NON-TRAPPING ESTIMATES NEAR NORMALLY
HYPERBOLIC TRAPPING

PETER HINTZ AND ANDRAS VASY

ABSTRACT. In this paper we prove semiclassical resolvent estimates for op-
erators with normally hyperbolic trapping which are lossless relative to non-
trapping estimates but take place in weaker function spaces. In particular, we
obtain non-trapping estimates in standard L? spaces for the resolvent sand-
wiched between operators which localize away from the trapped set I' in a
rather weak sense, namely whose principal symbols vanish on T'.

1. INTRODUCTION

The purpose of this paper is to obtain lossless, relative to non-trapping, albeit
weaker, in terms of function spaces, semiclassical estimates for pseudodiffererential
operators Py (z) with normally hyperbolic trapping for z real. Thus, the main result
is an estimate of the form

lullzen e < CR7H| Pa(2)ullag

R,T’

with certain function spaces Hy,r and Hj, 1, described below; away from the trapped
set these are just standard L? spaces. As the main application of such estimates
is in so-called b-spaces, e.g. Kerr-de Sitter spaces, for which the estimates follow
from the semiclassical ones immediately in the presence of dilation invariance, we
also prove their counterpart in the general, non-dilation-invariant, b-setting.

So at first we consider a family Py (z) of semiclassical pseudodifferential operators
Pp(z) € ¥xr(X) on a closed manifold X, depending smoothly on the parameter
z € C, with normally hyperbolic trapping, with trapped set I', and assume that
Py, (z) is formally self-adjoint for z € R. Wunsch and Zworski [13] studied this
setting, imposing other global assumptions, the most important one being adding
complex absorption W in such a way that all bicharacteristics outside I', in both
the forward and backward directions, either enter the elliptic set of W in finite time
or tend to I', and in at least one of the two directions they tend to the elliptic set
of W. The bicharacteristics tending to I' in the forward/backward directions are
forward /backward trapped; denote by I'_, resp. I'y the forward, resp. backward
trapped set,! and assume that these are smooth codimension one submanifolds of
the semiclassical characteristic set ¥y, ,, intersecting transversally.
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2 PETER HINTZ AND ANDRAS VASY

In this normally hyperbolic setting Wunsch and Zworski [13] have shown poly-
nomial semiclassical resolvent estimates

|ul| < CR=N||Py(2)ul, 0 < h < ho, (1.1)

in small strips |Im z| < ch, ¢ > 0 sufficiently small, N > 1, and indeed for z real,
the loss is merely logarithmic, i.e. one has

|ul| < Ch™t(log h™)||Pu(2)ul|, 0 < h < h, (1.2)

where ||.|| is the L?-norm. Dyatlov’s work [5] has since then improved the estimates
in Im z < 0 (for instance, by making ¢, N explicit).

We are concerned with improved estimates (for z almost real) if one localizes u
and Pp,(z)u away from the trapping I' in a rather weak sense, such as by applying
pseudodifferential operators with symbols vanishing at I'. To place this into context,
recall that Datchev and Vasy [3, 4] have shown that under our assumptions, with
Imz = O(h™), if A, B € V3(X) with WF;,(4A)NT = WF,(B)NT = (), B elliptic
on WF}(A), then for all M there is N such that

lAull < Ch=HIBPy (2)ull + "0 [|ul| + C"h™ N[ (1d =B) Py (2)ull- (1.3)

Thus, if Py (2)u is O(hV 1) at T (corresponding to the Id — B term in the estimate),
then on the elliptic set of A, hence off I by appropriate choice of A, u satisfies non-
trapping semiclassical estimates:

| AP, (2) 7" Avl| < CR™Hw]],

with A as above (take B as above with WF},(Id —B) N WF}(A) = (). Here the
O(h*>°) bound on Im z arises from the a priori estimate, (1.1), and if 1 < N <
3/2, e.g. as is on, and sufficiently near, the real axis,” then one can take Imz =
O(h~'*2N), The purpose of this paper is to improve this result by relaxing the
conditions on WF}(A) and WF},(B) in (1.3).

The main point of the theorem below is thus that its estimate degenerates only at,
as opposed to near, I'. The proof given here is closely related to the proof of Wunsch
and Zworski [13, Section 4], but being suboptimal in terms of the L?-estimate,
even though it is optimal (non-trapping) when a pseudodifferential operator with
vanishing principal symbol at I' is applied from both sides, it can take place in
a significantly simpler, standard, semiclassical pseudodifferential algebra. To set
this up, let Q+ € ¥, (X) be self-adjoint and have symbols which are defining
functions of I'y. near I', within the characteristic set X, ., say on a neighborhood
O of I'. Let Qo € ¥9(X) be a semiclassical operator with WF}(Qo) NT' = ) which
is elliptic on O¢ (and thus on a neighborhood of O¢), with real principal symbol
for convenience. One considers normally isotropic spaces at I', denoted Hp 1, with
squared norms given by

lull3, » = [1Qoull® + 1Q+ull® + Q-ull* + Aul*;

this is just the standard L2-space microlocally away from I' as one of Q, Q_ or
Qo is elliptic there, and it does not depend on the choice of Qg as on O \ T' one of

2In the latter case by the Phragmén-Lindel6f theorem.
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Q. and Q_ is elliptic at every point. The dual space relative to L? is then®
Hjp=h'PL? + Q4L* + Q_L* + QoL
(which is L? as a space, but with this norm); Py, (z)u will then be measured in Hi -
Theorem 1.1. Let P = P;(z), Q1 be as above, Imz = O(h?). Then
1Q+ull + 1Q-ull < Ch™ | Pully; . + C"hY2|lul, (1.4)

and thus by (1.2),
lullsen.e < CR™H| Pulla;, .- (1.5)

In fact, we also obtain a direct proof of (1.5) without using (1.2) at the end of
Section 2, as well as the aforementioned b-estimates in Section 3, see Theorem 3.2.

