a boundary defining function, thus obtaining
a manifold M,, which is Ri as a topological manifold, but with a different smooth structure; in

particular, the function x = (gv’)lZ is smooth on My in view of ¢ € N. Moreover, the blow-down
map My — R’} induces isomorphisms (see e.g. [36, §4.18])

H(RT) = H (M), ',y €R.

Therefore, one can continue to work on @7 tacitly assuming that all functions and operators live
on, and all computations are carried out on, My.
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L 5 D*
- = <27/(Pm,r - Pm_’r)Aéura A5ur>

—Re(iAsf, Asu,) + Re<iA5Pm_17,«ur, Asuy).

Estimating each term on the right hand side as in the proof of [29, Theorem 6.10]
and using (4.22), we obtain for any p > 0:

Re <(Ag<i[Po,T + P, As) + E1 + E} + B) As)u,, u> > —Cp — pll Asur||E_1) 2
(4.24)
Here and in what follows, we in particular absorb all terms involving [|u,||,—1 /2 into
the constant C,. On the left hand side, the E{-term can be dropped because of
WEF}(E])) NWFL (A) =  for sufficiently localized a. Moreover, the principal symbol
of By + B near I is e; + b = —¢? with ¢ an elliptic symbol of order (m —1)/2, since,
by assumption on 7, we have e; + rcgp™ ! < 0 near I'. Therefore, we can write
Ey+ B =-Q*Q + E} + Es, where E € U"™' Ey € U2, WF} (E/)NT = 0.
Again, the resulting term in the pairing (4.24) involving E} can be dropped; also,
the term involving F5 can be dropped at the cost of changing the constant C,,
since u, € Hgil/z.
Hence, introducing J* € \I/f)t(af(mfl)/%l), with real principal symbols, satisfy-
ing I —JHJ~ € U, >, we get

Re (Op(i~asHy,, . asur (77" ur) ~ 1QAsurl} = ~Cpo — ll Astus [,y (4.25)

We now plug the commutator relation (4.23) into this estimate. We obtain several

terms, which we bound as follows: First, since j~es € (C*® + Hg_l’“),S"""(m—l)/2-|rl

uniformly, Op(j~es) is a uniformly bounded family of maps HJ — H;(m+1)/2;

thus, choosing E € ¥ with WF}(E) C U and with WF},(I — E) disjoint from
supp es, we conclude
|(Op(j~es)ur, (J+)*ur>| < C+ [{Op(j~es)ur, (J+)*Eur>| <C+ ||B2ur||c2r

for some By € WY with WF} (B2) NIy = 0.

Next, the term (Op(j~gs)ur, (J1)*u,) is uniformly bounded, as detailed in the
proof of [29, Theorem 6.10]. Moreover, by the sharp Garding inequality, see the
argument in the proof of [29, Theorem 6.6],

Re(Op(—3~ fs)ur, (J ") ur) < C.

Further, we obtain two terms involving hy s5; introducing B3 € \I/g elliptic on
WF},(A), these can be bounded for 1 > 0 by

{OP(j ™ ax shat 5P, )ity (J7) ur)|
< C+ |(Op(j~ ax sht 5)(Poy + Prn)tir, (J7) )|
< O+ [(Hy s fr, Az sur)| + (OP(i~ ax shs 5) Pon1 vty (J7) )|
< C+ pllAs sunll§ + Cull B frll -
Here, for the first estimate, we employ [29, Theorem 3.12 (3)] to obtain

Op(j~ax,sh+.6) P — Op(j ™ as sha 5Pm.r)
—: Yy € WPt ety o= (mm /2Tt gm0 prs—1,
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and Y is easily seen to be uniformly bounded from Hg_l/Q to Hb_m/Q, whereas
(J ) *u, € H]T/Q, thus [(Ysu,, (JT)*u,.)| < C. For the second estimate, we simply
use (Py, + Pmyr)ur = fr— Pm_l,rur, and for the third estimate, we apply the
Peter—Paul inequality to the first pairing; to bound the second pairing, we use the
boundedness of Py, 1, Hgil/z — H§7m+1/2.

Finally, including the terms Ciai 5 into the estimate obtained from (4.25) by
making use of the above estimates, we obtain

IC+ Ay surl§ + IC- A sur[l§ + [ QAsu I3
< Cu + ull As sur|§ + pll A surllg + poll Asurlf—1
H1Bourll7 + I BLfrellz—mgr + Cullxfrllz—m,

where By € ¥ is elliptic on WF} (A) with WF(B1) C U, and x € C*(M) is
identically 1 near the projection of I' C PS*M to the base M. Since cy and c_
have positive lower bounds near I'; we can absorb the terms on the right involving
Ay ;5 into the left hand side by choosing p sufficiently small, at the cost of changing
the constant C,,; likewise, p~(m=1/2¢ has a positive lower bound near supp a, hence
the term on the right involving As can be absorbed into the left hand side for small
. Dropping the first two terms on the left hand side, we obtain the HY -regularity of
u, at I, hence WF}'"(u) NT" = (), and a corresponding tame estimate, which follows
from a careful analysis of the above argument as in the proof of Proposition 4.2.

Next, we remove the restriction m > 1: Let my > 1. The idea, as before, is
to rewrite Pu = f as PAT(A~u) = f + PRu, where AT ¢ \Iff(m"_m), with real
principal symbols, satisfy ATA~ = I+ R. We now have to be a bit careful though to
not change the imaginary part of the subprincipal symbol of PAT at I. Concretely,
we choose AT self-adjoint with principal symbol AT = p™°~™ near I'; then

PyAT — (PoAT)* = AT (Py — PJ) + [Py, AT].
Clearly, AT(Py — Pg) € 297" + ¥/ ~2 and the principal symbol of the second
term is
Ob.mo—1([Po, AT]) = =i Hpy AT = —iz(mg —m)p™ ey
near I" by (4.16), hence, using (4.13),
POA+ — (POA+)* = A+E1 + {EEi + Ei’ + E2

with Ef, EY € U~ By € U7"% and WF} (EY) NT = §); therefore, the first part
of the proof with P and u replaced by PA1 and A~u, respectively, applies. The
proof of the theorem in the case r < —supp p~ ™" 1e; /cs is complete.

