PROPAGATION OF SINGULARITIES IN MANY-BODY
SCATTERING

ANDRAS VASY

ABSTRACT. In this paper we describe the propagation of singularities of tem-
pered distributional solutions v € S8’ of (H — A)u = 0, A > 0, where H is a
many-body Hamiltonian H = A+V, A >0,V =3 V,, under the assump-
tion that no subsystem has a bound state and that the two-body interactions
V. are real-valued polyhomogeneous symbols of order —1 (e.g. Coulomb-type
with the singularity at the origin removed). Here the term ‘singularity’ pro-
vides a microlocal description of the lack of decay at infinity. We use this
result to prove that the wave front relation of the free-to-free S-matrix (which,
under our assumptions, is all of the S-matrix) is given by the broken geodesic
flow, broken at the ‘singular directions’, on S*~! at time w. We also present
a natural geometric generalization to asymptotically Euclidean spaces.

PROPAGATION DES SINGULARITES POUR LA DIFFUSION DANS LE PROBLEME A
N CORPS

RESUME. Dans cet article on décrit la propagation des singularités des solu-
tions tempérées u € S’ de (H — \)u =0, A > 0, ot H est un Hamiltonien & N
corps H=A+V,A>0,V =3 V,, en supposant que les Hamiltoniens des
sous-systémes n’ont pas de vecteurs propres (dans L2), et que les potentiels &
deux corps Vg sont des symboles polyhomogenes réels d’ordre —1 (par exemple,
de type Coulomb, mais sans la singularité & ’origine). Ici le terme “singularité”
fournit une description microlocale de la croissance des fonctions & I'infini. On
emploie ce résultat pour montrer que la relation de front d’onde de la matrice
de diffusion, N-amas N-amas (qui est la seule partie de la matrice de diffusion
sous nos hypotheses), est donnée par le flot géodesique brisé dans les “direc-
tions singulieres”, sur S*~1 & temps 7. On présente aussi une généralisation
géometrique naturelle au cas des variétés asymptotiquement euclidiennes.

1. INTRODUCTION

In this paper we describe the propagation of singularities of generalized eigen-
functions of a many-body Hamiltonian H = A+ V', A the positive Laplacian, under
the assumption that no subsystem has a bound state. We use this result to prove
that the wave front relation of the free-to-free S-matrix (which is the only part of
the S-matrix under our assumptions) is given by the broken geodesic flow, broken at
the ‘singular directions’, on S”~! at distance . We remark that these results have
been proved in three-body scattering, without the assumption on the absence of
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bound states, in [36]. Also, Bommier [1] and Skibsted [33] have shown that the ker-
nels of the 2-cluster to free cluster and 2-cluster to 2-cluster S-matrices are smooth,
and previously Isozaki had showed this in the three-body setting [14]. However, as
is clear from the smoothness statement, the microlocal propagation picture that is
crucial, for instance, in the discussion of free-to-free scattering, does not emerge in
the previous examples when the initial state is a 2-cluster.

In this section we discuss the setup in the Euclidean setting, but in the following
ones we move to a natural geometric generalization introduced by Melrose in [22].
Namely, suppose that X is a manifold with boundary equipped with a scattering
metric g and a cleanly intersecting family C of closed embedded submanifolds of
0X with Cy = 0X € C. Thus, ¢ is a Riemannian metric in int(X) which is of
the form g = 27*d2? + 272h near 0X; here v+ € C>®(X) is a boundary defining
function. We also assume that near every p € 9X, C is locally linearizable (i.e. in
suitable coordinates near p, every element of C is linear); this holds if every element
of C is totally geodesic with respect to some metric (not necessarily h) on 0X. Let
A be the positive Laplacian of g and suppose that V' € C>°([X;C]; R) vanishes at
OX\U{C eC: C+#9X},and H=A+V —we refer to Sections 2 and 6 for a more
detailed discussion of the geometric and analytic aspects of the setup. We prove
under the assumption that there are no bound states for each of the subsystems (we
describe the assumption more precisely in Section 6, but it holds for example if V' >
0) that singularities of solutions u € C~°°(X) of (H—\)u € C*°(X) propagate along
generalized broken bicharacteristics of A which are broken at C. We also show that
this implies a bound on the singularities of the kernel of the free-to-free S-matrix. In
effect, we show that many-body scattering is in many respects a hyperbolic problem,
much like the wave equation in domains with corners, for which the propagation of
analytic singularities was proved by Lebeau [18]. The geometrically simpler setting,
where the elements of C (except Cy = 0X) are disjoint, corresponds to three-body
scattering in the Fuclidean setting, and then the analogy is with the wave equation
in smoothly bounded domains, where the results for C* singularities were proved
by Melrose and Sjostrand [23, 24] and Taylor [34], and for analytic singularities by
Sjostrand [32].

Here however we caution that another important aspect of typical many-body
systems is the presence of bound states of subsystems. While propagation theorems
indicate that geometry plays a central role in scattering, bound states afford a
similar role to spectral theory. Thus, in general, the two interact, even changing
the characteristic set of the Hamiltonian. The generalized broken bicharacteristics
are also more complicated in this setting, and, as a quick argument shows, the
‘time 7’ part of our result will not hold if bound states are present. In addition, the
Hamiltonian must possess additional structure (as the Euclidean ones do) so that
propagation in bound states can be analyzed. Hence, in this paper, it is natural to
impose our assumption that there are no bound states in the subsystems.

We emphasize that this assumption holds, for example, if V' > 0. Indeed, then
H = A+V >0, and by an argument generalizing the corresponding result of Froese
and Herbst [4] in the Euclidean setting, H has no positive eigenvalues. The proof
of this fact in the geometric three-body setting can be found in [40], and it goes
through in the geometric many-body setting since the potentials play a very minor
role; they only enter via the Mourre estimate. Moreover, 0 cannot be an eigenvalue
since for such an L?(dg) eigenfunction u, 0 = ((H + V)u,u) = ||dul|z2 + (u, Vu),
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which implies that u is a constant, contradicting its L? behavior. (The argument
is justified by elliptic regularity.)

We now return to the Euclidean setting. Before we can state the precise defini-
tions, we need to introduce some basic (and mostly standard) notation. We consider
the Euclidean space R™, and we assume that we are given a (finite) family X of
linear subspaces X, a € I, of R™ which is closed under intersections and includes
the subspace X; = {0} consisting of the origin, and the whole space Xy = R™. Let
X® be the orthocomplement of X,, and let 7® be the orthogonal projection to X ¢,
Ta t0 X4- A many-body Hamiltonian is an operator of the form

(1.1) H=A+) (7")Va;

acl
here A is the positive Laplacian, Vy = 0, and the V, are real-valued functions in an
appropriate class which we take here to be polyhomogeneous symbols of order —1
on the vector space X, to simplify the problem:

(1.2) Va € SO (X9).

In particular, smooth potentials V, which behave at infinity like the Coulomb po-
tential are allowed. Since (7%)*V, is bounded and self-adjoint and A is self-adjoint
with domain H?(R") on L? = L?(R"), H is also a self-adjoint operator on L? with
domain H2(R"). We let R(\) = (H — X\)~! for A € C\ R be the resolvent of H.

There is a natural partial ordering on I induced by the ordering of X by inclu-
sion. (Though the ordering based on inclusion of the X, would be sometimes more
natural, and we use that for the geometric generalization of many-body scattering
starting from the next section, here we use the conventional ordering.) Let I; = {1}
(recall that X7 = {0}); 1 is the maximal element of I. A maximal element of I\ I
is called a 2-cluster; I denotes the set of 2-clusters. In general, once I has been
defined for k = 1,...,m—1, we let I,,, (the set of m-clusters) be the set of maximal
elements of I/, = I\U}*" "I, if I}, is not empty. If I/, = {0} (so I}, ,, is empty), we
call H an m-body Hamiltonian. For example, if I # {0,1}, and for all a,b ¢ {0,1}
with a # b we have X,NX;, = {0}, then H is a 3-body Hamiltonian. The N-cluster
of an N-body Hamiltonian is also called the free cluster, since it corresponds to the
particles which are asymptotically free.

It is convenient to compactify these spaces as in [22]. Thus, we let S to be the
radial compactification of R™ to a closed hemisphere, i.e. a ball, (using the standard
map RC given here in (2.3)), and S"~! = 9S". We write w = rw, w € S*~!, for
polar coordinates on R”, and we let x € C*°(S%) be such that = (RC™)*(r!)
for 7 > 1. Hence, x is a smoothed version of r~! (smoothed at the origin of R"),
and it is a boundary defining function of S”;. We usually identify (the interior of)
S} with R™. Thus, we write ST}, (S%) and Si} (R") interchangeably and we drop
the explicit pull-back notation in the future and simply write = r=1 (for r > 1).
We also remark that we have

(1.3) m (ST) = a™C(ST).

We recall that under RC, C*° (S%), the space of smooth functions on S vanishing
to infinite order at the boundary corresponds to the space of Schwartz functions
S(R™), and its dual, C~>°(S"}), to tempered distributions S’(R™). We also have the
following correspondence of weighted Sobolev spaces

(L4) HENST) = HM = HM(R™) = (w)™ HY(R")
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where (w) = (1 + |w|?)'/2. Thus, for A € C\ R the resolvent extends to a map

(15) R(N) : HEL(ST) — HEF(ST),
Similarly, we let
(1.6) X, =c(RC(Xa)), Co=X,NOSY.
Hence, C, is a sphere of dimension n, — 1 where n, = dim X,. We also let
(1.7) C={C,: a€l}.

Again, we write the polar coordinates on X, (with respect to the induced metric)
as Wy = TaWa, Wa € Cq, and let z, = ;! (for r, > 1). We note that if a is a
2-cluster then C, N Cy, = () unless b < a. We also define the ‘singular part’ of C, as
the set

(18) Ca,sing - Ubga(cb N C(l)v
and its ‘regular part’ as the set
(1.9) C:I =0, \ Ubgacb =0, \ Ca,sing~

For example, if a is a 2-cluster then Cj ging = § and C! = C,. We sometimes write
the coordinates on X, ® X* as (wg, w®).

Corresponding to each cluster a we introduce the cluster Hamiltonian h, as an
operator on L?(X®) given by

(1.10) ha=A+) Vi,
b<a

A being the Laplacian of the induced metric on X*. Thus, if H is a N-body
Hamiltonian and a is a k-cluster, then h, is a (N 4+ 1 — k)-body Hamiltonian. The
L? eigenfunctions of h, play an important role in many-body scattering; we remark
that by Froese’s and Herbst’s result, [4], spec,,,(ha) C (—00, 0] (there are no positive
eigenvalues). Moreover, spec,,,(h,) is bounded below since h, differs from A by a
bounded operator. Note that X° = {0}, hg = 0, so the unique eigenvalue of hy is
0.

The eigenvalues of h, can be used to define the set of thresholds of hj. Namely,
we let

(1.11) Aq = Up<a spec,,, (hs)
be the set of thresholds of h,, and we also let
(1.12) A;, = Ay Uspec,,(ha) = Up<a spec,, (hy).

Thus, 0 € A, for a # 0 and A, C (—00,0]. It follows from the Mourre theory (see
e.g. [5, 27]) that A, is closed, countable, and spec,,(hq) can only accumulate at
A.. Moreover, R()), considered as an operator on weighted Sobolev spaces, has a
limit

(1.13) R(A+i0) : HE(ST) — HEF2V(S7)
for I > 1/2, I’ < —1/2, from either half of the complex plane away from
(1.14) A = Ay Uspec,,(H).

In addition, L? eigenfunctions of h, with eigenvalues which are not thresholds are
necessarily Schwartz functions on X% (see [4]). We also label the eigenvalues of h,,
counted with multiplicities, by integers m, and we call the pairs « = (a, m) channels.
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We denote the eigenvalue of the channel « by €,, write 1, for a corresponding
normalized eigenfunction, and let e, be the orthogonal projection to 1, in L?(X?).

The definition of the free-to-free S-matrix we consider comes from the stationary
theory, more precisely from the asymptotic behavior of generalized eigenfunctions,
see [35], and cf. [22, 40]. Apart from the difference in normalization, it is the same
as the S-matrix given by the wave operators, see [39]. For simplicity, we state the
asymptotic expansion under the assumption that V, is polyhomogeneous of order
—2 (so it decays as |w?|~2). Namely, for A € (0,00) and g € C°(C}), there is a
unique u € C~*°(S7) (i.e. v € S'(R™)) such that (H — A\)u = 0, and u has the form

(1.15) w= e VArp=(n=1)/2, + R(A+140)f,

where v_ € C*(Sh), v_|sn-1 = g, and f € COO(SQ) In addition, this u is of the
form

(1.16) wu= e~V (n=1)/2y, 4 eiﬁrr_("_l)mm_, vy € C(ST \ Cosing)-

The Poisson operator with free initial data is the operator

(1.17) Py (A) : CE(Ch) — C™(Sh),  Po+(N)g = u.

Following [35], we define the free-to-free scattering matrix, Spo(A) as the map
(1.18) Soo(A) : €2 (Cp) — €=(Cy),

(1.19) Soo(A)g = vy,

so it relates the incoming amplitude v_|gn—1 to the outgoing one, vy |gn—1. We recall

from [39] that the wave operator free-to-free S-matrix is then given by "~ 1Sy (AR

(as maps C°(C)) — C~>°(CY{))) where R is pull back by the antipodal map on Cj.
There are only minor changes if V, is polyhomogeneous of order —1. Namely,

the asymptotic expansions in (1.15) and (1.16) must be replaced by

(1.20)

eiiﬁrrfmif(”fl)/%i, Qf = ax ) = :l:V'|c(f)/2\/X e C™(Cy), V=aV',

o0
(121)  ve~ > Y ajex(w)r(logr)®,  aj.- € CX(Ch), ajs 4 € C®(Ch).
=0 5<2j
Note that ot are not defined at Cpging, but that does not cause any problems
even in the uniqueness statement, (1.15), since v_ vanishes at S"~! near Cj ging to
infinite order.