2. SEMICLASSICAL RESOLVENT ESTIMATES ON THE REAL LINE

2.1. Notation and definitions. We will review some definitions of semiclassical
analysis, partially in order to fix our notation. For a general reference, see Zworski
[14].
Let X be a compact n-dimensional manifold without boundary, and fix a smooth
density on X.
e For u € L?(X), denote by |Ju|| its L?(X) norm; moreover, denote by (-,-) the
(sesquilinear) inner product on L?(X).
e A family of functions u = (up)ne(o,1) on X is polynomially bounded if |ju|| <
Ch™ for some N. If k € R, we say that u € O(h¥) if |jul| < Cxh*, and
u € O(h™®) if ||u|| < CxhY for every N.
e For a = (an)ne(o,1) € C(T*X), we say a € hFS™(T*X) if a satisfies

0200 an (2, Q)| < Cagh® ()™

for all multiindices «, 8 and all N € N in any coordinate chart, where the
z are coordinates in the base and { coordinates in the fiber. We define the
semiclassical quantization Opy,(a) of a by

Opy (a)u(z) = (2mh) ™ / e/ a(z, C)a(( /h) d¢

for u € C°(X) supported in a chart and for general v € C°(X) by using a
partition of unity. We write Op,(a) € R*¥7(X). The quantization depends
on the choice of partition of unity, but the resulting class of operators does not,
modulo operators that have Schwartz kernel in h°°C>°(X?). We say that a is a
symbol of Opy,(a). The equivalence class of a in ¥ S™(T* X ) /hk=1 ™= 1(T* X)
is invariantly defined and is called the principal symbol of Opy,(a). All oper-
ators below except Qo € PP (X) will in fact have compact microsupport in
the sense that they are quantizations of symbols a € h*S™(T*X) satisfying
in addition for all N

|8§8?ah(z, Q)| < CnhN(¢)™N for all multiindices o, 8
for ¢ outside of a compact subset of 7% X. We denote the class of such symbols

by h*S(T*X) and the corresponding class of operators by h¥ Wy (X).

30ne really has Q% and Q{ in this formula, but the reality of the principal symbols assures that
one may replace them by Q4 and Qo modulo hL2. See [7, Appendix A] for a general discussion
of the underlying functional analysis; also see Footnote 12.
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o If A/B € U,(X), then [A, B] € h¥;(X), and its principal symbol is %Hab,
where we define the Hamilton vector field in a coordinate chart by

H, = (0¢a)0, — (0:a)0,.

e By a bicharacteristic of A we mean an integral curve of the Hamilton vector
field of the principal symbol of A. We denote the integral curve passing
through the point p € T*X by 7,, i.e. 7,(0) = p and 7,(s) = Ha(7,(5))-
We shall also write ¢°(p) := 7,(s) for the bicharacteristic flow.

e For a polynomially bounded family (up)pe(o,1) and & € RU {00}, we say that
u= O(h*) at a point p € T*X if there exists a € S(T*X) with a(p) # 0 such
that ||Opy,(a)u|| = O(h¥). We define the semiclassical wave front set WF(u)
of u as the complement of the set of all p € T*X at which u = O(h™).

e The microsupport of A = Opj,(a) € h*¥p(X), denoted WF},(A), is the com-
plement of the set of all p € T*X so that |0%a| = O(h*) near p for every
multiindex «, in any (and therefore in every) coordinate chart.

e For A € h*¥;(X) with principal symbol a € R¥S(T*X), we say that A is
elliptic at p € T*X if there is a constant C' > 0 such that |a(p’)| > Ch* for
p' near p and h sufficiently small. For a subset £ € T*X, we say that A is
elliptic on E if A is elliptic at each point of E. If A € h¥WU(X) is elliptic on
E € T*X and Au = f with u, f polynomially bounded and f is O(1) on E,
then microlocal elliptic reqularity states that u is O(h™%) on E.

e The semiclassical characteristic set of the semiclassical operator A € U;(X)
with principal symbol a is defined by X, = {p € T*X : a(p) = 0}.

e If A € U;(X) has a principal symbol with non-positive imaginary part, u, f
are polynomially bounded, Au = f, and u = O(h¥) at p, f = O(hR¥*1) on
7,([0,T]) for some T" > 0, then the propagation of singularities states that
u = O(h¥) at v,(T).

o Let P € ¥(X) be a semiclassical operator. Let U C X denote an open subset
so that the cotangent bundle over U contains what will be the trapped set, and
place complex absorbing potentials in a neighborhood of U¢.* We recall the
notion of normal hyperbolicity from [13]: Define the backward, resp. forward,
trapped set f‘+, resp. I'_, by

Ty ={peT"X:,(s) ¢ Tj. X for all Fs>0}.

Let T =T np? (M) be the backward /forward trapped set within the energy
surface p~1()\), and define the trapped set T'y := I‘ﬁ‘r NTA. In the context of
Theorem 1.1, we will only work within the characteristic set of p, hence with
[y :=TY% and ' :=Ty. We say that P is normally hyperbolically trapping if:
(1) There exists § > 0 such that dp # 0 on p~1(\) for |\ < §;
(2) T+ Np~'(—0,0) are smooth codimension one submanifolds intersecting
transversally at I' N p~* (=0, 0);
(3) the flow is hyperbolic in the normal directions to I'y within the energy
surface: There exist subbundles Ef of Tr, (T}) such that T, I} =
Ty & Ef, where d¢®: Ef — Ef, and there exists 6 > 0 such that for

15ee [13, 11] for details; the point here is that the relevant part of our analysis takes place
microlocally near the trapped set, and the complex absorbing potentials allow us to ‘cut off’ the
bicharacteristic flow in a neighborhood of the trapped set.
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all A\ <6
|dg® (v)|| < Ce=M|v| for all v € EF, 4t > 0.
2.2. Details on the setup and proof of the main result. Let p = pp . be
the semiclassical principal symbol of P, (z). Recall from the work of Wunsch and
Zworski [13, Lemma 4.1], with a corrected argument in [12], that for defining func-
tions ¢4 of I'y (near I', namely in a neighborhood O of T') within the characteristic
set of p one can take ¢4 with
Hpor = T s
with ¢y > 0 near I, and with®