When the role of I'y and I'_ is reversed, there is an overall sign change, and we
thus get a advantageous (now meaning positive) contribution to the subprincipal
part of the conjugated operator P, for r > —infr p~™%te;/cy; the rest of the
argument is unchanged. [

4.4. Trapping estimates at normally hyperbolic trapping. Complementing
the results above on negatively weighted spaces, we recall results of Dyatlov from
[22, 23] on semiclassical estimates for smooth operators at normally hyperbolic
trapping, which via the Mellin transform correspond to estimates on non-negatively
weighted spaces. Here we present the results in the semiclassical setting, then
in Section 5.1 we relate this to the solvability of linear equations with Sobolev
coefficients in Theorem 5.5 and Theorem 5.6. We recall that prior to Dyatlov’s work,
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Wunsch and Zworski [49] and Nonnenmacher and Zworski [39] studied semiclassical
estimates at normally hyperbolic trapping; this was in turn much preceded by the
work of Gérard and Sjostrand [27] in the analytic category. The advantage of
Dyatlov’s framework for us, especially as espoused in [23], is the explicit size of
the ‘spectral gap’ (discussed below), which was also shown by Nonnenmacher and
Zworski [39], the explicit inclusion of a subprincipal term of the correct sign, and
the relative ease with which the parameter dependence can be analyzed.

We first recall Dyatlov’s semiclassical setting for

Py = Py(h),Qo = Qo(h) € V;'(X),

both formally self-adjoint, with Qo having non-negative principal symbol, Py —iQq
elhptlc in the standard sense. In fact, Dyatlov states the results in the special case

= 0, but by ellipticity of Py —iQq in the standard sense, it is straightforward to
allow general m; see also the remark [23, Bottom of p. 2]. The main assumption,
see [23, p. 3], then is that Py has normally hyperbohc trapping semiclassically at
rcr*Xx compact,'? with all bicharacteristics of Po7 except those in the stable (—)
and unstable (4) submanifolds I'+, entering the elliptic set of Qg in the forward (the
exception being for only the — sign), resp. backward (4) direction, and vy < vin/2,
where v, > 0 is the minimal normal expansion rate of the flow at f‘, discussed
above and in (4.27). If Qq is microlocally in h¥,(X) near I, with h~'Qo having a
non-negative principal symbol there, Dyatlov shows that there is hy > 0 such that
for Imz > —~,

vl S B2 (Po — iQo — hz)v| gye-m, h < ho. (4.26)
h

In view of T lying in a compact subset of 7% X, the order s is irrelevant in the sense
that the estimate for one value of s implies that for all other via elliptic estimates;
thus, one may just take s = 0, and even replace s —m by 0, in which case this is
an L’-estimate, as stated by Dyatlov.

Suppose now that one has a family of operators Py (w) depending on another
parameter, w, in a compact space S, with Py, Qo depending continuously on w,
with values in ¥}*(X), satisfying all of the assumptions listed above. Suppose
moreover that thls family satisfies the normally hyperbolic assumptions with F i
continuously depending on w in the C*° topology, and uniform bounds for the
normal expansion rates in the sense that both v and the constant C’ in

sup ||deTx (p)|y, || < C'e™", t >0, (4.27)

pel’
with Vi the unstable and stable normal tangent bundles at I', can be chosen uni-
formly (cf. [22, Equation (5.1)]); Vmin is then the sup of these possible choices of v.
(Note that since the trapped set dynamics involves arbitrarily large times, it is not
automatically stable, unlike the dynamics away from the trapped set.) In this case
the implied constant C' in (4.28), as well as hg, is uniform in w. Note that r-normal
hyperbolicity for every r implies the local (hence global, in view of compactness)
uniformity of the normal dynamics by structural stability; see [49, Section 1] and
[22, Section 5.2].

To see this uniformity in C', we first point out that in [22, Lemma 5.1] the con-
struction of ¢4 can be done continuously with values in C*° in this case. Then in

Bour I is the intersection of Dyatlov’s K with the semiclassical characteristic set of P, and
similarly our I's+ are the intersection of Dyatlov’s I't+ with the characteristic set of P.
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the proof of (4.28) given in [23], we only need to observe that the direct estimates
provided are certainly uniform in this case for families Py, Qp, and furthermore
for the main argument, using semiclassical defect measures, one can pass to an
L?-bounded subsequence wu; such that (Py(w;) — iQo(w;) — A\j)u; = O(h?), with
wj — w for some w € S in addition to h~'); converging to some X. Concretely,
all of Dyatlov’s results in [23, Section 2] are based on elliptic or (positive) commu-
tator identities or estimates which are uniform in this setting. In particular, [23,
Lemma 2.3] is valid with P; = P(w;) — P, W; = W(w;) — W with convergence
in ¥x(X). (This uses that one can take A;(h;) in Definition 2.1, with A; — A,
since the difference between A;(h;) and A(h;) is bounded by a constant tlmes the
squared L?-norm of u; times the operator norm bound of A;(h;) — A(h;), with the
latter going to 0.) Then with © ; in place of ©, one still gets Lemma 3.1, which
means that Lemma 3.2 still holds with ¢4 (the limiting ¢4 ;) using Lemma 2.3.
Then the displayed equation above [23, Equation (3.9)] still holds with the limit-
ing Py = po(w), again by Lemma 2.3, and then one can finish the argument as
Dyatlov did. With this modification, one obtains the desired uniformity. This in
particular allows one to apply (4.28) even if Py and Qo depend on z (in a manner
consistent with the other requirements), which can also be dealt with more directly
using Dyatlov’s model form [22, Lemma 4.3]. It also allows for uniform estimates
for families depending on a small parameter in C, denoted by vy below, needed in
Section 5.

Allowing Py and Q, depending on z means, in particular, that we can replace the
requirement on h~1Qq by the principal symbol of h~1Qq being > —8, 8 < Vimin /2,
and drop z, so one has

vllay <A™ ?1(Po = iQO)UHH;—Ma h < ho. (4.28)

At this point it is convenient to rewrite this estimate, removing Qg from the
right hand side at the cost (or benefit!) of making it microlocal.'* From here on
it is convenient to change the conventions and not require that By is formally self-
adjoint (though it is at the principal symbol level, namely it has a real principal
symbol); translating back into the previous notation, one would replace Py by its
(formally) self-adjoint part, and absorb its skew-adjoint part into Qo. Namely, we
have

Theorem 4.5. Suppose Py satisfies the above assumptions, in particular the semi-
classical principal symbol of ﬁ(ﬁo — ]55) being < B < vmin/2 at T.'° With Bj
analogous to Theorem 4./, with wave front set sufficiently close to T, we have, for
sufficiently small h > 0 and for all N and sg,

1Boullrz < h™2|1B1Poull gs-mss +h™" | Baullrrg + BN [l o (4.29)

Note that the differential orders are actually irrelevant here due to wave front
set conditions.