Our main theorem describes the structure of Spo(A). We first introduce the
broken geodesic flow (of the standard Riemannian metric h) on S*~1, broken at
C. We denote by SS"~! the sphere bundle of S"~! identified as the unit-length
subbundle of T'S"~! with respect to h. Let I = [, 8] C R be an interval. We
say that a curve v : I — S" ! is a broken geodesic of h, broken at C, if two
conditions are satisfied. First, there exists a finite set of points t; € I, a = tg <
t1 < ... <tgp-1 <ty = B such that for each j, v|j;,+,,,) is a geodesic of h, and
for all t € (t;,tj41), 7' (t) € SS"~1. Second, for all j, if v(¢;) € C’ then the limits
y'(t; —0) and ~'(t; 4 0) both exist and differ by a vector in T’ ,)S"~" which is
orthogonal to T’ (;,)C, (i.e. the usual law of reflection is satisfied; see Figure 1). We
say that p,q € SS"~! are related by the broken geodesic flow at time 7 if there is a
broken geodesic v defined on [0, 7], such that 4/(0) = p, /() = ¢. Using the metric
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h to identify SOX and S*0X, this defines the broken geodesic ‘flow’ at time 7 on
S*0X. We refer to Definition 6.6 and Section 7 for a more complete discussion.
We then have the following result:

Theorem. Suppose that no subsystem of H has bound states, i.e. for a # 0,
spec,, (ha) = 0. Then the free-to-free scattering matriz, Soo(A), extends to a con-
tinuous linear map C;°(Cl) — C~°(C}). The wave front relation of Spo(A) is
given by the broken geodesic flow at time 7.

&

FIGURE 1. Broken geodesics on S? starting at p. Here C, = C, N C..

In the actual many-body problem, w € X, means that several particles are
close to each other, namely the ones corresponding to the cluster decomposition
a. Thus, w € C, is a statement that the particles corresponding to cluster a col-
lide. Hence, the Theorem describes how many-body scattering can be understood,
modulo smoothing (hence in the C* sense trivial) terms, as a sequence of a finite
number of collisions involving the particles. Namely, each ‘break’ ¢; in the broken
geodesic describes a collision involving the cluster decomposition a. In the three-
body setting with Schwartz potentials it was shown in [37] that the amplitude of
the reflected wave is given, to top order, by the corresponding 2-body S-matrix; an
analogous statement also holds for short-range potentials. In particular, this shows
that the Theorem is sharp as far as the location of singularities is concerned.

We also remark that in the Euclidean setting, unbroken geodesic flow to distance
7 amounts to pull-back by the antipodal map on S"~! = 0S", so it corresponds
to free propagation: particles leave in the direction opposite to the one from which
they entered.

Our approach to proving this theorem is via the analysis of generalized eigen-
functions of H, ie. of u € C™°(S%) satisfying (H — A\)u = 0. We prove that
‘singularities’ of generalized eigenfunctions of H propagate along broken bicharac-
teristics in the characteristic set of H, similarly to singularities of the solutions of
the wave equation. Here ‘singularities’ are not understood as the lack of smooth-
ness: indeed H is elliptic in the usual sense, so every generalized eigenfunction is
C® in the interior of S7, i.e. on R™. Instead, in this situation singularity means the
lack of rapid decay u. Correspondingly, we define a wave front set, WFq.(u), at in-
finity, i.e. at S}, and we will prove its invariance under the broken bicharacteristic
flow.
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The two notions of singularities are very closely related via the Fourier transform.
Here for simplicity consider A — X in place of H — A. If (A — A)u = 0, then the
Fourier transform of u, Fu, satisfies (|¢|?> — \)Fu = 0 where ¢ is the dual variable
of w. Now, the multiplication operator P = |£|2 — X can be regarded as a Oth order
differential operator. Hence, by Hormander’s theorem, see e.g. [12], WF(Fu) is
invariant under the bicharacteristic flow in the characteristic variety of P, i.e. in
the set {(£,£*) : [£]> — X = 0} where we have written £* for the dual variable of
&, so & is in fact w. Moreover, in the two-body problem, i.e. if V' is a symbol (of
say order —1) on R", H = A+ V, and if (H — X\)u = 0, we still have PFu = 0
where now P = |{|2 — X\ + FVF~L. Since V is a symbol of order —1, FVF~1 is
a pseudo-differential operator of order —1, hence lower order than |£]2 — X. Thus,
the principal symbol of P is still |¢|2 — A (recall that £* is the cotangent variable,
so this is indeed homogeneous of order 0 in &* — it is independent of £*). Hence,
Hormander’s theorem is applicable and we have the same propagation statement
as before.

In the two-body setting the relevant wave front set measuring lack of decay at
infinity is the scattering one, WFy.. For u € §'(R™), WF.(u) is essentially given
by the usual wave front set of the Fourier transform of u, i.e. by WF(Fu), after
interchanging the role of the base and dual variables. Since the Fourier transform
interchanges decay at infinity and smoothness, WF(Fu) indeed measures the decay
of u at infinity in a microlocal sense. Hence, Hormander’s propagation theorem
translated directly into a propagation theorem for WFy.(u). This result was de-
scribed by Melrose in [22] where he introduced the notion of WF..

In the many-body setting conjugation by the Fourier transform is much less
convenient. Hence, we will design an appropriate microlocal way of measuring the
lack of decay at infinity without resorting to the Fourier transform. Instead, we
introduce an algebra of many-body pseudo-differential operators W.(S'},C) which
reflects the geometry, and use it to define the wave front set at infinity. We remark,
however, that for (approximate) generalized eigenfunctions of H, a characterization
based on the Fourier transform is possible; see Remark 5.3 and Proposition 5.5. We
then prove a propagation of singularities theorem for generalized eigenfunctions of
many-body Hamiltonians H; here ‘singularities’ are understood in the sense of the
new wave front set at infinity. The proof of this theorem is via a microlocal positive
commutator estimate, similarly to the proof of Hérmander’s theorem, or indeed to
the proof of the propagation theorems for C* singularities of solutions of the wave
equation with domains with boundaries [23]. Finally, we relate such a result to
the structure of the S-matrix. This step is comparatively easy as indicated by our
description of the S-matrix in terms of generalized eigenfunctions of H.

Positive commutator estimates have also played a major role in many-body scat-
tering starting with the work of Mourre [26], Perry, Sigal and Simon [27], Froese
and Herbst [5], Jensen [17], Gérard, Isozaki and Skibsted [6, 7] and Wang [41]. In
particular, the Mourre estimate is one of them; it estimates i[H,w - Dy, + Dy, - w].
This and some other global positive commutator results have been used to prove the
global results mentioned in the first paragraph about some of the S-matrices with
initial state in a two-cluster. They also give the basis for the existence, unique-
ness and equivalence statements in our definition of the S-matrix by asymptotic
expansions; these statements are discussed in [39] in more detail. Correspondingly,
these global estimates will appear in Sections 11-12 of this paper where we turn
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the propagation results for generalized eigenfunctions into statements about the
S-matrix.

We remark that the wave-operator approach defines the S-matrix as a bounded
operator L?(Cy) — L?(Cp). Since Cp sing has measure 0, L?(Cp) and L*(C}) can
be identified. As C2°(C}) is dense in L%(C}), the asymptotic expansion S-matrix
Soo(A) indeed determines the wave-operator one.

The propagation of singularities of generalized eigenfunctions of H is determined
by the principal part of H; terms decaying at the boundary do not change the anal-
ysis. As opposed to this, the precise structure of incoming and outgoing functions,
RANLi0)f, f € Co° (S%), depends on lower order terms; a relatively trivial exam-
ple is given by the appearence of 7~** in (1.20) for long-range potentials. Since
we consider Spo(A) and Py 4+ (A) as operators on distributions supported away from
Co,sing, We do not need to analyze the precise structure of incoming/outgoing func-
tions at Cpging, Which is not ‘principal type’, although we certainly analyze the
propagation of singularities there. Thus, we do not discuss what happens when the
support of the incoming scattering data increases to C}, even if the data are L.
But the behavior of Py 1 ()), as the support of the data increases to C{, plays an
important part in asymptotic completeness, which states that all possible outcomes
of a scattering experiment are indeed described by a combination of bound states of
the cluster Hamiltonians, with asymptotically free motion in the intercluster vari-
ables. Thus, our results cannot be used directly to supply a proof of asymptotic
completeness. This completeness property of many-body Hamiltonians was proved
by Sigal and Soffer, Graf, Derezinski and Yafaev under different assumptions on
the potentials and by different techniques [28, 29, 31, 30, 8, 2, 42]. In particular,
Yafaev’s paper [42] shows quite explicitly the importance of the special structure of
the Euclidean Hamiltonian. This structure enables him to obtain a positive com-
mutator estimate, which would not follow from our indicial operator arguments in
Section 9, and which is then used to prove asymptotic completeness.

Finally we comment on the requirement that the collection C be locally lin-
earizable. We show in the next section that it is equivalent to the existence of
a neighborhood of every point p € X and a metric on it, in terms of which all
elements of C are totally geodesic. The importance of this assumption is closely
related to the existence of a sufficient number of smooth vector fields on X which
are tangent to every element of C. Such smooth vector fields always exists once
we resolve the geometry of C, i.e. on the blown-up space [0X;C], but in general,
without our assumption, there are not enough such smooth vector fields on 9.X. In
the first part of the paper, we discuss the pseudo-differential algebra associated to
many-body scattering. For this purpose we need to blow up C, in part for analyzing
the indicial operators (see the following paragraph). Thus, in this part of the paper,
the issue of local linearizability is irrelevant, and we do not assume it. However,
in the second part of the paper, the geometry of the compressed cotangent bundle,
the discussion of generalized broken bicharacteristics and the construction of the
positive commutators would all be more complicated without it, so from Section 5
on, we assume the local linearizability of C.

This paper is organized as follows. In the next section we describe the geometric
generalization of the many-body problem which was outlined above. This includes
a discussion of many-body geometry and the definition of many-body differential
operators. In Section 3 we proceed to define and analyze the corresponding algebra
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of pseudo-differential operators, Wy (X, C), which reflects this geometry. It includes
many-body Hamiltonians, as well as their resolvent away from the real axis. It
extends the definition of the three-body calculus presented in [40], though here we
emphasize the definition of the calculus via localization and quantization as opposed
to the conormal description of the kernels on an appropriate resolved space. In
Section 4 we construct the indicial operators in this calculus. They provide a non-
commutative analog of the principal symbol in standard microlocal analysis. Our
proof of positivity in commutator estimates is based on replacing the argument of
Froese and Herbst [5] by indicial operator techniques. In Section 5 we define the
wave front set at infinity, WFg.(u), corresponding to the many-body geometry and
pseudo-differential operators. The definition given here differs from the one in [40];
it follows the fibred cusp definition of Mazzeo and Melrose [19]. These definitions,
however, give the same result for approximate generalized eigenfunctions of H.

In Section 6 we discuss many-body type Hamiltonians and their generalized
broken bicharacteristics. This section is, to a significant degree, based on Lebeau’s
paper [18]. In Section 7 we give a much more detailed description of the generalized
broken bicharacteristics in the case when all elements C' € C are totally geodesic.
Of course, this is true in the Euclidean setting. In Sections 8-9 we build the tech-
nical tools for turning a symbolic positive commutator calculation into an operator
estimate. In Section 10 we prove that singularities of generalized eigenfunctions
of many-body type Hamiltonians propagate along generalized broken bicharacter-
istics. This is the main new result of the paper. In Sections 11-12 we use this
and adaptations of the global estimates, in particular those of Gérard, Isozaki and
Skibsted [6, 7], to analyze the structure of the resolvent and that of the scattering
matrix. Finally, in the Appendix we prove some of the results quoted from Lebeau’s
paper, using slightly different methods.

The propagation estimates of Section 10 lie at the heart of this paper. The
reader may want to skip some of the technical sections when reading the paper for
the first time. It may be useful to keep Mourre-type estimates and especially their
microlocalized versions as in [6, 7] in mind while reading Section 10.

I would like to thank Richard Melrose for suggesting this problem to me (in the
three-body setting) as my PhD thesis problem and for our very fruitful discussions.
His firm belief that scattering theory can be understood in microlocal terms similar
to the well-known theory of hyperbolic operators motivated me both during my
PhD work [36] and while working on its extension that appears in this paper. I am
grateful to Maciej Zworski for introducing me to the work of Gilles Lebeau [18§],
for many helpful discussions and for his encouragement. It was Lebeau’s paper
that convinced me that the results presented here were within reach, and it plays a
particularly central role in Section 6 where the generalized broken bicharacteristics
are described. I would also like to thank the referee for the careful reading of
the original mansucript and for the resulting numerous improvements. I am also
grateful to Andrew Hassell, Rafe Mazzeo, Erik Skibsted and Jared Wunsch for
helpful discussions, their encouragement and for their interest in this research.

2. MANY-BODY GEOMETRY AND DIFFERENTIAL OPERATORS

It is convenient to carry out the construction in the general geometric setting.
We first describe the many-body geometry.
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Thus, let X be a compact manifold with boundary, and let
(2.1) C={C,: acl}

be a finite set of closed embedded submanifolds of X such that 0X = Cy € C
and for all a,b € I either C, and Cj are disjoint, or they intersect cleanly and
C,NCp = C, for some ¢ € I. We introduce a partial order on C given by inclusion
on C, namely

(2.2) C, < Cy if and only if C, C C.

This partial order is the opposite of the partial order used traditionally in many-
body scattering, discussed in the introduction, but it will be more convenient for
us since it simply corresponds to inclusion. A chain is defined as usual as a set on
which < gives a linear order.

Definition 2.1. Let X and C be as above. We say that (X,C) is a space with
N-body geometry (or an N-body space), N > 2, if the maximal length of chains
is N — 1. Similarly, we say that Cj is a k-cluster if the maximal length of chains
whose maximal element is C, is k — 1. We also say that (X,C) is a many-body
space if we do not wish to specify N.

Thus, if C, is minimal, it is a 2-cluster, and if (X,C) is a space with N-body
geometry then 0X is an N-cluster. The numerology is chosen here so that we
conform to the usual definitions in Euclidean many-body scattering, described in
the Introduction.

Before defining the algebra of many-body scattering differential operators on
(X,C), we discuss the simultaneous local linearizability of the collection C. As we
have mentioned in the Introduction, the analysis of generalized broken geodesics as
well as the commutator constructions of this paper become simpler if C is locally
linearizable. To make this notion precise, we make the following definition.

Definition 2.2. We say that a many-body space (X, C) is locally linearizable (or
is locally trivial) if for every p € 90X there exists a diffeomorphism ¢ from a neigh-
borhood U of p in X to a neighborhood U’ of the origin of a vector space V such
that for each C' € C, the image of C' N U under ¢ is the intersection of a linear
subspace of V' with U’.

Remark 2.3. In three-body type geometry, where the elements of C except Cy are
disjoint, (X,C) is automatically locally linearizable. The same holds, essentially by
definition, if C is a normal collection, see [20, Chapter V].