{¢+7¢*} >0

near I'. This is the only relevant feature of normal hyperbolicity for this paper; thus
these identitities and estimates could be taken as its definition for our purposes.
By shrinking O if necessary we may assume that this Poisson bracket as well as c4
have positive lower bounds on O. Then notice that

Hp¢2 = —2c% 4%, H,p2 = 2c% ¢

As indicated in the introduction, we consider normally isotropic spaces at I', de-
noted Hp,r, with squared norms given by

ull3s, . = 1Qoull? + 1Q+ull® + 1Q—ull* + hfull?;

we can take Q1 with principal symbol ¢4, while Qg is elliptic on O¢ with real
principal symbol. This is just the standard L?-space microlocally away from I' as
one of @y, Q_ or Qg is elliptic there, and it does not depend on the choice of Qg
as on O\ T one of @4 and Q_ is elliptic at every point. Notice that in fact

(Qy —iQ-)"(Q+ —1Q-) = QLQ+ + QLQ- —i[Q+,Q-]
and if B € W, (X) with WF},(B) C O then
h|| Bu||? < CRe(i[Qy., Q-1 Bu, Bv) + Ch™'||v]|?,
C > 0, in view of {¢1,¢_} > 0 on O, so

QiQ4 +Q1Q = J(Q1Q4 +QQ +(Q4 —iQ)'(@) —iQ) +iQ+,Q))
shows that, for » > 0 small, the norm on Hy 1 is equivalent to just the norm
el s 2 = 1 Qoul2 + [ Quull? + Q—ul2
As mentioned in the introduction, the dual space relative to L? is then
Hyp=h'?L? + Q1 L* + Q_L* + Qo L*.
Then ¥ (X) acts on Hpr, and thus on Hj r, for B € Up(X) preserves h™1/2[L2
and gives
1Q+Bull < |BQsull + 1I[@+, Blull < CllQsull + hlull 2,
with a similar result for _ and Q)y. We remark that the notation H r is justified

as the space depends only on I', not on the particular defining functions ¢4 as any

5These defining functions exist globally when 't is orientable; but even if '+ is not such, the
square is globally defined. There is only a minor change required below if ¢4 are not well defined;
see Footnote 6.
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other defining functions would change @)+ by an elliptic factor modulo an element of
hWp(X), whose contribution to the squared norm can be absorbed into Ch?||u||.,
and thus dropped altogether (for h small) in view of the equivalence of the two
norms discussed above.

We are now ready to prove Theorem 1.1. Note that this theorem in particular
implies the main result of [3] in this setting, in that the estimates are of the same
kind, except that in [3] Pu is assumed to be microlocalized away from, and u is
estimated microlocally away from, I'.

We also remark that the microlocal version of the two estimates of the theorem
is that given any neighborhood O’ of T with closure in O, there exist By € ¥5(X)
elliptic at I', By, By € ¥p,(X) with WF},(B2)NI'y. =0, WF(B;) C O' for j =0,1,2
such that

1Bo@-ul + [ Bo@-ull < A BiPullyes . + [ Baullzz + B2 ullpa, (1)
respectively
[Boulls,,» < W™ BrPullag; . + | Baul 2 + C'hl|ul| 12 (2.2)

see (2.8). The theorem is proved by controlling the Bou term using the backward
non-trapped nature of T'_ \ T".

Proof of Theorem 1.1. We first prove (1.4), which proves (1.5) by (1.2). Then we
modify the proof slightly to show (1.5) directly, and in particular prove a weaker
version of the Wunsch-Zworski estimate (1.2), namely

lull 2 < Ch72|| Pul| 2.

Let xo(t) = e '/ for t > 0, xo(t) = 0 for t <0, x € C2°([0,00)) be identically 1
near 0 with x’ < 0, and indeed with x'x = —x%, x1 > 0, x1 € C°([0,0)), and let
1 € C°(R) be identically 1 near 0. Let

a=x0(6% — 6% + K)x(62 ) (p),
k > 0 small. Notice that on supp a, if x is supported in [0, R],

Qﬁ- gRa ¢2— S¢3—+H:R+Ha
so a is localized near I' if R and « are taken sufficiently small. Then
1
THp(0®) == (6% + 262 ) (xox0) (63 — 62 + m)X(62)*¢(p)?
— AN (G7)x0(85 — 62 + R)*% ().
Now x4 > 0, so the two terms have opposite signs. Let®

ax = g/ (xoX§) (9% — 62 + W)X(63)6 (),

and
e_ = C+¢+X1(¢3.)XO(¢3. — % + r)Y(p);

1
ZHP(CL2) =—clal —c?a® +e. (2.3)

then

2

61f ¢+ is not defined globally, a4+ are not defined as stated. (The term e? need not have a sign,
so this issue does not arise for it; see the Weyl quantization argument below.) However, a+ need
not be real below, so as long as one can choose ¥+ complex valued with [+ |? = d)ft, replacing the
first factor of ¢+ with ¥+ in the definition of a+ allows one to complete the argument in general.
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Here
supp e_ C suppa,
suppe_ NT =0,

with the last statement following from d)i taking values away from 0 on supp xi;
see Figure 1.

K

supp e—

Y Supp a

=
=
+

FIGURE 1. Supports of the commutant a and the error term e_
in the positive commutator argument of the non-trapping estimate
near the trapped set I', Theorem 1.1. The support of a is indicated
in light gray; on supp a\supp e_, darker colors correspond to larger
values of a. Also shown are the forward, resp. backward, trapped
set I'_, resp. I'y, and the bicharacteristic flow nearby. The figure
already suggests that H,(a?) is non-positive away from suppe_,
and actually negative away from suppe_ UT’; see equation (2.3).

One then takes A € Wy (X) with principal symbol a, and with WF},(A) C supp a,
Ay € Uy(X) with principal symbols of a4, and with WF},(A+) C suppag, Cx
have symbol cy+ and with WF}(Cy) C suppcs; one similarly lets E_ € Wy(X)
have principal symbol e_, and wave front set in the support of e_. This gives that

TP ATl = —(CLAL) (O As) = (CoAL) (C_AL) + BLE_ +hF,  (24)
for some F € ¥y (X) with
WF}(F) C suppa.