14 An alternative would be using the gluing result of Datchev and Vasy [17], which is closely
related in approach.

5The apparent sign change here as compared to before comes from the fact that for formally
self-adjoint Py, Qo, one has m ((Po — ’LQ()) (Po — on) ) = —h~1Qg; notice the minus sign on
the right hand side.
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Proof. Take Qo € ¥9(X) with non-negative principal symbol such that WF}(Qo)
is disjoint from WF},(Bo), and so that all backward bicharacteristics from points
not in F+, as well as forward bicharacteristics from points not in I'_, reach the
elliptic set of Qo, and with B; elliptic on the complement of the elliptic set of
Qo. Let Bz € U9(X) to be such that WF},(I — Bs) is disjoint from WFH(BO) but
WEF}(Qo) NWF}(B3) = 0. Let A, € W9(X) have wave front set near I'y, with

WF} (I — A)NWF}(Bs) NIy =0
and with

WF,(AL) NWF,(I — Bs)NT_ =0,
and with no backward bicharacteristic from WF}(By) reaching

WF}(AL) NWFL (I — Bs)NTy.
Take Q) elliptic on T, with WF},(Q1) N WF},(I — Bs) = §, again with non-negative
principal symbol, with no backward bicharacteristic from WF}(Q1) reaching
WF} (AL ) NWF, (I — Bs).

Thus, all backward and forward bicharacteristics of Py reach the elliptic set of Q4
or (Qo. See Figure 2 for the setup.

FIGURE 2. Setup for the proof of the microlocalized normally hy-
perbolic trapping estimate (4.29): Indicated are the backward and
forward trapped sets I'; and I'_, respectively, which intersect at
I' (large dot). We use complex absorbing potentials Qo (with
WF},(Qo) outside the large dashed circle) and Q; (with WP}L(Ql)
inside the small dashed circle). We obtain an estimate for Bou by
combining (4.28) with microlocal propagation from the elliptic set
of Bg.

Then
(]50 - iQo)Bsu = B3Pou + 1‘1+[}:”0» B?Ju + (I - A+)[150, B3]“ —iQoBsu,
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SO ~ o ~ ~
Bou = ByBsu + Bo(I — B3)u
= Bo( 0 — ZQ()) BgP()u + B()( 0 — ZQQ) 1/i+[p(), B3]U

—|— Bo( 0 — ZQQ)_ (I — A+)[P0, Bg]u
—iBo(Py — iQo) ' QoBsu + Bo(I — Bs)u,

and by (4.28), for h < hy,
1(Po —iQo) ™" By Poullrr < b2 Bs Poull s -

(4.30)

Now, QoBs, Bo(I — Bs) € h™W, *°(X), so the corresponding terms in (4.30) can
be absorbed into hN||uHH;o. On the other hand, since WF},((I — A,)[Py, B3]) is

disjoint from 1:‘+7 the backward bicharacteristics from it reach the elliptic set of B,
and so we have the microlocal real principal type estimate for u:

2 = A) Po, Baluly - S Bl Boull e s + 11 Poul s
as (I — AL)[Po, Bs] € hW" (X)), so by (4.28),
1(Po —iQo) (I = A+)[Po, Bslull sy S b | Baull o1 + b2 By Poul| o
Thus, (4.29) follows if we can estimate || Bo(Py — i@o)_1A+[]50,Bg]u||Hg. Now,

WF} (A [Py,Bs])NT_ = 0 by arrangement. In order to microlocalize, we now
introduce a nontrapping model, Py — Z(Qo + Ql) We claim that

= (Py=i(Qo+ Q1)) Ay [Py, Blu— (Py — iQo) " Ay [Py, ByJu
satisfies
loll e < B [l 2o (4.31)
for all s’, N. Notice that for any s’ one certainly has
-1
”UHHE” Sh ”uHHZ”*l
by (4.28) plus its non-trapping analogue. To see (4.31), notice that
1 ~ ~ ~

(Py — iQo)v = lQl( o — i(Qo + Q1)) Ay [Py, Bslu,

so by (4.28), with sq replaced by any s{, (since sy was arbitrary), and for any N,

1 ~ ~ o~
oll gy < A7201Q1 (Po = i(Qo + Q1)) A [Po, BsJull - < W™ ull 0,

since Py — i(Qo + Ql) is non-trapping, hence (150 - i(@o + Ql)) ! propagates semi-
classical wave front sets along forward bicharacteristics, and no backward bichar-
acteristic from WF}(Q1) can reach WF}, (A4 [Py, Bs]) C WF;(A4) NWF} (I — Bs),
proving the claim. Then, since backward bicharacteristics from WFh(BO) do not
encounter WF}, (A, [Py, Bs]) N T, before reaching the elliptic set of Qg or Q;, we
conclude that
|1Bo(Po — iQo) " Ay [Py, Bslul g
< || Bo(Py — iQo — iQ1) " Ay [Po, BsJul rs + || Bov| us
< || Boul|m; + ||1531150U||H;—m+1 + BN ull o

This proves (4.29), and thus the theorem. ]
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5. QUASILINEAR WAVE AND KLEIN-GORDON EQUATIONS

5.1. Forward solution operators. We now generalize the setting considered in
[29, §7.2] for the study of quasilinear equations on static asymptotically de Sit-
ter spaces to allow for normally hyperbolic trapping, as discussed in the previous
section.

Thus, working on a compact manifold M with boundary X, we assume that the
operator P is of the form P = P, +P, continuously depending on a small parameter
v =19+ 0 € X5 where

Py = Py(vo) = Oy + L(vo) € Diffp (M), (5.1)
L(vg) € Diffy,(M),  L(0) — L(0)* € Diff) (M),
P = P(v) € HY*DiffE (M)
for a smooth b-metric g on M that continuously depends on one real parameter;
here, a > 0.'® We assume:

(1) The characteristic set > C "S% M of Py has the form ¥ = ¥, UX_ with
3.+ a union of connected components of 3,

(2) Py has normally hyperbolic trapping at T+ C Y. for small vy, as detailed
in assumptions (1)-(10) in Section 4.2,

(3) Py has radial sets Ly C bS}'}M , which, in appropriate directions trans-
verse to Ly, are sources (—)/sinks (+) for the null-bicharacteristic flow
within PS% M, with a one-dimensional stable/unstable manifold intersect-
ing PS% M transversally; for details, see [29, §6.4]. In particular, there
are By, € C>®(Ly), Bo, B > 0, such that for a homogeneous degree —1
boundary defining function p of fiber infinity in PT"M and with V = pHy,,

p 'Vl = Fho, -z 'Vl = F8bo. (5.2)
We will set up initial value problems by introducing artificial boundaries as in
[29, 31]: We denote by t; and t2 two smooth functions on M and put
Q= tfl([07 OO)) n tgl([07 OO))7
where we assume that:

(4) € is compact,

(5) putting H; := t;l(O), the H; intersect the boundary M transversally, and
H, and H» intersect only in the interior of M, and they do so transversally,

(6) the differentials of t; and t2 have opposite timelike characters near their
respective zero sets within €2; more specifically, t; is future timelike, t5 past
timelike,

(7) there is a boundary defining function x of M such that dz/z is timelike on
QN OM with timelike character opposite to the one of 1, i.e. dz/z is past
oriented,