Local triviality of C is closely related to the question whether every element of
C is locally totally geodesic with respect to some metric. In fact,

Lemma 2.4. A many-body space (X,C) is locally linearizable if and only if every
p € 0X has a neighborhood U in 0X and a Riemannian metric hy on U such that
for each element C of C, C NU is totally geodesic with respect to hy .

Proof. Suppose first that p € dX and U, hy are as above. By shrinking U if
necessary, we can make sure that p ¢ C implies CNU = () for every C € C . By
shrinking U further if necessary, we can arrange that the exponential map of hy at
p € 0X identifies a neighborhood U’ of the origin in V' = T,0X and U. Moreover,
the elements C' € C for which p € C, are identified with 7,,C' N U’, since these C
are totally geodesic. This proves that (X,C) is locally linearizable.
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Conversely, if (X,C) is locally linearizable, then the choice of an inner product
on V induces a metric on TV, hence on U via the diffeomorphism ¢, and as linear
subspaces of V are totally geodesic with respect to this metric on TV, the same
holds for C over U. O

After this brief discussion on the local linearizability of C, we turn to the setting
of most interest, namely to Euclidean many-body geometry. Suppose that X =S
is the radial compactification of R™ and X is a family of linear subspaces of R™ as
discussed in the introduction. Recall from [22] that RC : R™ — S} is given by

(23)  RC(w) = (1/(L+ [w])/%, w/(1+ [w*)'/?) € 8§ R, weR™,

Here we use the notation RC instead of SP, used in [22], to avoid confusion with
the standard stereographic projection giving a one-point compactification of R™.
We write the coordinates on R" = X, @ X® as (w,,w?). Let m = dim X,. We
again let

(2.4) X, =c(RC(X,)), Co=X,NOS}.

We next show that polyhomogeneous symbols on X¢, pulled back to R™ by 7%,
are smooth on the blown-up space [X;C,]. Recall that the blow-up process is
simply an invariant way of introducing polar coordinates about a submanifold. A
full description appears in [20] and a more concise one in [22, Appendix A], but we
give a brief summary here. Thus, suppose that X is a manifold with corners and
C' is a p-submanifold (i.e. product submanifold) of X. Thus, near any p € C' we
have local coordinates z; (i =1,...,7r),y; (j =1,...,n—r), n = dim X, such that
the boundary hypersurfaces of X through p are defined by z; = 0, X is given by
x; > 0,4i=1,...,r, and such that C is locally defined by the vanishing of certain
of these coordinates, e.g. by z; = 0,4 =1,...s,s <r,and y; =0, 5 =1,...,p,
p <mn—r. A tangent vector V € Ty X, ¢ near p, is inward-pointing if (Vz;)(q) >0
for all 5. The normal bundle of C' is the quotient bundle

(2.5) NC =TcX/TC.

The inward pointing normal bundle of C, N*C, is the image of T+ X, consisting of
inward pointing tangent vectors, in NC. Thus, near p, X is diffeomorphic to the
inward-pointing normal bundle of C'. The blow-up of X along C' is locally defined
as the blow up of the 0 section of NTC, i.e. by introducing the new C* structure
in NTC given by polar coordinates in the fibers of the bundle and by the base
coordinates pulled back from C. While this construction depends on some choices,
the resulting C*° structure does not. The blow-up of X along C'is denoted by [X; C].
The blow-down map [X;C] — X is the smooth map corresponding to expressing
standard coordinates on a vector space, NqJr C, in terms of polar coordinates. It
is denoted by B[X;C]. The front face of the blow-up is the inverse image of C
(i.e. of the zero section of N*C) under S[X;C]. Hence, it is a bundle over C
whose fibers are the intersection of a sphere with a ‘quadrant’ corresponding to the
inward-pointing condition, i.e. to xz; > 0. In fact, it is the inward pointing sphere
bundle STNC which is the quotient of N*C \ o, o denoting the zero section, by
the natural R actions in its fibers.

We again return to the Euclidean setting. In particular X = S’. We denote the
blow-down map by 8[X;C,] : [X;C,] — X. Now STNC, is a hemisphere bundle
over C,, which can be identified with the radial compactification of the normal
bundle of C, in X whose fibers can in turn be identified with X®. To see this in
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more concrete terms, we proceed by finding local coordinates on [X; C,] explicitly.
It is convenient to do so by using projective coordinates rather than the standard
polar coordinates. Near C, in S? we have |w,| > c|w®| for some ¢ > 0. Hence, near
any point p € C, one of the coordinate functions (w,); which we may take to be
(Wa)m, satisfies |(wa)m| > ¢[(wa) |, [(Wa)m| > ¢|w®| for some ¢’ > 0. Taking into
account the coordinate form of RC we see that

(2.6)

(wa); (w?),
|(Wa)m| |(Wa)m]
give coordinates on S” near p. In these coordinates C, is defined by z = 0, y = 0.
Correspondingly, we have coordinates

(j=1,...,n—m)

x:|(w(1)m|_17 Z5 = (jzlv---7m_1)7 Y =

(2.7) z, 2z (j=1,....m—=1), Y =y;/z (j=1,....,n—m),
@3)
r = |(wa)m| ™, zj:% Gj=1,....m—-1),Y=w*; j=1,...,n—m)

near the interior of the front face ff of the blow-up [X; C,], i.e. near the interior of
ff = B[X; C,]*Ca; see Figure 2.

Yyh

// lyl < cx Y= [¢ <e

// e
Kt

\ \% = const = = const
\

\

\

\

FIGURE 2. The blowup of C, = {z = 0, y = 0}; the z coordinates
are normal to the page and are not shown. The thin lines are the
coordinate curves Y = const and & = const in the region |Y| < ¢
(which is disjoint from §[X;C,]*0X), and their images under the
blow-down map 3[X; C,].

Near the corner 90[X; C,]*C, = B[X; Co]*Co N B[ X; Cy]*0X, in the lift of the
region defined for some k by |yi| > c|y;| for some ¢ > 0 and all j # &,

(2.9) i=x/ye, Yi =y ue (G #K), ks 2

give coordinates. In terms of the original Euclidean variables these are

ﬁ:|(wa)k|_1,2j=7(wa)j (j:l,...,m—l),
(2.10) |(wa)m|
. % (wa)] . (w“)k
Y]: (jzlv---an_ma]#k)a Yk =
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Since in every region near the lift 3[X;C,]*C, of C, we can use one of these
coordinate systems, and since away from there we can use coordinates as in (2.6)
but with w, and w® interchanged, we have proved the following lemma.

Lemma 2.5. Suppose that X = S and let 3 = B[X;C4] be the blow-down map.
Then the pull-back 3*(RC™1)*n® of 7@ : R™ — X® eatends to a C* map, which we
also denote by 7%,

(2.11) 7 [X;C,) — X°

Moreover, if % is a boundary defining function on X (e.g. 2* = |w®|~! for |w®| >
1), then pgx = (m*)*x® is a defining function for the lift of 0X to [X;C,], i.e. for
5*0X.

Corollary 2.6. Suppose that X =S, f € S;hg(X“). Then
(2.12) ()" f € pokC™([X: Cl).

Here, following the previous lemma, we regard m* as the map in (2.11), and pox is
the defining function of B[X;C,)*0X, i.e. of the lift of 0X, and the subscript phy
refers to classical (one-step polyhomogeneous) symbols (see Figure 3).

prosr,

FIGURE 3. The blowup of C, in S%; 8 = B[S ;C,] is the blow-
down map and ff = *C,. X! and X! denote translates of X, in
R", X! = cl(RC(X)), etc. Note that the lifts of X,, X! and X
become disjoint on [S7; Cy].

This corollary shows that for a Euclidean many-body Hamiltonian, H = A +
> o Va, Va becomes a nice function on the compact resolved space [S'; C,]. Thus,
to understand H, we need to blow up all the C,. In order to analyze this iterated
blow-up procedure, it is convenient to generalize the clean intersection properties
to manifolds with corners X.

Let X be a manifold with corners, and let F = {Fi,...,Fx} be a collection
of closed p-submanifolds of X. Following Melrose, [20, Chapter V], we say that
F is a normal collection if for any point p € X there are local coordinates on a
neighborhood U of p such that with some index sets I;, I/, I =1,..., N,

(2.13) pel=FENU={x=0,rel, ys =0, s€ I}

here the xj are defining functions of the boundary hypersurfaces through p. This
simply means that there is a common product decomposition for all elements of the
collection.
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Using this definition, we can define cleanly intersecting families of submanifolds
of X. Namely, given a finite family F of closed p-submanifolds F; of X we say
that F is a cleanly intersecting family if it is closed under intersection (in the sense
that any two members are either disjoint, or their intersection is in the family)
and for any ¢ and j, {F;, F;} form a normal collection in the sense of Melrose
[20, Chapter V]. As mentioned above, this means that there is a common product
decomposition for any pair of elements of F. In particular, if X is a manifold
without boundary, then this simply means that the F; pairwise intersect cleanly.
Hence, (X,C) is a many-body space if and only if C is a cleanly intersecting family
in 0X which includes 0.X.

Just as in the case of a many-body space, inclusions gives a partial order on a
cleanly intersecting family F. Thus, F' € F is minimal with respect to inclusion if
there is no F’ € F such that F’ # F', F’ C F. Since F is closed under intersection,
this means exactly that for all F/ € F either F’ and F are disjoint, or F' C F”.

Lemma 2.7. Let F be a cleanly intersecting family of p-submanifolds of 0X . Sup-
pose that F € F is minimal with respect to inclusion. Then the lifted family, F’,
consisting of the lifts of F;, distinct from F, to [X; F)|, is also a cleanly intersecting
family.
Proof. We claim that for any F;, F; € F the 4-tuple {F, F},, F;, F;}, F, = F; N Fj,
is a normal collection in the sense of Melrose. Indeed, this is clear if Fj is disjoint
from F'; otherwise F' C F} by our assumption.

So assume that F' C Fj. By the normality of {F, Fy}, near any point p in F
there are local coordinates x,, ys, on X such that

(2.14) Fr={z,=0,rel, ys=0, s I},

(2.15) F={z,=0,rel ys=0, sel"},

and I;, C I', I/ C I". Similarly, by the normality of {F;, F;} there are local
coordinates ., y. near p on X such that

(2.16) F,={z,=0,rel, y.=0, s},
(2.17) Fj={x, =0, relj, y,=0, selj},
Thus,

(2.18) Fy=A{«, =0, re[UI, y,=0, sc I UI}.

Thus, the differentials of the coordinates z;., r € IJUI}, and y;, s € I;'UI], span the
conormal bundle of Fj. The same holds for the differentials of z,, r € I}, ys, s € I}/.
It follows that the differentials of z., r € I U I}, z., v ¢ I}, y5, s € I U T, ys,
s ¢ I}/ are independent at F}, in a coordinate neighborhood of p, so these functions
give local coordinates on X near p in terms of which F, Fj,, F; and F}; have common
product decomposition: F;, F; and Fj, given by (2.16)-(2.18), and F' by

F={z,=0,rc[UIL,z.=0,rel\I,

v, =0, se ' UL/, y,=0, s€ 1"\ I}}.
This proves that { F, Fy, F;, F;} is indeed a normal collection. Hence, by [20, Lemma
V.11.2], it lifts to a normal collection of p-submanifolds on [X; F]. Writing 3 for

the blow-down map, and §*F} for the lift of Fj, etc., we see in particular that
{B*F;, 3*F;} is a normal collection whose intersection is §*F}, if Fj, # F, and is

(2.19)
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empty otherwise. Putting together these facts we see that we have proved the
lemma. ]

This lemma allows us to define [X; F] if F is a cleanly intersecting family of p-
submanifolds of X . We do this by putting a total order on F which is compatible
with the partial order given by inclusion. This can always be accomplished: pick a
minimal element with respect to inclusion, and make it the minimal element of the
total order. Proceeding inductively, if we already placed a total order on F’ C F,
we choose any F' € F\ F’ which is minimal with respect to inclusion in F\ F’, and
extend the total order to 7/ U{F'} by making F' the maximal element with respect
to it. Having imposed a total order on F which is compatible with inclusion, we
define [X; F] to be the blow up [X; F1, F, ..., F,] where F = {F}, F,..., F,} and
Fi < F» < ... < F,, < being the total order. Of course, a priori [X;F] depends
on the total order. The following lemma shows that this is not the case.

Lemma 2.8. If F is a cleanly intersecting family and <, <’ are total orders on it
which are compatible with inclusion, then the blow ups

(2.20) (X; F1, B, ..., Fy, Fi <Fy<...<Fy,

(2.21) [X;F|,F},...,F], Fi<F< .. .<F,

n

are canonically diffeomorphic.

Proof. Since any total order compatible with inclusion can be obtained from any
other one by repeatedly interchanging the order of adjacent elements, but keeping
the order compatible with inclusion, it suffices to show that

(2.22) [(X:Fy, ..., Fy Fry1,..., Fyl and [X; Fy, . Frgr, Fry oo F)

are naturally isomorphic if both of these total orders respect inclusion. Now, either
Fi, N Fi11 = 0, in which case the statement is clearly true, or Fy, N Fj41 = Fj for
some j. Since inclusion is respected, we must have j < k. But upon the blow up
of their intersection, any two closed p-submanifolds with normal intersection lift to
be disjoint. Hence, on [X; F1,. .., Fi_1] the lifts 8* F}, and 8* Fi.4+1 are disjoint, and
thus they can be blown up in either order. This proves the lemma. O

Correspondingly, [X; F] is defined independently of the total order used in the
definition of the blown up space, assuming that it respects inclusion, so we can
speak about [X; F] without specifying such a total order.

If F; € F, we can always specify the total order so that every F; € F with
F; < Fj satisfies F; C F;. Then the blow-up of F; commutes with all the ones
preceeding it. Hence, any function that is smooth on [X; F;] pulls back to be
smooth on [X; F]. Applying this in the Euclidean many-body setting we conclude
that

Lemma 2.9. Suppose that X = S and X is a linear family of subspaces of R"™
as in the introduction. Then V =3 Vo, Vo € S (X®), lifts to be an element of
5 C([X;C]) where pax is the defining function of the lift of Co = 0X under the
blow-down map

(2.23) Bse = BIX;C): [X;C] — X.
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Our main interest is the study of differential operators, in particular the analysis
of many-body Hamiltonians H. For this purpose we next investigate how vector
fields lift under the blow up. First, we define V;,(X; F) as the Lie algebra of smooth
vector fields on X which are tangent to the boundary faces of X and to each element
of F.