Thus

i
2P A Alu,u) = —[[C Ayl = |C-Aul® + | E-ul|* + h(Fu, u).
Expanding the left hand side gives

(PA*Au,u) — (A* APu,u)
= (Au, APu) — (APu, Au) + ((P — P*) A" Au, u).
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As we are assuming that P — P* is O(h?) near ', we may also assume that this
holds on supp a, thus the last term is O(h?)||u|?. Thus,
ICL A u|® + | C_A_u|)® < [|E_ul* + b~ {APu, Au)| + C1h|jul*. (2.5)

Now, by the duality of Hyr and Hj; 1 relative to the L inner product,
he 9 1 9
[(APu, Au)| < [|APulsg; [ Aullse, o < S Auly, , + 5| APulR;

Further, for € > 0 small, €||Q1Aul|? can be estimated in terms of ||CL A ul? +
O(h)||ul|?, as can be seen by comparing the principal symbols, in particular using
the ellipticity of C'y on suppa. One can thus absorb %HAuH%{hF into the left hand
side of (2.5). This shows

|C4Asull® + |C-A_ul]® < C|E_ul + Ch~2||APul. -+ Chlull.

which together with the non-trapping control of E_u (the region suppe_ is dis-
joint from I'y, so it is backward non-trapped and thus E_u is controlled by Pu
microlocalized off T';, thus by Q4 Pu, modulo higher order in h terms in Pu) proves
the first part of Theorem 1.1. Thus, if we have a bound ||u|| < C'h=17%|| Pul| 2,
0 < s < 1/2, and thus h|ul|? < C'h™172%||Pull2, < C”h_1_25||Pu||§_£;F, this
implies a non-trapping estimate: 7

lullen e < Ch™| Pl ..

This completes the proof of Theorem 1.1.

In fact, as mentioned earlier, a slight change of point of view proves Theorem 1.1
directly. To see this, we use the Weyl quantization” when choosing a,a+,cy,e_;
since we are on a manifold, this requires identifying functions with half-densities
via trivialization of the half-density bundle by the Riemannian metric; this iden-
tification preserves self-adjointness. We also write P, . as the Weyl quantization
of po + hpy with pg, p1 real modulo O(h?). Then the principal symbol calculation
above holds with pg in place of p, and with p; included it yields additional terms

TH(07) = — (6% + 26— ho Hy b+ hoHy,6)
x (xox) (62 — 6% + r)x(6%)*¥(p)?
— (407 = hoHp, 04) (X0 (03)x0(9F — 92 + K)*(p)*.
Now, (2.4) becomes
i

D ATA == (CrA4)(ChAy) = (C-A-)*(C-A-)

+h(ALGL + G AL + A*G_ +G* A_) + E + h*F,
with G4+ being the Weyl quantization of

g1 = =5 (Hpu 6y (ox) (62 — 02 + (6 r),

and with F € U (X) with

(2.6)

WF},(F) C suppa.

"In fact, the Weyl quantization is irrelevant. It is straightforward to see that if A € ¥,(X)
and if the principal symbol of A is real then the real part of the subprincipal symbol is defined
independently of choices. This is all that is needed for the argument below.
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Correspondingly, (2.5) becomes
IC Agull® + | C-A_ul]? < [(Eu, u)| + h~"[{APu, Au)|
+ 2h]| Ayl |Gull + 2h||A—ul[[|G—ul| + C1h?||ul|?.
(2.7)
The terms with G4 on the right hand side can be estimated by
ellAull® + e P3G ul® + el A_ul]® + e R G_ul?,
and for € > 0 sufficiently small, the |A1u||? terms can now be absorbed into the
left hand side of (2.7). Proceeding as above yields
IO Al + [ CoAul]? < C{Buw)| + Ch=2| AUl + CR2[ul.  (28)
Together with the non-trapping for the F term this gives the global estimate
lull3s, . < Ch=2|Pull3;  + Ch?|lul,

and now the last term on the right hand side can be absorbed in the left hand side
for sufficiently small h, giving the estimate (1.5). O

3. NON-TRAPPING ESTIMATES IN NON-DILATION INVARIANT SETTINGS

We now transfer Theorem 1.1 into the b-setting; the discussion in the previous
section is essentially the dilation invariant special case of this,® though in the b-
setting there is additional localization near the boundary.

3.1. Notation and definitions. For a general reference for b-analysis, see Melrose
[6].

Let M be an n-dimensional compact manifold with boundary X.

e Let V, (M) be the Lie algebra of b-vector fields on M, i.e. of vector fields on M
which are tangent to X. Elements of V},(M) are sections of a natural vector
bundle on M, namely the b-tangent bundle ®TM; in local coordinates (1,2)
near X, the fibers of PT'M are spanned by 70, and d,. The fibers of the dual
bundle PT*M, called b-cotangent bundle, are spanned by 4= and dz.

T

It is often convenient to consider the fiber compactification PT* M of T M,
where the fibers are replaced by their radial compactification. The new bound-
ary of PT* M at fiber infinity is the b-cosphere bundle ®S* M; it still possesses
the compactification of the ‘old’ boundary PT* x M, see Figure 2. PS*M is
naturally the quotient of T M \ o by the RT-action of dilation in the fibers of
the cotangent bundle. Many sets that we will consider below are conic subsets
of PT*M \ o, and we will often view them as subsets of ®S* M.

e For a € C®(PT*M), we say a € S™(PT*M) if a satisfies

\3?3?a(2,()| < Cop(¢)™ 1Pl for all multiindices «, 8

in any coordinate chart, where z are coordinates in the base and ( coordinates
in the fiber; more precisely, in local coordinates (7,x) near X, we take ( =
(0,€&), where we write b-covectors as

dr
— E dx ;.
o - + - & dx;

8See [11, Section 3.1] for a discussion of the relationship between b- and semiclassical analysis.
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bg* M

b o« M
oM

ox

FIGURE 2. The radially compactified cotangent bundle b7 M near
b7 ¢ M; the cosphere bundle PS*M, which is the boundary at
fiber infinity of PT*M, is also shown, as well as the zero section
oy C PT*M and the zero section over the boundary ox C PT* x M.