(8) the metric g is non-trapping in the following sense: All bicharacteristics in
Yo = X NPSEM from any point in Xg N (34 \ (L4 UTT)) flow (within
Ya) to *St; MUL, UT* in the forward direction (i.e. either enter *Sj; M
in finite time or tend to the radial set L, or the trapped set I'") and

16Ap example to keep in mind for the remainder of the section is the wave operator on a
perturbed (asymptotically) Kerr-de Sitter space, where the metric of the (asymptotically) Kerr-
de Sitter space is perturbed in Hg+1’a.
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to Sy, M ULy UTT in the backward direction, and from any point in
LaN(X_\(L_UIl'7)) to*Sf, MUL_UT" in the forward direction and to
bS}'}lM UL_UT~ in the backward direction, with tending to I'* allowed
in only one of the two directions.
Recall the space H,"(Q)*~ of distributions which are supported (e) at the
‘artificial’ boundary hypersurface H; and extendible (—) at Ha, and the other way
around for H;'"(2)7*. Then we have the following global energy estimates:

Lemma 5.1. (Cf. [29, Lemma 7.3].) Suppose § > n/2 + 2. There exists 1o < 0
such that for r < rg, —7 < rq, there is C > 0 such that for u € HS’T(Q)"_,
ve HY(Q)™°, one has

el g1 @yer < ClIPul g .
||U||Hé,7‘(ﬂ)_’. < CHP*U”HE‘F(Q)_"

Proof. This result does not rely on the dynamical structure of P at the boundary,
but only on the timelike nature of dz/x and of dt; and dt; near H; and Ho,
respectively, see also [29, Remark 7.4]. O

Let us stress that we assume the parameter v to be small so that in particular the
skew-adjoint part of Py(vp) is small and does not affect the radial point and normally
hyperbolic trapping estimates which are used in what follows; the general case
without symmetry assumptions on Py(0) will be discussed in Section 5.4. Using a
duality argument and the tame estimates for elliptic regularity and the propagation
of singularities (real principal type, radial points, normally hyperbolic trapping)
given in Propositions 4.1, 4.2 and 4.3 and Theorem 4.4, we thus obtain solvability
and higher regularity:

Lemma 5.2. (Cf. [29, Lemma 7.5].) Let 0 < s < § and assume § > n/2 + 6,
so > n/2+41/2. There exists rg < 0 such that for r < rg, there is C > 0 with the
following property: If f € Hsfl’r(ﬂ)"_, then there exists a unique u € Hy'"(2)*~
such that Pu = f, and u moreover satisfies

lullzgr@ye = S 1Al g1 @ye + 1 llmgom@pe - 0l x5.a (5:3)

b

Here, the implicit constant depends only on s and ||v|| yn/24+6+e.a for € > 0.

Proof. The proof proceeds as the proof given in the reference. The tame estimate
(5.3) in particular is obtained by iterative use of the aforementioned microlocal
regularity estimates; the given bound for sy comes from an inspection of the norms
in these estimates which correspond to the terms called u’ in (4.1). (]

We deduce analogues of [29, Corollaries 7.6-7.7]:

Corollary 5.3. Let 0 < s < § and assume § > n/2 + 6, so > n/2 + 1/2. There
exists rog < 0 such that for r < rqg, there is C' > 0 with the following property: If
u € HY" ()~ is such that Pu € HY™""(Q)*~, then the estimate (5.3) holds.

Corollary 5.4. Let so > n/2+1/2, so < s’ < s < §, and assume § > n/2 + 6;
moreover, let r < 0. Then there is C' > 0 such that the following holds: Any
u € Hgl’r(Q)"’ with Pu € H]‘;*l’r(ﬂ)”* in fact satisfies w € HY"(Q)*~, and
obeys the estimate

lellmg e S IPulgz—srpe.- + il v e
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+ (IPullgzo e+ lull grosr e, 0] 5

Proof. The proof of the two corollaries is as in the cited reference. For the radial
point estimate involved in the proof of Corollary 5.4, we need the additional as-
sumption s’ — 1+ supy , (rB) > 0, which however is automatically satisfied since
s’ > 1 and the sup is negative for r < 0. O

We now note that the Mellin transformed normal operator N(P)(c) satisfies
global large parameter estimates corresponding to the semiclassical microlocal es-
timates of Theorem 4.5. In order to state this precisely we recall the connection
between the b-structure, the normal operator (and the large parameter algebra)
and the Mellin transform of the latter.

The weighted b-Sobolev spaces H;'7([0,00) x X)) are isometric to the large pa-

rameter Sobolev spaces on X on the line Imo = —v in C via the Mellin transform
M, see [47, Equation (3.8)]. Further, the latter can be described in terms of semi-
classical Sobolev spaces, namely the restriction r_, oM to Im o = —~ of the Mellin

transform identifies Hy'" ([0, 00) x X) with
(o)™ L (Rs H{ -1 (X));

see [47, Equation (3.9)]. Now, in order to relate b-microlocal analysis with semi-
classical analysis, we first identify @ + Udf € PT*([0,00) x X), w € T*X, with
(0,) € R x T*X. Under the semiclassical rescaling, say by |o|~!, one identifies
the latter with h = |o|™!, @ = |o|"'w. In particular, if a conic set is disjoint
from T*X in PT*([0,00) x X), then its image under the semiclassical identifica-
tion lies in a compact subset of T*X. Thus, for B € ¥{([0,00) x X) dilation
invariant, the large parameter principal symbol and wave front set of the Mellin
conjugate MBM™! = B of B are exactly those of B under the above identification
of w+ 0% € PT*([0,00) x X), @w € T*X, with (5,w) € R x T*X, and then the
analogous statement also holds for B considered as an element B of Uy (X) under
the semiclassical identification. In particular, one has, for B € ¥2([0,00) x X) di-
lation invariant, with WF},(B) N T*X = (), that B € \Il‘_o_“)fl(X)7 with semiclassical
wave front set in a compact subset of 7% X. Correspondingly, for any s,

1Bul3s 5/ - o BMu(. = i) |17z do + Jull3;s0+-
ogeR, |o|>hg

Now if Py = Py(vg) € W' (M), then N(P,) is dilation invariant on [0, co) x X, and
its conjugate by the Mellin transform is Py = N (Po), whose rescaling Py = |a|’m]30
is an element of U7*(X). Further, with Py b-normally hyperbolic in the sense
discussed above (with the convention changed regarding formal self-adjointness, as
stated before Theorem 4.5), P, is normally hyperbolic in the sense of Dyatlov. Fix
a smooth b-density on M near X, identified with [0,€9) x X as above; we require

this to be of the product form ‘i—x‘ v, v a smooth density on X; we compute adjoints

with respect to this density. Then for any B € ¥ (M), B\*(J) = (B(7@))*, see [47,
Section 3.3] for differential operators, and by a straightforward calculation using
the Mellin transform in general. In particular, if B = B*, then B(a) = (B(a))* for
o € R. Relaxing (5.1) momentarily, we then assume that