Lemma 2.10. Each element of V(X ; F) lifts to an element of Vu([X; F]).

Proof. Tt suffices to show that V' € V,(X; F) lifts to be an element of Vy,([X; F; F')
where F' is minimal with respect to inclusion and

(2.24) F ={BF . F € F\{F}}.

Taking into account that for any F' # F, {F,F'} is a normal collection of p-
submanifolds of X, this claim follows from [20, Proposition V.11.1], or it can be
checked directly by using projective coordinates on [X; F]. ([

Remark 2.11. Tt is not the case in general that Vi, (X;F) lifts to span W, ([X; F])
over C*([X; F]). This statement is true, however, if F is a normal collection (i.e.
all elements of F have product decomposition in the same coordinate system, not
just pairs of elements), see [20, Proposition V.11.1].

We can now introduce the appropriate class of differential and pseudo-differential
operators on many-body spaces (X, C). These will include many-body Hamiltonians
in the Euclidean setting as well as their resolvents (in the resolvent set).

First, we recall from [22] Melrose’s definition of the Lie algebra of ‘scattering
vector fields’ Vi (X), defined for every manifold with boundary X. Before defining
Vse(X), we recall that V(X)) denotes the set (in fact, Lie algebra) of smooth vector
fields on X which are tangent to X. The algebra Diff,,(X) of differential opera-
tors generated by V,(X) is called the algebra of b-differential operators; Diff} (X))
denotes the set of b-differential operators of order (at most) k; here b stands for
‘boundary’. Then we define Vs.(X) as

(2.25) Vee(X) = 2V, (X).

Note that this definition is intrinsic; for any other boundary defining function is a
positive multiple of z, hence Vs (X) is independent of such choices. If (z,y1, ..., Yn—1)
are coordinates on X where x is a boundary defining function, then locally a basis
of Vi (X) is given by

(2.26) %0y, 20y, j=1,...,n—1.

Correspondingly, there is a vector bundle 5¢T'X over X, called the scattering tangent
bundle of X, such that Vi (X) is the set of all smooth sections of *°T'X:

(2.27) Vee(X) = C®(X;%°TX).

The dual bundle of **T'X (called the scattering cotangent bundle) is denoted by
ST X. Thus, covectors v € *T)* X, p near 0X, can be written asv = 1 j—;‘ + - %.
Hence, we have local coordinates (z,y, 7, ) on T*X near 0X. The scattering
density bundle ¢ X is the density bundle associated to *°T* X, so locally near
0X it is spanned by x= "~ dz dy over C*°(X). Finally, Diffs.(X) is the algebra of
differential operators generated by the vector fields in Vs (X); Diff5 (X) stands for
scattering differential operators of order (at most) m.

To establish the relationship between the scattering structure and the Euclidean

scattering theory, we introduce local coordinates on X near p € 90X as above,
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and use these to identify the coordinate neighborhood U of p with a coordinate
patch U’ on the closed upper hemisphere S (which is just a closed ball) near
its boundary. Such an identification preserves the scattering structure since this
structure is completely natural. We further identify S with R™ via the radial
compactification RC as in (2.3). The constant coefficent vector fields d,,; on R"
lift under RC to give a basis of **I'S}. Thus, V € V(S ) can be expressed as
(ignoring the lifting in the notation)

(2.28) V=> a0, a;€C(ST).

j=1
As mentioned in the introduction, a; € C*(S%) is equivalent to requiring that
RC" a; is a classical (i.e. one-step polyhomogeneous) symbol of order 0 on R™.
This description also shows that the positive Euclidean Laplacian, A, is an element
of Diﬂfc(Sﬁ), and that 5¢QS"! is spanned by the pull-back of the standard Euclidean
density |dw|.

If X is a manifold with boundary then any element of Vi.(X) = W, (X) is
automatically tangent to any submanifold C' of 0X. Hence, due to Lemma 2.10, we
can define the algebra of many-body differential operators as shown by the following
proposition.

Proposition 2.12. If (X, C) is a many-body space, then Vq.(X) lifts to a subalgebra
of Vo([X;C]). Correspondingly,

(2.29) Diff ..(X,C) = C*([X;C]) ®coo(x) Diff s (X)
is an algebra.

Proof. By the first part of the statement, for any V € Vi (X), f € C*=([X;C]), the
commutator [V, f] =V f is in C*([X;(]). O

In particular, since Vsc(X) is the set of all smooth sections of **T'X, its lift is the
set of all smooth sections of the pull-back of the bundle **T'X — X to [X;C]. This
pull-back bundle will be denoted by *¢T'[X;C]. Its dual bundle is the pull-back of
the bundle **T*X — X; it is denoted by *T*[X;C].

Since in Euclidean many-body scattering A € Difffc(Si) and V =5V, €
C>®([S};C)), it follows immediately that H = A + V € Diff (S%, C).

3. MANY-BODY PSEUDO-DIFFERENTIAL CALCULUS

Let (X,C) be a many-body space, and s : [X;C] — X the blow-down map.
There are two equivalent way of defining many-body pseudo-differential operators.
We can either specify their Schwartz kernels as conormal distributions on an ap-
propriately resolved space, or we can define them as the quantization of certain
symbols. Here we give both definitions and show their equivalence. We start with
the kernel definition; readers who wish to start with the quantization definition
should directly proceed to the paragraph of (3.8).

First, we recall the definition of Hormander’s conormal spaces I™ in the context
of manifolds with corners; their use originates from Melrose’s work. A rather brief
description of these conormal spaces appears in [22, Section 20]; a detailed discus-
sion can be found in [20, Chapter VI]. Thus, suppose that M is a manifold with
corners, and Y a closed embedded interior p-submanifold (i.e. product submani-
fold, discussed in the previous section); here ‘interior’ means that Y is the closure
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of its intersection with the interior of M, i.e. that Y is not a subset of any of the
boundary hypersurfaces of M. Under this assumption, a neighborhood U of Y can
be identified with a neighborhood of the zero section of the normal bundle of Y
in M, hence with the direct product of Y with a neighborhood of the origin in
Reedim(Y) - In particular, Hormander’s definition, [11, Section 2.4], can be applied:
uw € I'(U,Y) means that v’ € C;°°(U), and modulo C*(U), v’ can be written as
a finite sum of terms, each of which has the form

(31) (27r)7(dim M+2 codimY)/4/ ei¢(z’<)a(z, C) dQ,

Reodim(Y)

where ¢ is a linear phase function parametrizing N*Y, and suppa C K x Reedim(Y)
for some K compact, and satisfying symbol estimates

(32) |(D2’D§a) (27 C)| < Ca,@ <C>m+(dim M —2 codim Y)/4.

We remark that if we locally embed M in a manifold without boundary, M, then
Y extends to a manifold without boundary 57, and then elements of I7(U,Y)
are restrictions of elements of Ig"(]\;[ ,}7) to M, i.e. they are conormal distribu-
tions smoothly up to M. Elements of I™(M,Y) are then distributions u €
C°(M)NC>®(M\Y) which become elements of I"(U,Y) for some neighbor-
hood U of Y as above when multiplied by cut-off functions in C°(U). Similarly,
one-step polyhomogeneous (or classical) conormal distributions u € I”*(M,Y") are
those for which a above can be chosen one-step polyhomogenenous with leading
homogeneity |<|m+(dim M—2 codimY)/4.

If we do not require polyhomogeneous behavior at Y, there is no reason to require
it at the boundary of M. We recall from [20, Chapter 4], see also [21], first that
Al(M) is the space of conormal functions on M, conormal to M, which have
weighted L bounds, with a fixed weight, under application of Diffy, (M), i.e.

(3.3) A M) = {u e C™°(M) : VP € Diff, (M), Puc p'L>(M)}.

Here p is a total boundary definining function of M, i.e. it is the product of boundary
defining functions of the boundary hypersurfaces of M. Note that elements of
AY(M) are smooth in the interior of M. Here we assigned the same order [ to
every boundary hypersurface of M; in general the orders may be different on each
hypersurface, and correspondingly we would have a real number associated to each
hypersurface.

Next, A™!(M,Y) is the space of distributions u € C~°°(M) N A (M \ Y), which
near Y and modulo A'(M) can be written as a finite sum of terms as in (3.1), with
a conormal, order [, to the boundary of M, and symbolic in (, i.e. the estimates
(3.2) hold after replacing D? by b-differential operators in z, and inserting factors
p! in the right hand side.

We can now proceed to defining many-body pseudo-differential operators by
specifying what their Schwartz kernels are. Since they will map € (X) to COO(X )
continuously, hence in particular to C~°°(X), they have Schwartz kernels in C~>° (X x
X). To arrive at a reasonable description of which tempered distributions on
X? = X x X are allowed as Schwartz kernels, we first take an appropriate res-
olution of this space. For a thorough discussion of the resolution process in the
geometric two-body scattering, see Melrose’s paper [22, Appendix B|, and in the
three-body setting [40, Chapter 3].
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First, the b-double space, X7, has been defined by Melrose as [X?; (0X)?]. The
front face of the blow-up is called the b-front face and is denoted by bf, while the
lifts of the left and right boundary hypersurfaces of X2, i.e. of 9X x X and X x 9X
are denoted by If and rf respectively. The diagonal A of X? lifts to a p-submanifold
Ay, of X which intersects X in the interior of the b-front face, bf. (The definition
of p-submanifolds and the blow-up process were discussed at the beginning of the
previous section.) Moreover, Ay, is naturally diffeomorphic to X. Hence, C can be
regarded as a collection C’ of submanifolds of Ay, and, since Ay, is a p-submanifold
of X2, these submanifolds form a cleanly intersecting family in X?2. Therefore, the
blow up

(3-4) X% = [X3:C)

is well-defined by our previous results. Note that X € C by our assumption, so
the definition includes the blow up of the lift of 0Ap. It is easy to see that this
space coincides with the X2 defined in [36] if (X,C) is a 3-body space. We also
introduce the notation ff¢ for the lift of C' € C, considered as a submanifold of Ay,
to X2. Thus, the boundary hypersurfaces of X2 are 8*1If, 3*tf, 3* bf, as well as
ffc, C €C; B: X2 — X2 is the blow-down map.

Noting that even C' U {Ap} is a cleanly intersecting family, we conclude that
Ay, lifts to a a p-submanifold, A, of X2, which is disjoint from 1f, rf and bf.

Correspondingly, we define the set of many-body pseudo-differential operators by
(35)  UIH(X,C) = {k € AN X2, Age;®Qr) : k=0 at 5 bfUB* I UB* rf};

Scc sc)

here *¢Qr is the pull-back of the scattering density bundle from the right factor
and 3 : X2 — X? is the blow-down map. With the notation of (3.3), by kK = 0
we mean that the kernel, which is a polyhomogeneous function in A" (X2 \ As),
hence in particular near g* If, 8* rf and (* bf, is rapidly decreasing at §*1f, §* rf
and (* bf, i.e. it is in (p]fprfpbf)NplLoo for all NV, with similar conditions on the
derivatives Pk, where py¢ is a defining function of §* If, etc.

Similarly we define the corresponding one-step polyhomogeneous (‘classical’) op-
erators

(3.6)  UHX,C) = {k € p'T™ (X2, Ase;*Qr) : k=0 at §*bfUB" If UB" rf}

where p is the total boundary defining function of X2. In particular, conormal
distributions of order —oco are smooth functions, so

(3.7) W X,C) = {r € plC®(X2, Aye;™Qr) : =0 at *bfUB If UB" 1},

i.e. the kernels of operators in W_>>!(X,C) are smooth up to all boundary hyper-
surfaces of X2 (at least if [ is a non-negative integer), and vanish to infinite order
at the lift of every boundary hypersurface of X?2. Tensoring with vector bundles
defines \I!glccl (X,C;E,F) and ¥"(X,C; E, F) for vector bundles E and F over X
as usual.

Since for all F € C' we have F' C dAy, we can do the blow up of 9Ay, € C’
first, before blowing up other elements of C’ (normally we would do this blow up
last by our total order construction). It follows that X2 is a blow up of the space
X2 = [X? 0Ay). Hence, conormal distributions on X2 pull back to be conormal
on X2. Since the kernels of scattering pseudo-differential operators are conormal
to A and to the boundary of X2 with infinite order vanishing at every boundary
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face except the scattering front face, we conclude that these kernels pull back to
X2 to be elements of the kernel space defined in (3.5), so (X)) \I'gfxf (X,0).
Our alternative definition will proceed via localization and describing the kernels
as quantizations of symbols in the local coordinate patches. Suppose now that
X = S% and C is a cleanly intersecting family of submanifolds of X = 9S" = S"~1.
Here we do not assume that C arises from a family X of linear subspaces of R". An

equivalent definition of \I/gécl (S%,C) is the following. Suppose that
(3.8) a€ A ([ST;C] x ST).

Here —m is the order associated to the boundary hypersurface [S'}; C] x S, while
l is the order associated to the boundary hypersurfaces comprising (9[S'}; C]) x S';..
We can unravel the definition (3.3) as follows. We identify int(S? ) and int([S" ; C])
with R" as usual (via RC™'); then for a € C®(R? x RE) (3.8) is equivalent to
the following property. (Recall first the definition of Diff}, from the paragraph of
(2.25) For every @ € Diff{i/([Sﬁ;C]), acting on the first factor of S (i.e. in the
w variable), and P € Diffﬁ(Si), acting on the second factor of S% (i.e. in the {
variable), k, k' € N,

(3.9) PQa € p"ph L (% x S7)

where po, and pp are defining functions of the first and second factors of S7 re-
spectively, so we can take po = (€)71, ps = (w)~!. Let A = g1 (a) denote the left
quantization of a:

(3.10) Au(w) = (2m)™" / e W)€, Eu(w') dw’ de,

understood as an oscillatory integral. Then A € \I'gnccl (S%,C). Indeed, the kernel of
Ais

(3.11) K(w,w'") = a(w,w —w')

where a is the inverse Fourier transform of a in the £ variable, i.e. a = .7-"{ 1. Thus,
a(w, W) is smooth away from W = 0, is conormal to W = 0, and it is rapidly
decreasing with all derivatives in W. More precisely, the rapid decay means that
for all £ and @ € Diffy,([S}; C]) and for all «,

(3.12) sup (Jw' W ¥ Quw DS a(w, W)|) < oco.
[W|>1, weR”

Taking into account the geometry of X2, in particular that |w — w vanishes at

all faces of the blow-up (3.4) but the front faces (i.e. it vanishes at §* If, 8* rf and
0% bf), we see that K vanishes to infinite order at these faces. Similar arguments
describe the behavior of K near A, proving that A \I/m’l(Si, C).