We define the quantization Op(a) of a, acting on smooth functions u supported
in a coordinate chart, by

Op(a)u(q—v ;p) = (27‘—)771 /ei(Tf-r’)&Jri(wfa:')g(ﬁ (7—_7J)

p
x a(t,x, 75, &)u(r’,2") dr’ da’ d& dE,

where the 7/-integral is over [0,00), and ¢ € C°((—1/2,1/2)) is identically 1
near 0.” For general u, define Op(a)u using a partition of unity. We write
Op(a) € ¥ (M). We say that a is a symbol of Op(a). The equivalence class
of ain S™(PT*M)/S™=1(PT* M) is invariantly defined on PT* M and is called
the principal symbol of Op(a). We will tacitly assume that all our operators
have homogeneous principal symbols.

o If A € U"(M) and B € U™ (M), then [A,B] € ¥+ ™1 (M), and its
principal symbol is %Hab = %{a,b}, where the Hamilton vector field H, of
the principal symbol a of A is the extension of the Hamilton vector field from
T*M° \ o to "T*M \ o, which is a homogeneous degree m — 1 vector field on
PT*M \ o tangent to the boundary T% M. In local coordinates (7,z,0,£) on
PT*M as above, this has the form

H, = (8,0)(79;) — (10,a)0y + Z ((8¢,0)0y, — (8z,a)0s, ). (3.1)

o We define bicharacteristics completely analogously to the semiclassical setting.

e The microsupport WF{(A) C PT*M \ o of A = Op(a) € ¥*(M) is the
complement of the set of all p € PT*M \ o such that a is rapidly decaying in a
conic neighborhood around p. Note that WF} (A) is conic, hence we will also
view it as a subset of PS* M.

e Fix a b-density on M, which is locally of the form a }df dz|, a > 0.

e Define the b-Sobolev space HJ(M) for k € Z>o by

HE(M) = {u € L*(M): X; - Xpu € L* (M), X1,...,X; € Vo(M)},
and for general £ € R by duality and interpolation. Moreover, define the
weighted b-Sobolev spaces Hy (M) = 7*H{ (M) for s,a € R, where 7 is

9The cutoff ¢ ensures that these operators lie in the ‘small b-calculus’ of Melrose, in particular
that such quantizations act on weighted b-Sobolev spaces, defined below.
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a boundary defining function, i.e. 7 = 0 at X and dr # 0 there. Every b-
pseudodifferential operator A € W' (M) defines a bounded map A: H;* (M) —
H7"™ (M), s,a € R.

e For A € U"(M) with principal symbol a € S™(PT*M), we say that A is
elliptic at p € PT* M\ o if there is a constant C' > 0 such that |a(z, )| > C|¢|™
for (z,¢) in a conic neighborhood of p. The characteristic set of A is the
complement (in "7 M \ o) of the set of all p at which A is elliptic.

e Foru € Hy °%(M), define its H,"" wave front set WF}**(u) C PT*M\o as the
complement of the set of all p € PT* M\ o for which there exists a € S°(°T* M)
elliptic at p such that Op(a)u € Hy"*(M). In particular, WF}*(u) = 0 if and
only if u € HY*(M).

o Microlocal elliptic reqularity states that if Au = f with A € U*(M), u, f €
H ™%(M), p ¢ WE,"™%(f) and A is elliptic at p, then p ¢ WFY*(u).

o If A € U*(M) has a principal symbol with non-positive imaginary part, u, f €
H, °>%(M), Au = f, moreover p ¢ WE®(u) and 7, ([0, T)NWEF; "0 () =
() for some T > 0, then the propagation of singularities states that ~,(T) ¢
WEFY (u).

3.2. Setup, statement and proof of the result. Suppose P € U*(M), P—P* €
\IJ}TQ(M ). Let p be the principal symbol of P, which is thus a homogeneous
degree m function on PT*M \ o, which we assume to be real-valued. Let p denote
a homogeneous degree —1 defining function of »S* M. Then the rescaled Hamilton
vector field

V =p""H,

is a C* vector field on PT*M away from the 0-section, and it is tangent to all
boundary faces. The characteristic set 3 is the zero-set of the smooth func-
tion p™p in PS*M. We will, somewhat imprecisely, refer to the flow of V in
¥ C PS*M as the Hamilton, or (null)bicharacteristic flow; its integral curves, the
(null)bicharacteristics, are reparameterizations of those of the Hamilton vector field
H,, projected by the quotient map PT*M \ 0 — >S* M.
We first work microlocally near the trapped set, namely assume that
(1) T € ¥NPS%M is a smooth submanifold disjoint from the image of T*X \ o
(so 7D, is elliptic near T'),
(2) Ty is a smooth submanifold of ¥ N PS% M in a neighborhood U; of T,
(3) T_ is a smooth submanifold of ¥ transversal to ¥ NPS% M in Uy,
(4) T4 has codimension 2 in X, I'_ has codimension 1,
(5) T4 and T'_ intersect transversally in ¥ with ', NT'_ =T,
(6) the rescaled Hamilton vector field V = g™~ 'H,, is tangent to both 'y and
I'_, and thus to I'.