1 1
S (Po—B) € W' (D), ovmn (

> 5 (Po - Pg)) ‘F <1o[™ umin/2,  (5.4)
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with vy, the minimal normal expansion rate for the Hamilton flow of the principal
symbol of Py at T' C PT% M, as above; note that o is elliptic on I'. This gives that
for o € R, Py(o) — Py(c)* is order m — 1 in the large parameter pseudodifferential
algebra, so, defining z = o/|o|, the semiclassical version gives

Py — B} € h¥1(X), 2z €R,

with
1

2ih
where I is the image of I under the semiclassical identification. In particular, there
is v > 0 and Br < Vmin/2 such that if |Im z| < hyr then

o1 (5 (P~ B))| . < . (5.5)
With this background, under our assumptions on the dynamics, propagating esti-
mates from the radial points towards Hs, in particular through T, and using the
uniformity in parameters described above Theorem 4.5, we have:

ah,m,l( (Py — 13;)) ‘f < Umin/2, 2 €R,

Theorem 5.5. Let Cy > 0. Suppose Py = Py(vy) satisfies (5.4) at T, Py is the
semiclassical rescaling of Py = N(Py), s > 1/24+sup(B)y, s > 1, v <~r, 7v > 0
as in (5.5). Then there is hg > 0 such that for h < hg, |Im z| < h~,

lullzry S 272 Poull gr-ms1, (5.6)
with the implied constant and hg uniform in vy with |vg| < Cp.

Proof. This is immediate from piecing together the semiclassical propagation esti-
mates from radial points (which is where s > 1/2 4+ sup(B)v is used, see the cor-
responding statement in the b-setting given in [31, Proposition 2.1, Footnote 20])
through I, using Theorem 4.5, which is where v < Ar is used and where A =2, rather
than h~1!, is obtained for the right hand side, to Hy N X, which is where s > 1 is
used.

An alternative proof would be using Dyatlov’s setting [23] directly, together with

the gluing of Datchev and Vasy [17], exactly as described in [47, Theorem 2.17]. O

Going back to the operator Py(vg) satisfying the conditions stated at the be-
ginning of this section, and under the additional assumption of uniform normal
hyperbolicity as explained above, we can now obtain partial expansions of solu-
tions to Pu = f at infinity, i.e. at X:

Theorem 5.6. (Cf. [29, Theorem 7.9].) Let 0 < o < min(1,~r). Suppose P has
a stimple rank 1 resonance at 0 with resonant state 1, and that all other resonances
have imaginary part less than —o. Let § > n/2 4+ 6, so > max(n/2 + 1/2,1 +
sup(B)oz),17 and assume sp < s < §—4. Let 0 # r < a. Then any solution
u € H§+4’TO(Q)’7_ of Pu = f with f € H§+3’T(Q)"_ satisfies u € X" with
s'=s+4+4 forr <0 and s’ =s forr >0, and the following tame estimate holds:

el e S 1Sl g+ g g

(I Lggo e+l o170 ool

171n particular, if we merely assume so > n/2 + 1/2, then the full condition on sg holds if we
choose a > 0 sufficiently small.
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Proof. The proof works in the same way as in the reference by an iterative argument
that consists of rewriting Pu = f as N(P)u = f — (P — N(P))u and employing a
contour deformation argument, see [47, Lemma 3.1] (which uses high-energy esti-
mates for the inverse normal operator family ]3(0)’1 and the location of resonances,
i.e. of the poles of this family), to improve on the decay of u by a in each step, but
losing an order of differentiability as we are treating P — N(P) as an error term;
using tame microlocal regularity for the equation Pu = f, Corollary 5.4, one can
regain this loss. We obtain u € H ™" after a finite number of iterations in case
r<0,'®and u € H§+4’T° for all rg < 0 in case r > 0.

Assuming we are in the latter case, the next step of the iteration gives a partial
expansion v = ¢+’ with ¢ € C (identified, as before, with ¢y, where y is a smooth
cutoff near the boundary) and v’ € H§+2’T/ for any r’ satisfying ' < r and v’ < q;
here, we need 0 < a < 71 so that the normally hyperbolic trapping estimate (5.6)
holds with v > «a, with loss of two derivatives. If r = «, we can use this information
to deduce

N(Pyu=f—(P=N(P)u=f—f, [feH*+H" " cH,

which implies that the expansion u = ¢ + ¢ in fact holds with the membership
u’ € H{'"; notice the improvement in the weight. Therefore, u € X*", finishing the
proof. |

Pipelining this result with the existence of solutions, Lemma 5.2, we therefore
obtain:

Theorem 5.7. Under the assumptions of Theorem 5.6 withr > 0 and s > n/2+2,
define the space

YU ={ue€ X¥": Pue HyP Q)0

Then the operator P: Y — H§+3’T(Q)"_ has a continuous inverse S that satisfies
the tame estimate

1S fllxer < sy [lollasoe) (W f L ggtsrye + I lmgom@)e= [0l aeraa). (5.7)

5.2. Solving quasilinear wave equations. We continue to work in the setting
of the previous section. With the tame forward solution operator constructed in
Theorem 5.7 in our hands, we are now in a position to use a Nash-Moser implicit
function theorem to solve quasilinear wave equations. We use the following simple
form of Nash-Moser, given in [42]:

Theorem 5.8. Let (B?,|:|s) and (B, ||-||s) be Banach spaces for s > 0 with B* C
B and indeed |v|y < |v|s for s > t, likewise for B* and || - ||+; put B> =, B® and
similarly B> = (), B®. Assume there are smoothing operators (Sp)g>1: B> — B>
satisfying for every v € B>, 0 > 1 and s,t > 0:

[Sov|s < CS’tGS_t|v|t if s >,

5.8
|v — Spv|s < Cs 105 o), if s < t. (58)

181 particular, this holds under the weaker conditions s + 1 < 35, a < 1.
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Let ¢: B® — B> be a C? map, and assume that there exist ug € B>, d € N,
0 > 0 and constants C1,Cy and (Cs)s>q such that for any u,v,w € B>,

Vs >d, [¢(u)lls < Cs(1+ |ulsta),
lu —uolza < 6= q [|¢'(w)v]l2a < C1|v]34, (5.9)
[[¢" (w) (v, w)]l24 < C2|v[3a|w]za-
Moreover, assume that for every u € B> with lu—ug|3q < § there exists an operator
P(u): B® — B> satisfying
¢’ (wWp(u)h =h
and the tame estimate
(bl < Cull[bllra+ lulorallbllza), s> d, (5.10)

for all h € B*. Then if ||¢p(uo)||2a s sufficiently small depending on 0, |uo|p and
(Cs)s<p, where D = 16d? + 43d + 24, there exists u € B> such that ¢(u) = 0.