Scc
Conversely, if A € \I'gnccl (S%,C) then there exists a satisfying (3.9) such that
A = qr(a). Namely, we let a(w,W) = K(w,w — W) and let a be the Fourier
transform of @ in W. The conormal estimates for K (hence for @) give the symbolic
estimates (3.9) for a.
Similar conclusions hold for the right quantization B = ggr(b) of a symbol b:

/|—1

(3.13) Bu(w) = (27)" / 0= Ep (! Yu(w') du' de.



PROPAGATION OF SINGULARITIES IN MANY-BODY SCATTERING 21

In addition, the polyhomogeneous class \I/;’Cl’l(S’_i, C) is given by the quantization of
symbols
(3.14) a € p"psC>([S;C) x ST).

Since differential operators Y aq(w)D® are just the left quantization of the symbols
a(w, &) = aq(w)€?, it follows immediately that

(3.15) Diff”(X,C) C U7 (X, C).

This conclusion also follows directly from the description of the kernels since the
kernel of a differential operator is a differentiated delta-distribution associated to
the diagonal.

Note that, as usual, one can allow symbols a depending on w, w’ and &, so e.g. if
a€ pgompla_LpngCOO([Sﬁ;C] X [ST;C] x S%), pa,r. and pp,r denoting total boundary
defining functions of the first and second factor of [S; C] respectively (i.e. they are
pull-backs of a boundary defining function of S ), then

(3.16) Au(w) = (27)~" / e =)y ' &) u(w') dw' dE

defines an operator A € \I!g;’lH/ (St,0).

This characterization allows the application of the standard tools of the theory of
pseudo-differential operators. In particular, if A € \I':;"l(X ,C) is written as the left
quantization of a symbol ¢ and B € \I!;’Cll’l’ (X,C) is written as the right quantization

of a symbol b, so
(B17)  a € p"phC([SE:Cl x SY), b€ pol™ ppC=([S}:C) X S),

then the operator AB is given by
(3.18) ABu(w) = (2r)™" / W= E g (w, E)b(w', ) u(w') duw' dE.

Here c(w,w',€) = afuw, €)b(w,€) is in px=™ ply 1 pls € ([2:C] x [S15€] x S,
so we conclude that AB € \I';'CL“”/’Z'H, (X,C). In addition, the adjoint A* of A is
the right quantization of a, so A* € \I'Z:"l(X, C). Analogously, Ws..(S,C) is also
closed under composition and adjoints. These statements can be seen also from
the standard more explicit formulae. For example, if B is the left quantization of
a symbol b/, the composition formula, including the remainder terms, only involves
derivatives of the form DgDgb’, and Dy € Diffl¢! (Sh) c Diﬁ’Lal([S?r; C]), so we see
that Wsc(S,C) is closed under composition.

This discussion can be carried over to arbitrary manifolds with boundary X by
locally identifying X with S and using that our arguments are local in S”. More
precisely, suppose that {Uy,...,U} is an open cover of X by coordinate patches,
and identify each U; with a coordinate patch U] of St. We write ¢; : U; — U] for the
identification. Let C; denote the family given by the image of elements of C in U].
Then A € ¥™!(X,C) if and only if there exists operators A, € \I/:;"Z(Si;C') with
kernel supported in the inverse image of U x U/ in (S7)2, and R € C*(X x X;%°Qp)
such that

(3.19) A= (7 Ai(¢;71)") + R.

i



22 ANDRAS VASY

Note that the support condition on A} ensures that this expression makes sense. To
see this, just introduce a partition of unity p; € C°°(X) subordinate to the cover,
and let 1; € C*°(X) be identically 1 in a neighborhood of supp p;. Then

It is straightforward to check directly from the definition of ¥™(X,C) that the
last terms is given by a kernel in C®(X x X;*Qp), while A} = (¢ 1) 1h; Apigp} €
\I/;’CL’l(S’_ﬁ, C!) with the claimed support properties. Thus, our results for \I/:Z’l(Si, C)
immediately show the following theorem.

Theorem 3.1. Both U.(X,C) and Ug..(X,C) are x-algebras (with respect to com-
position and taking adjoints).

Since \I/gé’CO(ST_ﬁ,C) C U2 (R™), where U2 (R"™) is the class of pseudo-differential
operators defined by Hormander [12, Section 18.1], arising by a quantization of
symbols a € C*(R™ x R") satisfying

(3.21) D% D a(w, &)| < Cap(€)™ 7,
and
(3.22) PE(R™) : (w) " H"(R") — (w) " *H""™(R"),

we immediately deduce the boundedness of elements of \I/?CCZ(X ,C) between the
appropriate weighted Sobolev spaces.

Theorem 3.2. If A € \I/g"‘c’é(X, C) then A: H*(X) — HI-™sH(X) is bounded.

There is another way of characterizing the calculus \I/gnccl (S%,C) via Hérmander’s
Weyl calculus (see [12, Section 18.5]). We describe it briefly here, only considering
the Euclidean setting where the C, arise from linear subspaces X; it is straight-
forward to check that it agrees with the definition we have given above in terms of
quantization of symbols as in (3.8). Namely, U5~ (S7}) is just the calculus on R”
arising from the metric

©) _ dw?  d¢?

(3.23) g\ = e + IGER

Similarly, if we take C’ to consist of a single element C,, a # 0, and if (w,, w?) is

the usual splitting of the coordinates, then Wgo.~ > (S%,C’) arises from the metric
d 2 dw® 2 d 2
(3.24) g = e (dw)” A&

(w)2  (w)? (g
In the three-body problem, C,NCy, = 0 if a, b # 0, we define the metric by localizing
the ¢(*), i.e. we consider a partition of unity ¢, € C> (Sh),ael,suppp, NCy =0
unless b = 0, and define the metric

(3.25) 9= 69,

(Here the ¢, are pulled back to the cotangent bundle by the bundle projection.)
Since the ¢(* are equivalent near CY, it follows that g is indeed slowly varying.
Note that if ¢, is supported close to C,, which we can arrange by enlarging the

support of ¢g, dw?/{w)? above can be replaced by dw?/{w,)?.
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In general we simply repeat this procedure. Thus, to define the appropriate
metric on T*X¢ if it has been defined on T*X* for every a with X* C X°¢, we
define a partition of unity ¢, € C(X¢) with supp ¢, N Cf = 0 unless C¢ C Cf.
Here X¢ = X*@X¢ and C¢ = 0X°Ncl(X)). We extend the metric g¢ on T* X to a
symmetric 2-cotensor on 7 X ¢ using the orthogonal decomposition X¢ = X*® X¢,
and let

(dwg)? | (d&g)?

3.26 g9 =g"+ + .

(320) we)? e

Then

(3.27) = Y G
a:X*CXe

gives the desired metric on T*X¢ The weights corresponding to elements of
\I!gf:’cl(Sﬁlr,C) then are (€)™ (w)~!, i.e. the condition on the ‘amplitude’ a is a €
SUE™ (w) ", 60).

After this brief discussion of the relationship of W;:*(S",C) with Hérmander’s
Weyl calculus, we return to the general setting to describe the principal symbol

map and its analog at 0.X.

4. THE PRINCIPAL SYMBOL AND THE INDICIAL OPERATORS

Since the inclusion of H!.*'(X) to H7:*(X) is compact for 7/ > r, §' > s,
it suffices to understand A € WE- (X, C) modulo W& ""(X,C) to analyze its
spectral properties. Now, Hérmander’s principal symbol map on W7 (R™) restricts

to a principal symbol map
(4.1) Tsem : WIO(ST,C) — St (*°T*[ST;C)),
Sp(*°T*[S};C]) denoting the space of smooth symbols which are homogeneous of

degree m. Due to its invariance and its local nature, it immediately extends to a
map

(4.2) Ose,m » UIO(X,C) — SP(*°T*[X;C)).
We radially compactify the fibers of *T*[X;C] (i.e. replace the vector spaces by

balls) and let ¢S*[X; C] be the new boundary face (i.e. the boundary of **T*[X; C]
at fiber-infinity). This allows us to write ogc,m as a map

(4.3) Oseom » UTO(X,C) — C®°(*°S*[X;C]; (N*CS*[X;C])~™).

The line bundle N**¢S*[X;C] is locally spanned by the pull-back of d(|¢|~!) from
sT*[X;C], so (4.3) is obtained from (4.1) by writing homogeneous functions a(w, &)
of degree m as ag(w, §)|&|™, &€ = £/|£|, considering ag as a function on the cosphere

bundle, and using N**¢S*[X;C] to take care of the factor |£|™ invariantly. We then
have a short exact sequence

(4.4) 0= v LX) - U0(X,C) — C®(°S*[X;C]; (N**°S*[X;C])™™) — 0
as usual.

An operator A € 7°(X,C) is certainly determined modulo ¥™*(X,C) by the
restriction of its kernel to the front faces ffc, C € C, of the blow up (3.4) — by
restriction we really mean the restriction of the kernel as a section of the pull-back

of the density bundle Qg from X2 to ffc (we keep denoting this bundle by °Qg).
Note that %°Qg is locally spanned by |dw’|, so locally this amounts to factoring
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out |dw'| from the distributional density kernel K (w,w’) |dw’| = a(w, w —w') |dw’|
from the kernel of A (with the notation of (3.11)), and restricting a (i.e. K) to the
boundary of [S7;Cl, x RY,, W =w —w'.

Thus, we define the normal operator No(A) of A at C € C to be the restriction
of the kernel of A to ff¢, which, as we recall, is the front face resulting when C,
identified as a submanifold C” of Ay, is blown up in (3.4). Since Ay, intersects this
face transversally, the result is a conormal distribution, conormal to the intersection
of Agc with this front face, which decays rapidly at ffc Nbf, i.e. with respect to W
with the above notation. We let
(42)

I, bf(ffc, AseNffe) ={r € (ffc, A Nffe) : Kk vanishes to infinite order at bf Nffx}.
Thus, for each C' € C,
(4.6) Ne : Wm0(X,C) — I (ffe, A N s QR);

the new order m—1/4 is due to the change of the dimension of the total space in the
defining equation (3.1), the order of the amplitude a as a symbol being unchanged.

There are compatibilty conditions between the normal operators N, C' € C,
and the principal symbol map g . Namely, the principal symbol of the conormal
singularity of N¢ at Ag. must be the same the restriction of og. to the front face,
ie.

(47) O'mfl/4(NC(A)) = Usc,m(A)
(Note that with the density factor ¢Qp this is indeed invariantly defined.) In

addition, if C, N C, # 0, then N¢, and Ne, must be equal on the intersection
ffe, Nfic,, ie

(4.8) Ne (Ao, nfic, = Noy(A)lge, nfic, -
(Note that the diagonal Ag. is transversal to ff o, Nff ¢, hence one can restrict distri-
butions which are conormal to A, to T, NfT¢,.) We denote by N, the subspace
of the joint target space of these maps which satisfy these matching conditions:
(4.9)
Now = {(a. {EKy = be I}) e c=(<s™[X;C)) x [[ i (fe,. Awe N o, QR) -
bel

SCSE}‘O [Xx;C]-

Vbel, a=0p_1/4(Kp SCSf*fC[X;C])a
Vb,c €1, Kelso, ntic, = Kilio, nfc, }-

In the special case of m = —oo, the kernels are smooth functions on X2, and we

sc?
define

New={{Ky: bel}e Hcgﬁ(ﬁ’cb;SCQR) :
(4.10) bel
Vb,CEI, Kc|ffcbﬁffcc :Kb|ffchﬁffcc};

here C29(ff,) denotes the space of smooth functions on ffo, which vanish with all
derivatives at bf.

On the other hand, specifying any element of N,,, i.e. any principal symbol as
well as normal operators satisfying the matching conditions (4.7)-(4.8), one can find
a conormal distribution on X2, with precisely these principal symbol and normal
operators since X2 is a manifold with corners and A is a p-submanifold. Thus,
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the combined principal symbol and normal operator maps give rise to a short exact
sequence

(4.11) 0—vrtlXx C)— vm0X,C) — N, — 0.
In case m = —oo, this changes to the analogous short exact sequence
(4.12) 0— VU =HX,C) = U YX,C) - N_oo — 0,

where the last map is the combined normal operator map.

While the normal operator (together with the principal symbol) suffices to char-
acterize mapping properties on weighted Sobolev spaces, compactness, etc., so far
it is not really an operator — it does not act (naturally) on any space of functions.
In fact, one can associate a partial convolution action to the normal operators, as
was done in [40], but it is more convenient to perform a partial Fourier transform
to arrive at a family of operators, which we call indicial operators, on functions on
each front face. The cost of the partial Fourier transform is that the range of the
combined principal symbol and indicial operator maps, which is N, for the nor-
mal operators, becomes more complicated, except for \IJ;COO’O(X ,C), since partial
Fourier transform does not have simple mapping properties on conormal distribu-
tions. Nonetheless, the resulting simple and natural operator action makes the
indicial operator construction worthwhile.

Our next task is thus to construct a multiplicative indicial operator from the
normal operators. Rather than proceeding directly, we digress and use oscillatory
testing for this purpose as was done in [40]. This approach has the advantage of
making the multiplicative properties of the indicial operator transparent. We start
by discussing the effect of conjugation of A by oscillatory functions.

Lemma 4.1. Suppose that A € W™ (X,C) and f € C°(X;R). Then
(4.13) A=e il peif/e ¢ yml(X ).

Proof. It is convenient to use the explicit description of ¥ (X,C) in terms of local-
ization and quantization (3.10). Thus, we may assume that X = S”. Note that the
pull-back of f /x to R™ is a polyhomogeneous symbol of order 1 which we denote
by F. Then the kernel of A is K (w,w') = e!F@)=Fw) [ (y, w') where K is the
kernel of A. But by the fundamental theorem of calculus
n 1
(414 F)-Fw) =S (] - w) / 9, F(w + t(w — w)) dt,
j=1 0
and 0; F' is a polyhomogeneous symbol of order 0. Taking into account the rapid de-
_ 1

cay of K in W = w—w' we immediately conclude that K € A™!((S")2,, Ag; KDZ)

sc?

vanishing with all derivatives at §* bf US* If UB" rf, so, returning to the global set-
ting, A € ¥™!(X,C). 0

A similar argument in fact shows that the commutator of elements of ¥7!(X,C)
with smooth functions % on the original space X, i.e. h € C*(X) c ¥%0(X, (), is
in fact one order lower than expected, i.e. is in ¥~ 11X €). We remark that
for h € C*°([X;(]), the corresponding conclusion generally fails.