We assume that 'y is backward trapped for the Hamilton flow (i.e. bicharacter-
istics in 'y near T tend to I' as the parameter goes to —o0), i.e. is the unstable
manifold of I', while I'_ is forward trapped, i.e. is the stable manifold of I', see
Figure 3; indeed, we assume a quantitative version of this. (There is a completely
analogous statement if I'y is forward trapped and I'_ is backward trapped: replac-
ing P by —P preserves all assumptions, but reverses the Hamilton flow.) To state
this, let ¢_ be a defining function of I'_, and let ¢, € C®(*S*M) be a defining
function of T'y in PS% M; thus 'y is defined within PS*M by 7 = 0, ¢4 = 0. Notice
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bSEM

pel_

FIGURE 3. An examplary situation with trapping: Shown are the
(projection from ”S* M to the base M of the) trapped set I, the b-
cosphere bundle over X as well as a forward bicharacteristic start-
ing at a point p € I'_.

that V being to tangent to PS% M (due to (3.1)) implies that V7 is a multiple of
T; we assume that, near T,

VT =—ciT, cg > 0; (3.2)
this is consistent with the stability of I'_. By the tangency requirement, with
Po = p"po,

Vo_ = a_¢_ + v_pg, a— smooth; notice that changing ¢_ by a smooth non-
zero multiple f gives V(fo—) = a_fo_ +v_fpo + (Vf)op—, so a_ depends on
the choice of ¢_. On the other hand, the tangency requirement gives Vo =
ay ¢+ L7+ po. For the sake of conciseness, rather than stating the assumptions
on the Hamilton flow as in [13], we assume directly that ¢4 satisfy

Vo =c2o_+v_po, Voy =—cFos + BT + vipo, (3.3)

with ¢4+ > 0 smooth near I', 5, v+ smooth near I' and

{¢+,0-1>0 (3.4)

near I'. However, if we merely assume the normal hyperbolicity within bS}*(M as in
[13, Section 1.2], [13, Lemma 4.1], as corrected in [12], actually gives such defining
functions ¢ within ®S% M (i.e. letting 7 = 0); taking an arbitrary extension in
case of ¢4, and an extension which is a defining function in case of I'_, all the
requirements above are satisfied. Let Uy C Uy C U; be a neighborhood of T' such
that the Poisson bracket in (3.4) as well as ¢y have positive lower bounds.

There is an asymmetry between the roles of ¢+ and 7, and thus we consider the
parabolic defining function

py = ¢% +Mr
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for 'y, M > 0, to be chosen. Then, near T,
pr =Vpy = =297 + 281 ¢4 7 + 204 d1po — Mc3T
= =21 9% — (M3 — 28,.01)7 + 20464 fo (3.5)
< —& py + w404 po, cy >0,

if M > 0 is chosen sufficiently large, consistently with the forward trapped nature
of I'_. (Here the term with py is considered harmless as one essentially restricts
to the characteristic set, py = 0.) Also, note that one can use'’ the reciprocal
p = |o|~! of the principal symbol ¢ of 7D, as the local defining function of *.S* M
as fiber-infinity in PT*M near T'; then

Vp=apr (3.6)

A

for some & smooth in view of (3.1).

Similar to the normally isotropic spaces in the semiclassical setting, we introduce
spaces which are normally isotropic at T.'' Concretely, let Q1+ € W2(M) have
principal symbol ¢4 as before, b € U9 (M) have principal symbol py and let
Qo € VY (M) be elliptic, with real principal symbol for convenience, on U§ (and
thus nearby). Define the (global) b-normally isotropic spaces at I' of order s, H; p,
by the norm

lullfes = 1Quulifys + 1Qulldry + 1Q—ullry + 172 ul3ys + || PoullFs + lll, o2,
(3.7)
and let H;:;S be the dual space relative to L?, which is thus'?

QoHi® +Q H > +Q_H;° +72H;® + PyH* + H *T/?,
Note that microlocally away from T, Hp r is just the standard Hy space while
HE:;S is Hy ® since at least one of Qy, Q<+, 7 is elliptic. Moreover, UF(M) > A :
Hyp — Hz}k is continuous since [Q4, A] € UF~! (M) etc.; the analogous statement
also holds for the dual spaces. Further, the last term in (3.7) can be replaced by
||u||i(§,1 as i|Q+,Q_-] = B*B+ R, B € \Ifgl/Q(M), R € U, %(M), using the same

argument as in the semiclassical setting (however, it cannot be dropped altogether
unlike in the semiclassical setting!).

Remark 3.1. The notation H - (M) is justified for the space is independent of the
particular defining functions ¢ chosen; near I' any other choice would replace ¢4

10Indeed7 in the semiclassical setting, after Mellin transforming this problem, |o|~! plays the
role of the semiclassical parameter h, which in that case commutes with the operator.

HNote that PT*M is not a symplectic manifold (in the natural way) since the symplectic
form on bT;\‘/IOM does not extend smoothly to PT* M. Thus, the word ‘normally isotropic’ is not
completely justified; we use it since it reflects that in the analogous semiclassical setting, see [13],
the set I' is symplectic, and the origin in the symplectic orthocomplement (TaF)J- of T, T', which
is also symplectic, is isotropic within (ToT)".

12We refer to [7, Appendix A] for a general discussion of the underlying functional analysis.
In particular, Lemma A.3 there essentially gives the density of C°°(M) in Hi r(M): one can
simply drop the subscript ‘e’ in the statement of that lemma to conclude that Hg°(M) (so in
particular H§71/2(M)) is dense in 1y (M), and then the density of C>® (M) in Hf)/(M) for any
s’ completes the argument. The completeness of H3, (M) follows from the continuity of WO (M)

on Hi_l/Q(M).
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by smooth non-degenerate linear combinations plus a multiple of 7 and of p, denote
these by ¢+, and thus the corresponding @)+ can be expressed as

BiQi+B_Q_+Bsr+BP+ByQu+R,  Bx,By, By, B € W) (M), R ¥ (M),

so the new norm can be controlled by the old norm, and conversely in view of the
non-degeneracy.

Our result is then:

Theorem 3.2. With P,Hﬁ’F,HE:‘; as above, for any neighborhood U of I' and for
any N there exist By € W) (M) elliptic at T and By, By € V(M) with WFy,(B;) C
U, j=0,1,2, WFL(B2) NTy =0 and C > 0 such that

1Boullg . < [1B1Pullygeemmes + | Boullg + Cllull - (3.8)

i.e. if all the functions on the right hand side are in the indicated spaces: B1Pu €
H;";ﬁmﬂ, etc., then Bou € Hy 1, and the inequality holds.