To apply this in our setting, we let B® = X**(Q) = C® H;*(Q)*~ and B® =
H*(2)*~ with the corresponding norms; ¢(u) will be the quasilinear equation,
with implicit dependence on the forcing term. We now construct the smoothing
operators Syp; we may assume, using a partition of unity, that € is the closure of an
open subset of R7, say Q = (1), where we let Q(z¢) = {z < z¢,|y| < 1}. Then
there are bounded extension and restriction operators

E: Hy*(Q)*™ — Hy(RY), R: Hy“(R7) — HY“(Q) 7,
for s > 0; the operator E can be constructed such that supp Ev C {z < 1} for
ve H)*(Q)* . If we then define for § > 1 and v = (¢,u) € X5
Sgv = (¢, RS)FEv),

where S} is a smoothing operator on M with properties as in (5.8), then S} satisfies
(5.8) in view of RE being the identity on H; *(€2)*~ if the norms on the left hand
side are understood to be H;®(R" )-norms. However, note that Sj does not map
X% into itself, since smoothing operators such as Sj enlarge supports; we will
thus need to modify S} below to obtain the operators Sp. In order to construct
Sy on weighted b-Sobolev spaces H;'®, it suffices by conjugation by the weight
to construct it on the unweighted spaces Hy; then, by a logarithmic change of
coordinates, we only need to construct the smoothing operator Sy on the standard
Sobolev spaces H*(R™), which we will do in Lemma 5.9 below. In order to deal
with the issue of S} enlarging supports, we will define Sy such that

veCE(RY,,), suppv C {a’ <0} = suppSpv C {2’ <671/}
In particular, when one undoes the logarithmic change of coordinates, this implies
Sp: T (Q(1) > X% (Q(exp(971/))
more generally, with D) denoting dilations Dy (z,y) = (Az,y) on M7 we have
S 1= (DY) SH(Da)": X5(Q(N)) — X5 (Q(A exp(afl/Z))) . A>0, (5.11)

with the operator norm independent of A near 1. Now, in our application of Theo-
rem 5.8, we will have

¢ X%(Qz0)) = Hy " (Q(z0))®~ for all g near 1,
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and correspondingly we will have forward solution operators ¢ going in the reverse
direction, with all relevant constants being uniform in xy. Looking at the proof of

k
Theorem 5.8 in [42], one only uses the smoothing operator Sy, with 6 = 9(()5/ 4
in the k-th step of the iteration, with 6y chosen sufficiently large; in our situation,
where we have (5.11), we can therefore use the smoothing operator

k-1
—1/2
So. =Sy, Ae=exp D 0"
§=0
in the k-th iteration step. Note that, for 6y large, we have

o0
=X <M< <Ao=exp | D 07| <1202

§=0
The solution u to ¢(u) = 0, obtained as a limit of an iterative scheme (see [42,
Lemma 1]), therefore is an element of X% (Q(\)). Taking the hyperbolic nature
of the PDE ¢(u) = 0 into account once more, it will then, in our concrete setting,
be easy to conclude that in fact u € X**(Q).

We now construct the smoothing operators on R™; the first step of the argument

follows the Appendix of [42].

Lemma 5.9. There is a family (Sg)es1 of operators on H™(R™) satisfying

[1Sov||s < Cs 105 vl|; if s >t >0, (5.12)
v — Spv|ls < Cs 07 H|o|ls if 0 < s <t, (5.13)
supp Spv C {z1 < 0*1/2} (5.14)

for all v € H>®(R™) with suppv C H := {x1 < 0}. Here |- ||s denotes the H*(R™)-
norm, and we write x = (z1,2') € R™.

Proof. Choose x = x1(x1)x2(z') € S(R™) with x; € S(R),x2 € S(R"!) so that
the Fourier transform x is identically 1 near 0; put xg(z) = 6" x(0z) and define the
operator Cypv = xg * v. Then (Cov)™ = X0 with Xg(&) = X(£/0), therefore (5.12)
holds for Cy in place of Sy with constants C’;t since X decays super-polynomially,
and (5.13) holds for Cy in place of Sy with constants C% 4 since 1 — x(§) vanishes
at & = 0 with all derivatives.

Next, let ¢ € C*°(R™) be a smooth function depending only on 1, i.e. ¥ = ¥ (1),
so that ¢(xz1) =1 for 1 € (—o00,1/2], ¥(z1) =0 for 1 € [1,00), and 0 < ¢ < 1.
Put g (z1,2") = ¥(021,2"), and define

SQU = ’(/J(,u/zCe’U.
Condition (5.14) is satisfied by the support assumption on 1. Let ¢ =1 — ¢ and
wo = 1 — 1y. To prove the other two conditions, we use the estimate
lpgir2Covlls < CL N0 N [vll2,  suppv € H, s,N >0, (5.15)
which we will establish below. Taking this for granted, we obtain for v with suppv C
H:
1Sevlls < [[Covlls + llpgir2Covlls < C 10" lvlle + Coollvlo

for s >t > 0, which is the estimate (5.12); and (5.13) follows from
lv = Sevlls < llv = Covlls + l0gr/2Covlls < CL 05 vlle + CLy_0° " [lv]lo
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for0 <s<t.

We now prove (5.15) for s € Ng. For multiindices o = (a1, ') with |af < s, we
have for v with suppv C H and for (z1,2’) € supp @g1,2Cpv, which in particular
implies z; > 1/(20'/2):

[e5] @ ) )
0 oy aCon)ar,af) = 3 ()62t 912
=0

. // 71 I 0y XS Oy Yoy — 2’ — ') dyr dy,
n>1/(201/2)

thus
10%(pg1/2Cov)ll2 < Cs0™F*||Xoll 1 [[0]] 2,
where
5 , 0, xy < 1/(20/2),
Yol @) = {Z?io |X§j)(9x1)xéa,)(9x’)| otherwise.
But ||xs||z1 < Cn 07 for all N: Indeed, this reduces to the statement that for a
fixed xo € S(R), one has

/ Ixo0(0z)| dz < CN/ (0x) 2Nl dy = CpN OV,
1/(26%/2) 6-1/2

Hence, we obtain (5.15), and the proof is complete. O

We now combine Theorem 5.7, giving the existence of tame forward solution
operators, with Theorem 5.8, in the extended form described above, to solve quasi-
linear wave equations. We use the space Xp'® of real-valued elements of X'**.