Lemma 4.2. Suppose that A € U™ (X,C) and h € C™(X). Then B = [A,h] €
v X, C),
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Proof. Proceeding as above, we write the kernel of B as K'(w,w') = (h(w) —
h(w'))K (w,w"), where K is the kernel of A. Using (4.14) with & in place of F', and
that 0;h is a polyhomogeneous symbol of order —1 (it is here that h € C>(X),
rather than h € C*([X;(]), is used), we reach our conclusion as in the previous
proof. ([

We next discuss mapping properties on C*°([X;C]).
Lemma 4.3. If A € U™ (X,C), u € z"C>®([X;C]), then Au € z"HC>([X;C]).

Proof. This result essentially reduces to the fact that ¥y (X,C) is an algebra. In-
deed, write v = u - 1, and note that Au = (AU)1 where B = AU denotes the
composite of A with the multiplication operator U by u. Since the latter is in
2" Diff2, (X, C), hence in ¥2:"(X,C), we conclude that B € ¥™'"(X C). Thus,
we only have to analyze B1l. Again, we can reduce the discussion to a local one.
But writing B as the left quantization of a symbol b(w, &) as in (3.10), b satisfying
(3.14) with [ replaced by [ + r, and writing the oscillatory integral explicitly as a
convergent integral, we see that

(4.15)

Bl(w) = (27) ™" / e 1y — ) 727 (6) 72 (1 Ag) b(w, E)(1 + Ay )" du dE

for 2r > n, 2s > n + m. Changing the variables:

(4.16) Bl(w) = (2m)™" / eV EMWYT2(E) T (1 4 Ag)*b(w, &) W dE.

This is a convergent integral with w dependence only in b. Since

(4.17) b€ px"py CO([ST5C) x ST,

we conclude that Bl € z!*7C>°([S%;C]). Hence, returning to the global setting,
Au € 2!*7C>(]X;C]) as claimed. O

The previous three lemmas show that if u = e//%v, v € C®([X;C)]), A €
U™0(X,C) then Au = ef/*y with v € C>°([X;C]). Moreover, v’ restricted to
the boundary of [X;C] only depends on the restriction of v to 9[X;C]. It also fol-
lows from Lemma 4.2 that if p € X and v € C>°([X;C]) vanishes at 3. (p) then v’
also vanishes there, i.e. composition is local in X (though not in the resolved space
[X;C]). Indeed, if h € C®(X), v = hv?, u = huf, then A(hu') = hAuf + [A, hluf,
[A,h] € Um11(X,C), hence e~ #/*[A, hJuf € 2C>=([X;C]), so A(hu) vanishes on
Bl(p) whenever h(p) = 0; expanding an arbitrary v € C*°([X;C]) vanishing at
B=t(p) in Taylor series to first order then proves the described X-locality of the com-
position. Similarly, if f(p) = f'(p) and dy f(p) = dy f'(p) (which really just mean
that the scattering covectors d(f/xz) and d(f'/x) agree at p) then e~*//* Aeil/7y
and e~ if'/7 Aeif' /7y agree at p (this can be proved similarly to the previous lemmas;
it will also follow from our explicit calculation below).

This allows us to define the indicial operators of A at the boundary hypersurfaces
of [X;C]. The a-indicial operators will be operators on the fibers of the blow-down
map resolving C,, so in the Euclidean setting, which we discuss in this paragraph,
they will e.g. act on Schwartz functions on X ¢, identified as a fiber of the blow-down
map. For each point p € C!, we will get such an indicial operator for each &, € X,
i.e. the indicial operators will be maps from an appropriate compactification of
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SCT('*}&XG to operators on S(X*). Their kernels arise essentially by taking the (par-
tial) Fourier transform of the normal operator N¢, in W,. This behavior of indicial
operators corresponds to the fact that near C’, A € \I';’CL’O(X, C) can be regarded as
a (non-classicall) pseudo-differential operator in the free variables (wg, &) with val-
ues in bounded operators between Sobolev spaces, e.g. on L?(X,) if m = 0 (in fact,
with values in U°(X® C%)). More precisely, A € W20(X,; B(L*(X®), L*(X%)))
then. This allows one to understand the indicial operator in terms of the operator-
valued principal symbol map in the standard scattering calculus.

In the general geometric setting, the indicial operators would depend on certain
choices in general (though the dependence is via unitary equivalence), but if we have
a scattering metric on X they can be constructed canonically, so we assume this in
what follows. We will also need a more thorough understanding of the structure of
[X;C], so we also discuss this below.

Recall first that a scattering metric ¢ on X is a metric in the interior of X
(smooth symmetric positive definite 2-cotensor) which is of the form

de? K
(4.18) 9="T1+ 2
near X, where x is a boundary defining function of X and A’ is a smooth symmetric
2-cotensor on X whose restriction to the boundary, h, is positive definite. Thus,
g gives a positive definite pairing on **T'X so it is (a somewhat special) smooth
section of °T* X ® 5°T™* X. We remark that the choice of such a ¢ fixes = up to the
addition of functions in 22C*°(X).

Next, we recall the definition of the relative scattering tangent bundle *¢T'(C’; X)
of a closed embedded submanifold C' of X from [40].

Definition 4.4. For a closed embedded submanifold C' of 90X, the relative scat-
tering tangent bundle *°T'(C; X) of C in X is the subbundle of T X consisting of
v €T, X, p € C, for which there exists

(4.19) V € Vse(X;0) C Vee(X)
with V,, = v. Here
(4.20) Vie(X;C) = 2V (X;C) = 2{V € V(X)) : V is tangent to C'}

and tangency is defined using the (non-injective) inclusion map PTX — TX.

Thus, in local coordinates (z,y, z) near p € C such that C is defined by x = 0,
y =0, 5T (C; X) is spanned by 220, and 20,;,j =1,...,m—1where n —m is the
codimension on C in 0X. In the case of Euclidean scattering, X = 8%, C' = 0X,,
g the Euclidean metric, *°T'(C; X) is naturally isomorphic to **T¢ X, i.e. it should
be regarded as the bundle of scattering tangent vectors of the collision plane at
infinity, spanned by O(w,),, j = 1,...,m, m = dim X,.

For C = C, € C, the metric g defines the orthocomplement (*7'(C;X))* of
ST(C; X) in T X.

Definition 4.5. Given g, a scattering metric on X, the subbundle of **T¢ X con-
sisting of covectors that annihilate (S°T'(C; X))*, is denoted by ¢T*(C; X); we say
that it is the relative scattering cotangent bundle of C in X.

This bundle of course depends on g. In the case of Euclidean scattering, *¢T*(C; X)

is naturally isomorphic to *°T% X, and is spanned by d(wg);, j =1,...,m.
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We now choose local coordinates (z,y, z) near p € C such that C is defined by
2 =0, y =0, and such that 29,, give an orthonormal basis of (**T'(C; X))*. Note
that a basis of *°T'(C; X) is given by 2?9, and z9.,, while a basis of **T*(C; X)
is given by 7 2dz, 7' dz;. A covector in *“T*X can be written in these local
coordinates as

d d d
(4.21) ey 2
T T T
We will write this as
d dya dza
(4.22) Ta—ﬁ—kua-i—kua-i
T T

to emphasize the element C' = C, of C around which the local coordinates are
centered. Thus, local coordinates on *°Tj; X are given by (y, 2, T, 4, v), while on
CT*(C; X) by (2, 7,v) = (%4, Tas Va). Note also that at C' the metric function of h
is of the form ||2 + h(z,v) with |u| denoting the Euclidean length of i and h is the
metric function of the restriction of h to T'C’; the metric function of g (also denoted
by g) is thus

(4.23) g="7"+h+|uf
there.

Now if C = C,, C, € C with C, C C}, we can further adjust our coordinates
so that Cy is defined by = 0, ¥’ = 0, for some splitting y = (v',3”). With the

corresponding splitting of the dual variable, u = (i/, "), we obtain a well-defined
projection

(4.24) Tpa 2 “T¢, (Co; X) — T (Cy; X),
(425) Wba(OaZaTa M/Iay) = (277—7 I/)'
In the Euclidean setting this is just the obvious projection
(4.26) Toa : *Thyg Xo = *Ths Xa

under the inclusion X, C X,. We write 7 for the collection of these maps.
Before we define the indicial operators, we need to analyze the structure of the
lift of C, to [X;C]. For C, € C let

(427) Ca = {Cb €C: Cb g Ca}v
(4.28) C*—{CyeC: CoC Oy,

We carry out the blow-up [X;C] by first blowing up C,. Since all elements of C,, are
p-submanifolds of C,, the lift 3[X; C,]*C, of C, to [X; C,] is naturally diffeomorphic
to

(4.29) Co = [Ca; Cal.

Thus, over C/,, the regular part of C, C, can be identified with C,. The front face
of the new blow-up, i.e. of the blow up ofp[X; Co]*C, in [X;C,) is thus a hemisphere
(i.e. ball) bundle over C,, namely STNC,. We write the bundle projection, which
is just the restriction of the new blow-down map to the front face, STNC, as
(4.30) pa:STNC, — C,.

In the Euclidean setting, these fibers can be naturally identified with X¢ via the
projection 7 (extended as in Lemma 2.5). Every remaining blow up in [X;C]
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concerns submanifolds that are either disjoint from this new front face or are the
lift of elements of C*. The former do not affect the structure near the new front
face, STNC, = BIX;Cq; Cou]*Cy, while the latter, which are given by the lifts
of elements of C?, correspond to blow ups that can be performed in the fibers
of StNC,. Note that the lift of C}, € C®, meets the new front face only at its
boundary since all Cp are subsets of 0X. In particular, the lift 8.C, of C, to
[X;C] fibers over C, and the fibers are diffeomorphic to a hemisphere (i.e. ball)
with certain boundary submanifolds blown up. More specifically, the intersection of
BIX;Ca; Co)*Ch, Cp € C*, with the front face STNC, is the image of T[X;Co]*Ch
under the quotients; 3%.C, is obtained by blowing these up in STN C,. Hence, the
fiber of 5%.C, over p € C, is given by [STN,Cq; T,C% where ¢ = 8[X;C,](p) € C,.
In particular, in the Euclidean setting, the fibers of 8;.C, over C, can be naturally
identified with [X¢;C%] via 7. Thus, we have the following commutative diagrams:

(4.31) 0, s - Oy STNC,
6scl %;Ca] ,éal/ /
C, (ja

with Ba being the ﬁbratign to the base C'a.
We now define 5¢T*(C,; X) denote the pull-back of °T*(C,; X) by the blow-
down map 5[Cy;Cq):

(4.32) SCT*(Ca; X) = B[Cu; Ca] T (C; X).
If C, € Cy then m, lifts to a map
(4.33) oo+ Thiopca)-c. (Cbi X) = *T*(Ca; X).

We recall from [40, Section 4] that the interior of the fibers STN,C, = p;*(p)
of p, : STN C, — Cu, p € Cq, possess a natural transitive free affine action
by the quotient bundle (B[X;C.];*T'X)/*T),(Cqa; X). Thus, the tangent space
of STN,C, at every point ¢ € int(STN,C,) can be naturally identified with
(BIX; Ca];SCTX)/SCTp(C'a; X), hence with the tangent space at other ¢’ € int(S+N,C,).

For each operator A € U™ (X, (), the C,-indicial operator of A, denoted by
AGJ, will be a collection of operators, one for each ¢ € SCT;(C’Q;X), acting on
functions on the fiber 51 (p) of B,. So suppose that u € (3, !(p)); we need to
define A,(¢)u. For this purpose choose f € C*(X;R) such that d(f/z), evaluated
at B[Ca;Ca(p), is equal to ¢. Then let A = emif/eg=l Aeif/e ¢ vm0(X,C), and
choose v’ € C*°([X;C]) such that u’|5-1,) = u. Then

(4.34) Aai(Qu = (Ad) 521,

which is independent of all the choices we made. This can be shown by an argument
which is analogous to the proof of the preceeding lemmas, but it will also follow
from the explicit calculation we make below leading to (4.48). If [ # 0, then A(LJ
would a priori depend on the choice of x up to O(z?) terms, but the choice of the
scattering metric g fixes « up to such terms. We often simplify (and thereby abuse)
the notation and drop the index [, i.e. we write Aa = Aa,l, when the value of [
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is understood. Before discussing the C,-indicial operators of A € ¥™!(X,C) in
detail, we discuss how we can combine them into a single object.

In the case of Euclidean many-body scattering, C, = 0X, and A(LJ is a function
on ﬁ;SCTéa)_(a with values in operators on S(X*); here

(435) ﬁa = ﬁ[ca;ca] : éa = [Ca;ca] — C,

is the blow-down map. Note that 3, is simply the restriction of 3[X,;C,] to the
lift C, = B[Xa;Cal*Ca. In fact,

(4.36) Auy € CO(B Ty Xa, W0 (X, C%))

as we show shortly. Note that if Z is a (not necessarily compact) manifold with
corners and (X,C) is a many-body space (in (4.36) we take Z = BT} X and
(X®,C*) for the many-body space), it makes perfectly good sense to talk about
C=(Z, 9™ (X, C)) i.e. about smooth functions on Z with values in ¥"/( X, C). The
topology on ¥ (X C) is the standard one, namely that of conormal distributions
on XSC, conormal to Age, vanishing to infinite order at 8* bf Ug* If UG* tf, 5 : XSC
Xb the blow-down map. This is equivalent to the topology arising by localizing
operators A € ¥"!(X,C) as in (3.20), and using the topology of the symbol spaces
on the local pieces, i.e., with the notation of (3.14) and (3.8), of p" p5LC>([S"; :C] x
S7) and A=™!([ST; C] x S% ), in the polyhomogeneous and non- polyhomogeneous
setting respectively (and that of (X x X;5¢Qp) for the remainder term).