The same conclusion also holds if we assume WFL(By) NT_ = () instead of

Finally, if r <0, then, with WF (B2) NTy =0, (3.8) becomes

[1Boull gy w < 1BiPull g—msrr + | Baull gz + Cllull e, (3.9)

while if r > 0, then, with WFy(Bg) NT_ =0,
[1Boull g < [ BiPull go—msrr + | Baull gy r + Cllull g -or, (3.10)

Remark 3.3. Note that the weighted versions (3.9)-(3.10) use standard weighted
b-Sobolev spaces; this corresponds to non-trapping semiclassical estimates if the
subprincipal symbol has the correct, definite, sign at I'.

Proof. We may assume that U C Uy is disjoint from a neighborhood of WF{ (Qo),
and thus ignore (o in the definition of Hj  below.
We first prove that there exist By, B, By as above and B € W9(M) with
WFy (Bs) C U such that
[Botlltg, < 1B1Pullyzmmos + | Baulig + | Bl s + Clull s (311)

b, —

An iterative argument will then prove the theorem.

The proof is a straightforward modification of the construction in the semiclas-
sical setting above, replacing qﬁ_ by gﬁ_ + M7, M > 0 large, in accordance with
(3.5).

We start by pointing out that for any By € WP (M) and any Bs € W) (M)
elliptic on WFy,(By), [|PoBoulm: < C||B0’Pu||H£_m + C’||B3u||H§_17 by simply
using that P, is an elliptic multiple of P modulo ¥, *(M). Since ||Bo73u||H§7m <
C’||B()77u||7_£*,s_m7 the Py contribution to || Boul[3 . in (3.11) is thus automatically

b, b,I"
controlled.

So let xo(t) = e F/t for t > 0, xo(t) = 0 for t < 0, with £ > 0 (large) to be
specified, x € C°([0,00)) be identically 1 near 0 with x’ < 0, and indeed with
X'x = —x3 x1 >0, x1 € C([0,00)), and let 1 € C°(R) be identically 1 near
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0. As we use the Weyl quantization,'® we write P as the Weyl quantization of
p = po + pp1, with pp; of order m — 1. Let

a =D x0(ps — 82 + K)X(p1)(5"P), (3.12)
k > 0 small. Notice that on supp a, if x is supported in [0, R],

py <R, ¢ <py+r=R+k,

so a is localized near T' if R and &k are taken sufficiently small. In particular, the
argument of g is bounded above by R+ &, so given any Mg > 0 one can take f > 0
large so that
XoXo — Moxg = b*xo X0,
with b > 1/2, C*°, on the range of the argument of xq.
In fact, we also need to regularize, namely introduce

ac=(1+ep 1) 2a, e [0,1], (3.13)

which is a symbol of order s — (m — 1)/2 — 2 for € > 0, and is uniformly bounded
in symbols of order s — (m — 1)/2 as e varies in [0,1]. In order to avoid more
cumbersome notation below, we ignore the regularizer and work directly with a;
since the regularizer gives the same kind of contributions to the commutator as the
weight p—5t(m=1)/2 these contributions can be dominated in exactly the same way.

Then, with p = py + pp1 as above, W = p”"_zHﬁp17 which is a smooth vector
field near S*M as pp; is order m — 1, noting W5 = @&;7p similarly to (3.6), and
WT = ap,17 by the tangency of W to 7 =0,

TH(07) = = (~pu /24 6+ 160 — p6 (W) — Mag a7+ o (W6_))
X 572 (xoxb) (p+ — % + K)x(p+) (7™ p)?
+ %(*28 +m—1)p"% (@ + pan)Txo(ps — 2 + 1) x(p+ )0 (7"p)”
£+ W) (0 X0l — 62+ KD’
+ %(d +pan )i (B p)Tx0(pr — ¢ + 1) X (p4 ) () (57p).-

(3.14)
A key point is that the second term on the right hand side, given by the weight

p25tm=1 being differentiated, can be absorbed into the first by making £ > 0
large so that pyxG(ps — ¢% + k) dominates
=25+ m — 1[alrxo(ps — 62 + )
on supp a, which can be arranged as | — 2s+m — 1||&|7 is bounded by a sufficiently
large multiple of py there. Thus,
1

sz(a2) =—clal —cta® —aj+2g4a4 +29_a_+e+é+2a4jip+2a_j_p (3.15)

with

ax = 56/ (xoxb) (s — &2 + W)X (P V(7" D),

13Again, the Weyl quantization is irrelevant: If A € ¥7*(X) and the principal symbol of A
is real then the real part of the subprincipal symbol is defined independently of choices, which
suffices below.
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ap = p°r'/? ((M(Cg/z) — Bydy — pMaa 1) (xoxo) (p+ — &> + K)

1 1/2
— (=254 m = 1)@+ pavolps — 62 + 1)) Xl )w(5"p),

g+ = i%ﬁ’s“((Wfbi) - Viﬁm’lpl)\/(x()xé)(m — 02+ 8&)x(p4)Y(0"p);

I S(A N ~m
e= =55 " (p+ + pWpi)xa(p+) xo(ps = 62 + K)*0 (" p)?,

é= %ﬁ”s(ﬁmp)(d +pan)Txo(pr — 02 4 £)*x(p4)* (W) (5"p),

1
e = E5vep " (0x6) (o1 — 62 + ©)x(p2)0(5"P),

the square root in ag is that of a non-negative quantity and is C* for M large (so
that B¢ can be absorbed into M(c3/2)) and F large (so that a small multiple of
X( can be used to dominate xo), as discussed earlier, and

suppe C suppa, suppe N Ty =0,
supp € C suppa, suppénN X = (.