Theorem 5.10. Let N € N and ¢ € C¥(R;R), gy € (C™ + H°)(M; Sym? PT M)
for 1 <k < N; define the map g: X>* — (C= + H*)(M; Sym?PTM) by g(u) =
Z;ICV:1 cr(u)gr and assume that Oy satisfies the assumptions of Section 5.1 and
of Theorem 5.7. Moreover, let N' € N and define

N’ N;
q(u,Pdu) = Zuej H Xiru, (5.16)
k=1

j=1
where
ej, Nj € No,N; > 1,N; +e; > 2, X5, € (C° + H )Wy
Then there exists Cy > 0 such that for all forcing terms f € HyO“(Q;R)* ™ satis-
fying ||f\|Hgmx(1z‘n+s),a(Q)_v_ < Cy, the equation

Oy = f +q(u, bdu) (5.17)

has a unique solution u € Xg°“.
If more generally g(u, du) = Zgzl cr(u, Xqu, ..., Xpu), where Xq,..., Xy, €
Vo(M) and ¢, € C®(RYL;R), then there exists Cy > 0 such that for all forcing

terms f € HO“(Q;R)* ™ satisfying ||f||H1r)nax<14,n+s>,a(Q),ﬁ_ < CYy, the equation

Ogu,rauyt = f+ q(u, Pdu) (5.18)

has a unique solution u € Xg~®.
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Proof. We write | - | for the X*®-norm and | - ||s for the H;*“-norm."? We define
the map

(b(u; f) = Dg(u)u - Q(uﬂ bdu) - f
and check that it satisfies the conditions of Theorem 5.8 with ug = 0. From the def-
inition of [y(,) and the tame estimates for products, reciprocals and compositions,
Corollary 3.2 and Propositions 3.4 and 3.7, we obtain

lo(us Flls < [Iflls + Cllulso+2) (1 + Julsy2), s> s0>n/2+1,
thus the first estimate of (5.9) for 3d > sp + 2, d > sp, d > 2. Next, we have
&' (u; flv = (Dg(u) + L(u,bdu))v, where the first order b-differential operator L is
of the form

L= Z ( Z aag(u,bdu)bDau> Py + Z ag(u, *du)u”DPy, (5.19)
[BI<1 <] <2 |Bl=1
with the second sum capturing one term of the linearization of terms u® X u in ¢
(i.e. terms for which N; = 1). In particular,

¢/ (us f) = Po(uo) + P(u, "Du, "D*u), (5.20)
where Py € Difff and P € H”>“Diff{ for u € X**. Therefore,

1" (u; Fvlls < Cllulst2)vlst2, s >n/2+1,

which gives the second estimate of (5.9) for 2d > n/2 + 1 and 3d > 2d + 2. Next,
we observe that ¢"(u; f)(v,w) is bilinear in v, w, involves up to two b-derivatives
of each v and w, and the coefficients depend on up to two b-derivatives of u, thus

16" (u; f)(v, w)lls < C(lulst2)v]s2lw]ss2, s >n/2+1,

which gives the third estimate of (5.9) for 3d > n/2 + 3, 3d > 2d + 2. In summary,
we obtain (5.9) for integer d > n/2 + 1.

Finally, we determine d so that we have the tame estimate (5.10): Given u €
Xet6.0 we can write ¢/ (u; f) as in (5.20), with Py € Difff and P € H;t"“Diff};
hence, by Theorem 5.7, we obtain a solution operator

Plu; f): HTH = xse,
19 (u; fvls < C(s, [uls) (1ol s+3 + [[v]]so[uls+6),

where s,s9 > n/2 + 2, provided |u|s, is small enough so that all dynamical and
geometric hypotheses hold for ¢'(u; f). Notice that the subprincipal term of ¢'(u; f)
can differ from that of U, ) by terms of the form a(up)uo®DP, a € C*, |B] = 1, see
(5.19); however, since such terms eliminate constants, the simple rank 1 resonance
at 0 with resonant state 1 does not change; and moreover such terms are small
because of the factor ug, hence high energy estimates still hold in a (possibly slightly
smaller) strip in the analytic continuation, see the remark below [23, Theorem 1].
Since sg is independent of s, we have (5.21) for all s > n/2 + 2, in particular
Y(u; f): H® — X°% Now, (5.21) implies that (5.10) holds for d > n/2 + 2,
d > 6, so we need to control max(12,n + 5) derivatives of f.

Thus, we can apply Nash-Moser iteration, Theorem 5.8, to obtain a solution
u € X*% of the PDE (5.17), with the caveat that w is a priori supported on a
space slightly larger than ). However, local uniqueness for quasilinear hyperbolic

(5.21)

LFor brevity, we do not specify the underlying set, which, in the notation of Section 5.1, is
t;l([f)\, 00)) N t;l([O, 00)) for varying X > 0.
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equations, see e.g. [45, §16.3], implies that u in fact is supported in 2, and that u
is the unique solution of (5.17), finishing the proof of the first part.
The proof of the second part proceeds in the same way, only we need that d > 7,

Hmax(14,n+5)
b

which makes the control of the stronger -norm of f necessary. (]

Remark 5.11. In the asymptotically de Sitter setting considered in [29], the above
Theorem extends [29, Theorem 8.8], at the cost of requiring the control of more
derivatives, since we allow the dependence of the metric g(u, du) on Pdu as well.

Remark 5.12. An inspection of the proof of the abstract Nash-Moser theorem 5.8
in [42] shows that there are constants C' and sp, depending only on the ‘loss of
derivatives’ d, such that the following holds: In order to obtain a solution u € X'*¢
for some finite s > sq, it is sufficient to take f € Hgs’a, still assuming the norm of
f in the space indicated in the statement of Theorem 5.10 to be small.

Theorem 5.10 immediately implies the following result on Kerr-de Sitter space:

Corollary 5.13. Under the assumptions of Theorem 5.10, the quasilinear wave
equation (5.17), resp. (5.18), on a 4-dimensional asymptotically Kerr-de Sitter space
with |a| < M, has a unique global smooth (i.e. conormal, in the space X°%)
solution if the HéQ’a(Q)"_-norm, resp. H$4’O‘(Q)"_-norm, of the forcing term f €
HZ*(Q)*~ is sufficiently small.

Proof. For a verification of the dynamical assumptions for asymptotically Kerr-de
Sitter spaces, we refer the reader to [47, §6]; the resonances on the other hand were
computed by Dyatlov [21]. O

5.3. Solving quasilinear Klein-Gordon equations. The only difference be-
tween wave and Klein-Gordon equations with mass m (which is to be distinguished
from the black hole mass M,) is that the resonance of the Klein-Gordon operator
0O — m? with largest imaginary part, which gives the leading order asymptotics, is
no longer at 0 for m # 0. Thus, if we sort the resonances o1, 09, ... of J—m? with
multiplicity by decreasing imaginary part, assume
0< —Imo; <r < —Imoy,
and moreover that the high energy estimates for the normal operator family of

0O — m?2 hold in Imo > —r, the only change in the statement of Theorem 5.6 for
Klein-Gordon operators is that the conclusion now is u € X3~3", where X5 %" =

CoH>"(Q)*~, with (¢,u’) identified with cz'7tx 4/ for a smooth cutoff x near
the boundary.”’ We thus obtain the following adapted version of Theorem 5.7:

Theorem 5.14. In the notation of Section 5.2, under the above assumptions and
for s >n/2+ 2, define the space

Vi ={u€ X5 Pue HT" ()}

Then the operator P: Y*" — H§+3’T(Q)"_ has a continuous inverse S that satisfies
the tame estimate

18F gy < Cls loll g )UF g+ ye — + 1 llzzor o [0l ggn). (5.22)

20There are more cases of potential interest: If r < —Imoy, we obtain u € H§73’T(Q)'v*;
if r < 0, the statement of Theorem 5.6 is unchanged; and if Imo; and Imo2 are close enough
together (including the case that o1 is a double resonance), one gets two terms in the expansion
of u. For brevity, we only explain one scenario here. See also the related discussion in [29, §8.4].
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This immediately gives:

Theorem 5.15. Under the above assumptions and the assumption a < —2Im oy,
let NN’ € N and ¢, € C(R;R), g), € (C®+ H®°)(M;Sym? " TM) for1 <k < N;
define the map g: X5:% — (C= + Hy)(M;Sym?PTM) by g(u) = ZkN:1 ek (u)gr
and assume that Oy oy satisfies the assumptions of Section 5.1 and of Theorem 5.1/.
Moreover, define

N’ N;
q(u, *du) = Zajuej H Xjku,
j=1 k=1

where

ej,Nj € No,ej + N; > 2,a; € C™, Xji, € (C*® + H®) V.
Then there exists Cy > 0 such that for all forcing terms f € Hy~“(Q;R)* ™ satis-
fying ||f\|Hgmx(1z‘n+s),a(Q)_v_ < Cy, the equation

(Oguy —m*)u = f + q(u, *du) (5.23)

has a unique solution u € X°g.
1,

If more generally g(u, du) = Z]kvzl ek (u, Xqu, ..., Xpu), where X1,..., X €
Wo(M) and ¢, € C°(RYE;R), then there exists Cy > 0 such that for all forcing
terms f € Hy (S R)* ™ satisfying ||f||H:ax<14,n+5>,a(Q),v, < Cf, the equation
(Oygu,pany — m?)u = f + q(u, "du) (5.24)

has a unique solution u € Xg“.

Together with Theorem 5.10, this proves Theorem 2.

Proof of Theorem 5.15. The proof proceeds as the proof of Theorem 5.10. Notice
that we allow the nonlinear term ¢ to be more general, the point being that firstly,
any at least quadratic expression in (u,’du) with u € X gives an element of
H®, and secondly, every element in XJ:@ vanishes at the boundary, thus the
normal operator family of the linearization of Oy,y — m* — ¢(u, bu) — f at any
u € X7 is equal to the normal operator family of gy — m?, for which one has
high energy estimates by assumption. (I

By [31, Lemma 3.5], the assumptions of Theorem 5.15 are satisfied on asymp-
totically Kerr-de Sitter spaces as long as the mass parameter m is small:

Corollary 5.16. Under the assumptions of Theorem 5.15 and for a and m > 0
sufficiently small, the quasilinear Klein-Gordon equation (5.23), resp. (5.24), on a
4-dimensional asymptotically Kerr-de Sitter space with angular momentum a has a
unique global smooth (i.e. conormal, in the space X ) solution if the Hﬁ2’a (Q)*~-
norm, resp. Hg‘l’a(Q)"_-norm, of the forcing term f € Hy"*(Q)* ™ is sufficiently
small.

5.4. Proofs of Theorems 3 and 4. Finally, following the same arguments as used
in the previous section, we indicate how to prove the general theorems stated in
the introduction. We continue to use, but need to generalize the setting considered
in Section 5.1: Namely, generalizing (5.1), we now allow L to be any first order
b-differential operator, and correspondingly need information on the skew-adjoint
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part of Py; concretely, we define B at the (generalized) radial sets Ly, using the
same notation as in (5.2), by

o (3P0 = B))| = =680, (5.25)

Moreover, at the trapped set I' = I'" UT'", we assume that

1
eilr < vmin/2, €1 = |a|*1ab,1(27(P0 — Pg)), (5.26)

with vy, the minimal normal expansion rate for the Hamilton flow of the principal
symbol of Py, and ¢ the Mellin dual variable of = after an identification of a collar
neighborhood of X in M with [0,€¢), x X; note that o is elliptic on I'. Let ry), be
the threshold weight for the first part of Theorem 4.4, i.e. ry, = —supeq/cg with
co as defined in (4.15).

Then Corollary 5.4 holds in the current, more general setting, provided we as-
sume 7 < 7y, and s’ > 14 supp, (r3 — B). Likewise, we obtain the high energy

estimates of Theorem 4.5 under the assumption s > 1/2 + supy,, (7B — B).
In order to generalize Theorem 5.6, we first choose 0 < r; < 1 such that

(61 + T+03)|F < Vmin/Qa

which holds for sufficiently small v in view of (5.26) by the compactness of " in
bS* M. We moreover assume that there are no (nonzero) resonances in Imo > —7r
in the case of Theorem 3 (Theorem 4), and we assume further that 0 < a < ry.
Then in the proof of Theorem 5.6, ignoring the issue of threshold regularities at
radial sets momentarily, we can use the contour shifting argument without loss of
derivatives up to, but excluding, the weight ry, corresponding to the contour of
integration Imo = —ryy,. Shifting the contour further down, we cannot use the
non-smooth real principal type estimate at I' anymore and thus lose 2 derivatives
at each step; the total number of additional steps needed to shift the contour down
to Imo = —a is easily seen to be at most

N = max (0, [a_rth—‘ +1),
e

hence in order to have the final conclusion that u has an expansion with remainder
in H,“, we need to assume that u initially is known to have regularity H§+2N’TO
for any rqg € R, which in turn requires § > s + 2N and f € HSHN*LTO for the
first, lossless, part of the argument to work. Taking the regularity requirements at
the radial sets into account, we further need to assume s > so > max(n +1/2,1 +
sup(r@ — B)) Under these assumptions, the proof of Theorem 5.6 applies, mutatis
mutandis, to our current situation, and we obtain a tame solution operator as in
Theorem 5.7, which now loses 2N — 1 derivatives.

Thus, we can prove Theorems 3 and 4 using the same arguments which we used
in the proof of Theorem 5.10; the ‘loss of derivatives’ parameter d now needs to
satisfy the conditions

d>2N+3,d>n/2+6, d>1—|—sup(7“/3’—ﬁ), (5.27)

with the first condition being the actual loss of derivatives, the second one coming
from s > n/2 + 6 certainly being a high enough regularity for § = s + 2N to
be > n/2 + 6, which is required for the application of the non-smooth microlocal
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regularity results, and the last condition being the threshold regularity (for the
non-smooth estimates) at the radial sets.
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