We need to generalize this example to accommodate the geometric setting. It
should be kept in mind throughout following discussion that Z is simply a ‘pa-
rameter space’. So suppose first that ¢ : F — Z is a fibration of manifolds with
corners with fiber X, a manifold with boundary, Cg a cleanly intersecting family
of p-submanifolds of E which is fibered over Z with fiber C, a cleanly intersect-
ing family of p-submanifolds of X that gives rise to a many-body space (X' ,(f)
That is, we suppose that there is an open cover {U j € J} of Z such that
(¢~ 1(U;),Cr N~ (U;)) is diffeomorphic to U; x (X,C); we denote the diffeomor-
phism by ;. Let 8¢E denote the fiber- boundary of E, i.e. locally it is given by
U; x X (under the identification ;). The algebra U, 7 (E,Cp) is then defined
as the algebra of operators A acting on, say, functions u € C°°(FE) which vanish
to infinite order at J4F, with the following local characterization. For each U;
there is an operator A, € C*(U;; W ~°(X,C)) such that for u € CDQ( ) with
suppu C ¢~ 1(U;) and Vamshlng to infinite order at 0y, Au = 5 A (¥ by u.

This local descrlptlon does not depend on any choices. Indeed, the 1ocal definition
is equivalent to saying that the distribution kernel K4 of A on the fiber-product
E x 7 E (with values in scattering densities on the fiber X from the right factor,
to be precise) is conormal on the appropriate blow-up E .7 of E xz E. Here K4
gives rise to the operator A by fiber-integration

(4.37) Au(w, z) = /KA(w,w',z) u(w', 2) |dw'],

where z gives coordinates on Z, w and w’ are variables in the left and right factor of
the fiber X respectively, and we wrote K4 = K (w,w’, z) |dw'|. Indeed, following
the discussion at the beginning of the previous section, we take Eg,  to be the blow-
up of 04 E Xz 04 F in E Xz E, Ay, 4 the lift of the fiber-diagonal, 0y Ay, 4 its fiber-
boundary which we identify with 04 F, (3}3 the image of Cr under this identification,
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and EZ. , the blow-up [E} ,; C’;]. Then the definition of oy " (E,Cg) is given by
modifying (3.6) the natural way. Since all blowups can be done in the fibers over Z
(i.e. Z can be regarded as a parameter), this description indeed agrees with local
definition given above.

This intrinsic definition of \Il;f”(; °°(E,Cg) given in the previous paragraph au-
tomatically extends even to the setting where the fibration ¢ is transversal to the
collection Cg, each fiber of ¢ being diffeomorphic to X. Note that in general there
are no diffeomorphisms 1); even locally such that image of Cg takes a product form
as above, though such diffeomorphisms exist, for example, if Cg is locally lineariz-
able. In particular, we can take Z = SCT”‘(C'a;X), FE to be the pull-back of Z to
STNC, by pa, ¢ : E — Z the map pf induced by the pull-back,

(4.38) E = pT*(Cy; X), ph: E —T*(Cy; X).

Thus, E is a vector bundle over STN C, with projection 7. Finally, we let Cg consist
of the inverse images under 7 of the lifts of C, € C® to [X;Cq; C,] intersected with
the new front face, STNC,; in fact, we also add 04E to Cg to play the role of Cy
in C. We are then in the setting discussed above, so we have defined
(4.39)

T (prT*(Cy; X),Ca)y Co = HSTNC, N BIX;Ca; Ca]*CY) U{D4E}.

SC;Pa

Recall that for Cp € C?,
(4.40) STNC, N B[X;Ca; Cal*Chy = TH[X;Ca]* Cs,

the right hand side understood as the image of the tangent space under the quotient
map. We are now ready to prove the following proposition.

Proposition 4.6. Suppose that A € W'(X,C). Then the indicial operators of A
satisfy

(4.41) Ay € ‘I’prg (peoeT*(Cu; X),Ca).

Proof. We prove this statement by finding Aa@ ) explicitly in terms of local coor-
dinates. To simplify the notation we assume that A € ¥7°(X,C). We identify X
with S7 locally so that C, is given by x = 0, y = 0. In the interior of 3;.C, we
can use the same coordinates as at the front face of [X;C,], i.e. the ones given
in (2.7)-(2.8). So suppose that u' is supported in the region of validity of these

coordinates. Then
(4.42) Au' (w) = /K(w, wu' (w') dw' = /&(w, W' (w — W) dW

with @ as in (3.11). Here the integral is understood as a distributional pairing in
general, but it actually converges if » < —n. We now consider the coordinates
(2.7) on the both factors, i.e. we take (z/,Y’,2’) corresponding to w’ = w — W,
and (z,Y, z) corresponding to w. Expressing (z/,Y”,2’) in terms of (z,Y, z) and W
(using w' = w — W) gives

zj —x(Wa)

4.4 "= a(l—2(Wy)m) L, 2= 291y oy, (W),
@43) o =all—alW,) " 2 = B vy =y - v,
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where we wrote W = (W, W) and (W,);, (W*); denote the components of W,
and W respectively. Thus, (4.42) yields
(4.44)

Au/(2,Y,2) = /&(x,Y,z,W)u’ (

Evaluating at x = 0 gives

Y —we, 2 “’(W“)j> dW.

x
].—if(Wa)m ’ ]-_x(Wa)m

A (0,Y, 2) = /a(o, Y2 W (0,Y — W, 2) dW
(4.45)
= / (/ a(0,Y,z, W) dWa) u(0,Y — W 2)dWe.

Since a is the inverse Fourier transform in the £ variable of the symbol a whose
left quantization is A, and since the W, integral above can be understood as the
Fourier transform in W, evaluated at the origin, we deduce that

(4.46)

Ad/(0,Y, 2) = (2m)~(»~™) /eiW“'f“a(o,Y,z,o,ga)u'(o,y — W, 2)dE* AW,

Thus, the indicial operator A, ((p,0)) where (p,0) € 5¢T*(C,; X) is the zero covector
above p = (0,0, z) € C, is given by

(4.47) Au((p,0))u(Y) = (27r)—<"—m>/eiW“'f“a(o,Y,z,o,ga)u(Y—W“)dg“ dwe,

i.e. by the left quantization in (Y,£%) = (W*,£%) of a(0,Y, 2,0,£%). Similar results
hold for A,(¢) in general, namely

(4.48) A, (z,&)u(Y) = (2m)~ (=™ / e a(0,Y, 2, &0, € u(Y — W) dE* AW,

Though the local coordinates are only valid in the interior of 87.C,, hence not at
B;@C’a, the continuity of Au up to B;@C’a shows that (4.48) also holds with p € C,.

The explicit expression, (4.48) shows, in particular, that Aa(g)u is indeed inde-
pendent of the extension u’ of u that we chose, and also of the choice of f with
d(f/x) prescribed at B (p). Moreover, also from (4.48), for each ¢ € SCT;(C’G; X),
p € Ca,

(4.49) Aa(Q) € WL (7t (), THC™);

here we wrote T,,C® for T,0[X; C,|*C® for simplicity. In fact, (4.48) shows the more

precise statement which encodes the smooth dependence of Aa(g) on (, namely
that

(4.50) Ay € qufpn (p2°T*(Co; X), Ca).

In the Euclidean setting the many-body space (p, ' (p), T,C*) can be identified with
(X% C%), and we can write

(4.51) Aq(¢) € WLO (X0,
and correspondingly
(4.52) Ag1 € C®(B; Ty Xa, UL (X,CY))

as we have claimed. O
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If A€ \Ilgéo(X, C), then the vanishing of Aa,O(C) for every a and every ( €
T*(C,; X) implies, by our explicit formula, that a € C>°([X;C] x S™) vanishes at
(9[X;C]) x S, so A € UI'(X,C). Thus, the vanishing of oy (A) and all indicial
operators together, for A € \IlgéO(X, C), say, implies that A € \Ilgc_l’l(X, C).

An advantage of the oscillatory testing definition of the indicial operators is that
it makes their multiplicative property clear.

Proposition 4.7. If A€ U"'(X,C), B € ¥"'(X,C) then
(4.53) ABag1(Qu = Awi(Q)Ba (C)u.

The indicial operators are very closely related to the normal operators. In fact,
in the proof of Proposition 4.6, K (w,w’') = a(w,w — w’) is the kernel of A, and
its restriction to the front face is a(0,Y, z, W). Thus, the kernel of A,(z,&,) is the
partial Fourier transform of @ in W:

(4.54) Ag(2,&) (Y, W) = (Fw,a)(0,Y, 2,0, W).

This also shows that the range of the indicial operator map is somewhat compli-
cated. Namely, partial Fourier transform does not respect the conormal singularity
of @ at W = 0. However, for operators in A € ¥°>°(X,C) this problem does not
arise: @ then is simply in Schwartz in W, including smoothness at the origin, hence
its partial Fourier transform will have exactly the same properties.

Corresponding to the matching condition, (4.8), for the normal operators at the
intersections of the front faces, there is a matching condition for indicial operators.
Namely, the indicial operators are related via the projections 7p,. Thus, if ( €
SCT*(C'G;X), then the indicial operators of Aa,l(g) are Ab,l(f) where C, C Cj,
C, # Cy, and C € SCTE[ch;ch]*Ca(éb; X) is such that 75, (C) = ¢. This follows easily
from the explicit coordinate form of the indicial operators.

The following proposition is the main reason why a multiplicative indicial oper-
ator is important.

Proposition 4.8. If A € U"0(X,C) is such that o4 (A) never vanishes and A, (C)
is invertible with inverse in W;,"%(p7 (p), T,C®) (i-e. in W"Y(X,C%) in the Bu-
clidean setting) for every a and for every ( € SCT*(C‘a;X), then there exists a
parametriz P € U."°(X,C) for A such that PA —1d, AP — Id € ¥, >*°(X,C).
Moreover, P has the following properties:

(4.55) Tser—r(P) = 05er (A)7Y, Ba(C) = Au(O)7

Proof. In the construction below we may assume that for each (, the b-indicial
operators of AG(C)’l are Ab(f)’l for ¢ with ﬁba(f) = (, i.e. they ‘match up’.
Indeed, A,(¢) € W22(p-1(p), T,C*), with non-vanishing principal symbol and in-
vertible indicial operators Ab(f), 5 as above, by the assumption, hence we can
apply the proposition inductively, with (4.55) providing the claimed matching for
a parametrix P,(¢) of Aa(C ), hence, by the usual parametrix argument, for the in-
verse Aa(( )~ ! itself. The matching condition on the indicial operators is vacuous in
the two-body type setting, i.e. if C = {Cy}, hence we can indeed start the induction
from there.

The only non-standard part of the proof is that we can choose Py € \I!;CT’O(X ,C)
with principal symbol o (A)~! and indicial operators Aa,o(C)fl, i.e. that these
are in the range of the joint principal symbol-indicial operator map. The main issue
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here is the matching condition involving the principal symbol, expressed by (4.7)
for the normal operators, since, as discussed above, partial Fourier transform does
not behave too well regarding conormal singularities. Thus, we proceed as follows.

First, note that there is an operator Qg € \I'S_CT’O(X,C) with principal sym-
bol os(A)~!; this follows from the short exact sequence (4.11), or indeed from
(4.4) (note that we are not specifying the normal operators at this stage). Hence,
G =1d—-QpA € ¥2°(X,C) has vanishing principal symbol, so it is in ¥ (X, C).
Summing the Neumann series Z;’il G’ asymptotically to some G € W "Y(X,C)
and letting Q@ = (Id+G1)Qo gives Id —QA € ¥ *(X,C), then a similar right
parametrix construction and the standard argument comparing the two paramet-
rices shows that @) satisfies

(4.56) Id—QA, 1d —AQ € ¥ ~°(X,C).
In particular, taking indicial operators,

(4.57) T.(¢) =1d —Qa(¢)Aa(Q), Id—A(Q)Q(C) € T>>(p,  (p), T,C®),

and the kernels, which are smooth functions, decay rapidly as { — oo. This implies,
in particular, that | 7a({)l 5(r2, (2 (p))) — 0 as ¢ — o0, hence Id —T;(() is invertible

for sufficiently large ¢ without any assumption on the a priori invertibility of A, (¢),
hence A, (¢)~! exists for large ¢ and differs from Q,(¢) by a term rapidly decreasing
in ¢. In general, for arbitrary ¢, the standard parametrix argument, consisting of
multiplying the previous expressions by Aa(C )~1, then shows that

(4.58) (Aa(O)) ! = QalC) € T (g (p), T,CY).

Since the inverse partial Fourier transform maps Schwartz functions to Schwartz
functions, we deduce that the normal operators corresponding to (A, (¢)) ™1 = Qa(¢)
are in the space C*(ff ¢, ;3¢Q ) with infinite order vanishing on bf, and they satisfy
(4.8) as mentioned in the first paragraph. Thus, from the short exact sequence
(4.11), or indeed from (4.12), there exists an operator R € ¥ **(X,C) such that

Ru(Q) = (Aa(0)) ~ Qul0). B A

Let Py = Q+R; then oy, (Py) = 0sc,-(A) 71, and Py, (¢) = (A4 (¢)) ! as desired.
Hence, proceeding as usual, £ = Id —PyA € \I'SéO(X ,C) has vanishing principal
symbol and indicial operators, so it is in \Ilgcl’l (X,C). Summing the Neumann series
Zjil EJ asymptotically to some F' € UM (X, C) and letting P = (Id +F) Py gives
the required left parametrix. A right parametrix can be constructed similarly, and
then the usual argument shows that they can be taken to be the same. (I

For A € U™°(X,C) self-adjoint, m > 0, with oecm(A) never vanishing, we
automatically have that (4 — \)~' € ¥ ™°(X,C) for A € C\ R. Indeed, the
indicial operator of A — X at the free face, i.e. the lift of Cy = X to [X;C], is
Ao(z,g) — A, i.e. a C-valued function, which is non-zero since the self-adjointness
of A implies that Ay is real, while on the other hand Im A # 0. Then an inductive
argument on the clusters C,, starting with Cp, and using the above proposition,
shows first the existence of a parametrix for A,(¢) — A inside ¥ > (p; 1 (p), T,C%),
which then allows us to conclude the invertibility of A, (¢) — X in the same space
(since we already know that the inverse exists as a bounded operator on L2(p; ! (p))),
completing the inductive step. (This is essentially the inductive procedure outlined
in the first paragraph of the proof.)
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Moreover, the blow-up of (4 —\)~! in \I/;Cm’o(X, C) can be analyzed uniformly
as A approaches the real axis, see e.g. [9, 40]. Therefore, the functional calculus for
self-adjoint operators A and the Cauchy integral representation of ¢(A) via almost
analytic extensions, as in the work of Helffer and Sjostrand [10], Derezinski and
Gérard [3], see also [9], gives immediately

Proposition 4.9. Suppose that A € \IIZZ’O(X, C) self-adjoint, m > 0, and oscm(A)
never vanishes. Suppose also that ¢ € C°(R). Then ¢(A) € ¥, >°(X,C) and its
indicial operators are ¢p(Aq(C)). If instead we assume ¢ € Song(R) then ¢(A) €
v m™0(X,0).