This gives, with the various operators being Weyl quantizations of the correspond-
ing lower case symbols,

i * * * *
7P ATA == (O A4)(CoAy) = (CoA-)(C-A-) = AjAs
+GLAL+ALGL+ G AL+ AT G
+E+E+ALJ,P+PJA + AL T P+PJ A+ F
(3.16)

where now A € UV AL Ay € WS (M), G € UiTH(M), E € W2 (M),
E € U (M), Jy € U~™(M), F € U2~ *(M) with WF},(F) C suppa.
After this point the calculations repeat the semiclassical argument: First using
P —P* e U 3(M),
1O Al + [C—A_ull? + | Agul?
< [(Bu, w)| + [(Eu, w)| + [(APu, Au)| + 2[| A ull[|G ull + 2| A—ull[| G-l
+2/(J4 Pu, Apu)| + 21(J-Pu, A_u)| + Cy | Fyull3, s + Cullullf,
b
(3.17)
where we took Fy € W9(M) elliptic on WF} (F) and with WF},(F}) near I'. Noting
that WF; (E) N Y = 0, the elliptic estimates give
(B, u)] < CIByPulys o+ Cllully

if By € W)(M) is elliptic on suppé. Let A € \I/I(Dm_l)m(M) be elliptic with real

principal symbol ), and let A~ € \Ilg(m_l)/z(M) be a parametrix for it so that
AA~ —1d = Ry € W-(M). Then

[(APu, Au)| < |(A” APu, A*Au)|| + |{RoAPu, Au)|

1 - 2 €ax 2 ’ 2
< SN AP, + SIA" Auly o+ Cull
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As A*A € U§ (M), for sufficiently small ¢ > 0, §||A*Aul, can be absorbed
b,T

into' ||CL A u|? + ||C-A_u||? + || Asu||® plus ||B()P0UH%I§, and as discussed above,
the latter already has the control required for (3.11). On the other hand, taking
By € UY(M) elliptic on WF{,(A), as A~A € U5~ (M),

— 2 1! 2 1! 2
1A= AU, < O BrPully i + C"lul
Similarly, to deal with the J1 terms on the right hand side of (3.17), one writes

1 €
(TP, Azu)| < 5 (IBPUln + C"lul%_x ) + Sl Axuls

IN

1 2 11,112 € 2
o (1B Ul o + Ol ) + Sl Azl
while the G4 terms can be estimated by
el Aul® + e HIGaull® + e A—ul]* + e HIG—ul?,
and for € > 0 sufficiently small, the ||ALul|? terms in both cases can be absorbed

into the left hand side of (3.17) while the G4 into the error term. This gives, with
F5 having properties as Fi,

I+ Aull® + |C- A—u])* + || Aoul?

< [(Bu,u)| + ClByPul s ammir + Col| Faull s + Calfufy -
b,T b b
By the remark before the statement of the theorem, if By € ¥?(M) is such that
xo(p+ — 2 + k)x(p+)¥(p) > 0 on WF} (By), ||Bou||?qs,1/2 can be added to the
b

left hand side at the cost of changing the constant in front of HF2U/||2H§—1 + HUHZ—N
b b

on the right hand side. Taking such By € ¥9(M), and B elliptic on WF(4) as
before, By € WY (M) elliptic on WFL(E) but with WFy (Bs) disjoint from 'y, we
conclude that

Bl < ClIlBAPUIR, e + Cl Byl + CllFaulls + Clully

proving (3.11), up to redefining B; by multiplication by a positive constant. Recall
that unless one makes sufficient a priori assumptions on the regularity of u, one
actually needs to regularize, but as mentioned after (3.13), the regularizer is handled
in exactly the same manner as the weight.

Now in general, with x as before, but supported in [0, 1] instead of [0, R], writing
Xr = X(./R), letting a = ap, to emphasize its dependence on these quantities,
when R and & are decreased, supp ar,, also decreases in ¥ in the strong sense that
0 < R < R,0< k< &' implies that aps . is elliptic on suppag , within X, and
indeed globally if the cutoff 1 is suitably adjusted as well. Thus, if u € H, N say,
one uses first (3.11) with s = —N + 1, and with B; given by the proof above, so

the Bsu term is a priori bounded, to conclude that Bou € Hj 1 and the estimate

holds, so in particular, u is in H, N+1/2 microlocally near T' (concretely, on the

elliptic set of Bp). Now one decreases k and R by an arbitrarily small amount and

lThe point being that A% Cr Cr Ay — eA*AQj_ Q+A* A has principal symbol ci_ ai —ea? (;53_ A2
which can be written as the square of a real symbol for € > 0 small in view of the main difference
in vanishing factors in the two terms being that x{ in aﬁ_ is replaced by xo in a, and thus the
corresponding operator can be expressed as C*C for suitable C, modulo an element of Wisz(M),

with the latter contributing to the Hl‘:*l error term on the right hand side of (3.11).



18 PETER HINTZ AND ANDRAS VASY

applies (3.11) with s = —N + 3/2; the Bsu term is now a priori bounded by the
—N+1/2 —N+3/2

microlocal membership of w in Hy , and one concludes that Byu € My, ¢ ,
so in particular u is microlocally in H N+1 Proceeding inductively, one deduces
the first statement of the theorem, (3.8).

If one reverses the role of I'y and I'_ in the statement of the theorem, one simply
reverses the roles of py = ¢3 + M7 and ¢2 in the definition of @ in (3.12). This
reverses the signs of all terms on the right hand side of (3.14) whose sign mattered
below, and thus the signs of the first three terms on the right hand side of (3.16),
which then does not affect the rest of the argument.

In order to prove (3.9), one simply adds a factor 772" to the definition of a in
(3.12). This adds a factor 772" to every term on the right hand side of (3.16), as
well as an additional term

r

57 egxolpr — 62 + 1) X(p+) Y (),

which for » < 0 has the same sign as the terms whose sign was used above, and

indeed can be written as the negative of a square. Thus (3.15) becomes
1 2 2 2 2 2 2 _ 2
ZHp(a ) =—cial —cZa® —aj —a; (3.18)

+2g9ya4 +29g_a_+e+é+2jarp+2j_a_p
with

ar = \/?T_rﬁ_sCaXO(P+ — ¢ + ®)x(p1)Y(p),

and all other terms as above apart from the additional factor of 7= in the definition
of ax, etc. Since a, is actually elliptic at T' when r # 0, this proves the desired
estimate (and one does not need to use the improved properties given by the Weyl
calculus!).

When the role of I'y and T'_ is reversed, there is an overall sign change, and
thus 7 > 0 gives the advantageous sign; the rest of the argument is unchanged. [
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