Ifm = 0, that is A € U2°(X,C), then ¢(A4) € ¥2°(X,C) without any assumption
on the invertibility of o o(A). We thus have:

Proposition 4.10. Suppose that A € \IIS;:O(X, C) self-adjoint. If ¢ € C*(R) then
$(4) € VJ)(X,C).

Proof. Since A is bounded, we can replace ¢ by a function ¢ € C°(R) such that
¢ = 1 on the spectrum of A. Now 0y 0(A — A) = 0sc,0(A) — A is invertible for
AEC\R,s0 (A—))"1eW2(X,C) for A ¢ R. Again, (A — \)~! can be analyzed
uniformly up to the real axis, and then the Cauchy integral representation of )(A)
now proves the proposition. (I

Remark 4.11. Following through the Cauchy formula also showsAthat the principal
symbol of ¢(A) is ¢(0sc,0(A)), and the indicial operators are ¢p(Aq(¢)).

5. THE WAVE FRONT SET

The sc-wave front set WFg.(u) of a distribution u, and the sc-operator wave
front set WF.(A) of A € ¥"!(X,C), at infinity will be defined as subsets of the
compressed scattering cotangent bundle

(5.1) ST*X = Ua™ T (Cas X);

we have defined 5¢T*(Cy; X) in Definition 4.5. This is very similar to the image of
the cotangent bundle in the compressed cotangent bundle (the b-cotangent bundle)
that Melrose and Sjostrand used to describe the propagation of singularities for the
wave equation in domains with smooth boundaries [23] and also to the correspond-
ing phase space for domains with corners €2, TQ‘Q, which was the setting for Lebeau’s
analysis of the singularities of solutions to the wave equation on 2. Thus, one may
think of WFg.(u) as containing less detailed information than WFy.(u), in the sense
that the former is a subset of the compressed bundle, while the latter is a subset
of the non-compressed bundle, 75 X. However, there is no simple relationship
between these two wave front sets. In particular, neither of these wave front sets
can be used to describe the other. Thus, the picture that WFg.(u) contains less
detailed information is at least partly incorrect; the two wave front sets are simply
different. The fact that WF.(u) lives on a compressed version of T3y X corre-
sponds to the singular behavior of elements of \I/;rcl’l(X ,C), as compared to those of
ol (X)),

As mentioned in the introduction, we make the assumption that C is locally
linearizable. This assumption simplifies the geometry, and it enables us to give a
rather explicit description of the wave front sets.
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Before proceeding with a discussion of wave front sets, we discuss the basic
topology of ST*X. We topologize 5T*X using the projection 7 : Ty X —
seT* X . We say that a function f on ¢T3 X is m-invariant if f(¢) = f(¢’) whenever
7(¢) = 7(¢’); in this case f induces a function fr on °T*X with fr om = f. By
definition, C' C 5°T* X is closed if and only if 7=1(C) is closed, so if f is continuous
on *°T*X and w-invariant, then f is continuous on se X

Under our assumption that C is locally linearizable, if p € C!, we can choose
local coordinates (yq, z,) on 0X in terms of which all the Cj, satisfying p € C}, are
linear, i.e. they are are given by Apy, = 0 where A, is a (constant) matrix, and C,
is given by y, = 0. Let (74, fta, ¥a) denote the sc-dual variables of (z,yq, 2,) as in
(4.22). Choosing such coordinates, Yo, Za, Ta, Vo are m-invariant near SCT; X.

In particular, there are always continuous functions separating points in ser* X
if p(¢) # p(¢’) (here p : se* X — AX stands for projection to the base), one can
use the pull-back of an appropriate function on 9X, and if p(¢) = p(¢') € C*,
then ¢, € T (Cy; X) are of the form (Z,, 7., 7q) and (Z,,7,,7.), Ta # T, OT
U # 7, and the functions ¢ — 74, ¢ — Vg, are well-defined and 7-invariant on a
neighborhood of p(¢) (this uses that C is locally linearizable), so multiplying them
by the pull-back of a cutoff on 90X gives globally well-defined separating continuous
functions. Thus, *¢7™* X is Hausdorff.

Note that if Ky is a compact subset of 5T X, then K = m(Kj) is compact, and
in fact it is a compact metrizable space, just as in Lebeau’s setting [18, Section III].
(The characteristic variety of A — X\ is an example of such a set Ky that is of
interest here.) This can also be seen explicitly by showing that K is normal, which
we proceed to show.

Fix ¢ € SCT(’S,Q)_((L, write { = (Za, Ta, V), and choose a neighborhood Uy of Z, =
p(¢) in OX such that Uy N Cp = () unless C, C Cyp. Let W =w: SCT{;—OX — R be

given by the following m-invariant function on SCT[j—OX (also denoted by w):

(52) W(C) = |ya|2 + |Za - 2a|2 + |Ta - 7_—a|2 + |Va - Da|2 2 0

in the coordinates (Va, Za, Ta; fta; Va). Suppose that U is open in K, { € U. Thus,
K =(Kn SCTIj—OX )\ U is compact, so, unless K’ is empty, w assumes a minimum
on it which thus has to be non-negative. But w(¢) = 0 implies y, = 0, so p(¢) € C,,
and then z, = Z,, 7, = Ta, Vo = V4, show that ¢ = E Since E € U, this shows that
there exists § > 0 such that w > é on K. Replacing § > 0 by possibly a smaller
number, we can also assume that w(¢) < § implies p(¢) € Uy. We thus conclude
that if U is a neighborhood of ¢ in K, then there exists § > 0 such that

(5.3) {(eK: w(l)<d}CU.

These sets are open since w is continuous, hence they form a basis for the topology
of K as ¢ and § vary; it is easy to see that if one restricts both of these to suitable
countable sets, one still has a basis. Note that, separating the complement of U from
¢ by a level set of w shows explicitly that K is regular, and a simple compactness
argument using these wg (composed with cut-off functions on the reals as in the
next paragraph) shows that K is normal, hence a compact metrizable space, as
claimed.

Composing w with a C* function on R supported near 0 also shows that given
any ( € K and any neighborhood U of ¢ in K, one can construct a m-invariant
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€ function f on T3 X for which f;({) # 0 and supp fr N K C U. This also
shows the existence of smooth partitions of unity on K, smoothness understood as
smoothness for the pull-back to ¢T™*X.

The definition of WFy.(u) and WF._ (A) will be local in X. Thus, we can always
work on S} instead. Just like when we defined o™X, C), we will be able to
proceed either by giving an explicit description in S7 via the Fourier transform, or
by giving invariant definitions. Throughout this section we follow the construction
of the fibred cusp wave front set by Mazzeo and Melrose [19, Section 7]; their proofs
can be easily modified to accommodate our setting.

We start with the operator wave front sets, which we only define for ‘smoothing
operators’ A € \I!;COOJ (X, C) to eliminate the necessity of defining the usual operator
wave front set on *°S*[X; C]. The invariant definition proceeds by oscillatory testing.

Definition 5.1. Suppose that A € U >/(X,C) and ¢ € Ty (Ca; X), p € Cp. We
say that ¢ ¢ WF/_(A) if and only if there exist a neighborhood U of ¢ in °T*X
and a neighborhood V of p in X such that Au € COO(X ) for every oscillatory
function u = e/%v, v € C®([X;C]) with m(graph(d(f/x))) N T px X C U and
suppv C B (V).

This definition implies immediately that WF (A4) is closed in T* X,
(5.4) WF..(A+ B) c WF..(A)UWF..(B), A,Bev_ > X,0),

(5.5) WF. (AB) ¢ WF/ (A)NWF..(B), A,Bec U > (X ().

We can also formulate the definition explicitly. We thus locally identify X with
S% and consider A € \I!S_COO’Z(Si,C). We also identify *“T*S7} with S x R™. So
suppose that A is the left quantization of a symbol a € pLC>([S%;C] x S™) that
vanishes to infinite order at [S;C] x 8S}. Then ¢ ¢ WF{ (A), ¢ € *T;(Cq; X),
p € C/, if and only if there exists a neighborhood U of ¢ in SCT*S?; such that a
vanishes at U’ C (9[S};C]) x R™ to infinite order where U’ is the inverse image of
U under the composite map

(5.6) (9[S%;C)) x R™ (OST) x R™ = 5°T%, ST —"—s ST*ST,

It follows immediately from the usual formulae relating quantizations and the effect
of diffeomorphisms that this definition is independent of such choices. For example,
we could have equally well written A as the right quantization of a symbol with
similar properties.

The general definition for A € \I!;'Cl’l(X,C), again following the paper [19], in
the explicit quantization form as in the previous paragraph, would also require the
rapid decay of a in an open cone (conic in the cotangent variable, &, i.e. in the
second factor, R”, in (5.6)) that includes U’. For A € W **'(X,C), a is rapidly
decreasing in every direction as |£| — oo, so this statement is vacuous, and we
recover Definition 5.1. The main point is that if A € ¥%°(X,C), A,(¢) is invertible,
then there exists a microlocal parametrix for A, i.e. there exists G € ¥%°(X, C) such
that Id = AG 4+ Rg, Id = GA + Ry, with Rg, Ry € 9%°(X,C), ¢ ¢ WF..(RRr),
¢ ¢ WF.(RyL); see [19, Lemmas 14-15].

More explicitly, we have the following sufficient condition for ¢ ¢ WFL (A),
A € U 2%X,C). Namely, if there is a neighborhood V of ¢ = (0,22,£0) €
Ty (Ca;Sh), p € Cy, in 0S} x R™ such that a vanishes to infinite order at every

Bse xid
—_—
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point (¢',€) € (9[S7;C]) x R™ with (Bsc(q'),&) € V, then ¢ ¢ WF, (A). Note
that as p € C/, we can always assume, by reducing the size of V' if necessary, that
(g,€*) € V implies ¢ € C} for some b with C, C C},. We can see that this condition
is sufficient for ¢ ¢ WF._(A) since for nearby ¢ € S*~1, assuming as we may that
q € Cy, Cq C Gy, the restriction of 7 to TS’} takes the form (q,&,€%) — (¢,&)
and &, splits as (§;,&;) with & = &,. Thus, the condition of the previous paragraph
holds if we take

(5.7) U=U{(q,&): ¢€Cy, 3, & st (¢,€) €V and & = (&, &)}

The definition of the wave front set of a distribution v € C~*°(X) at 0X is more
complicated. To determine whether ¢ € T (Co; X), p € Cy, is in WFy(u), we
would like to cut off u to be supported near p, i.e. consider u, » € C*(X), p =1
near p, identify a neighborhood of p with an open set in S7 near dS”, and consider
smoothness of the Fourier transform of u, Fiyu. Indeed, in the two-body setting,
hence in the many-body setting if we consider ( € SCT&) (Co; X) = SCT("g(,)X , written
as a covector & - dw over p € C{), we have

(5.8) ¢ ¢ WFg.(u) iff 3¢ as above, s.t. Fiyu is smooth near €.

In the general many-body setting, ¢ € *T,(Ca; X), p € C!, ¢ takes the form
&y - dwg, and correspondingly we would like to say that Fiu is Schwartz in a
region including the subspace S consisting of all points of the form (£,,£*) where
&% is arbitrary. Here Schwartz takes the place of smooth since the region is not
compact in R”. However, as shown by the example of ordinary wave front set,
we cannot expect that this wave front set behaves reasonably unless the region
U is conic near infinity, i.e. unless it is a neighborhood of the closure of S in the
radial compactification S of R™. This however introduces the complication that
all parallel translates of S intersect U, and we are exactly interested in separating
from each other the singularities on the various translates of .S. This problem is not
too serious, especially for generalized eigenfunctions of many-body Hamiltonians H,
but it introduces additional terms into the following definition which is modelled
on that of the fibred cusp wave front set by Mazzeo and Melrose [19].

Definition 5.2. We say that

(5.9)

¢ ¢ WFy(u) N*°T¢, (Ca; X) iff 34 € BL(X,C), Aqo(Q) invertible in W% (X*,C%),
E|Bj S \I’S_CDQ7O(X76)7 ¢ ¢ WF;C(Bj)v
Ju; €CT(X), j=1,...,s, f€C(X),
Au = ZBjUj + f.

j=1

Here we used the Euclidean notation ¥%°(X ¢, %) instead of W2°(p ! (p), T;,C*) for
the sake of simplicity. Similarly, the filtered version of the sc-wave front set is given
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by

(5.10)

¢ ¢ WFI (u) 0T, (Ca; X) iff 3A € BE(X,C), Aqo(Q) invertible in W0 (X*,C%),
3B, € VX (X,C), ¢ ¢ WFL.(B)),
Ju; €CT(X), j=1,...,s, f € H™M(X),

Au = ZBJ'U]‘ —|— f
Jj=1

Thus, if p € Cy, then the part of WFs. over p lives in *T(Cy; X). If we
define the scattering wave front set, WFy.(u), in terms of operators instead of the
description of WFy(u) given in (5.8) then the extra terms Bju; can be dropped.
In fact, (5.8) is equivalent to requiring that Au € Cm(Sﬁ) where A = F~1¢Fy €
U, >0(Sn), 1 as above, and ¢ € C2°(R™) is identically 1 near ¢. The additional
terms Bju; for WFy.(u) thus arise because the invertibility of A,(¢) implies that

sc.0(Aq(C)) cannot vanish which in turn means that e o(Aq(¢’)) is non-zero for

every ¢’ € *T; (Co; X) since 0sc 0(Aa(()) = 0sc,0(Aa(¢”)). This simply corresponds
to the conic cutoff requirement discussed before the definition.

Remark 5.3. We remark that if u = Pu’ for some v’ € C~°(X), P € ¥_>%(X, (),
then the following is a sufficient condition for ¢ = (p,&,) € SCT&)_{(L, considered as
C;, x X4, not to be in WF.(u). Suppose that there exists 1) € C*°(S"), ¥(p) # 0,
and p € C°(X,), p = 1 near &, and ((7*)*p)F(Yu) € S(R™) = S(Xp). Then
¢ & WFsc(u). Indeed, let

(611)  B=(d=F () p)FO)P, v =/, f = F - ((x")"p)Fé:Pu.

Then B € \I!;COO’O(X, C) (see the beginning of Section 9, in particular Lemma 9.1,
for a similar construction),

(5.12) u=Pu = Id-F ((7*)* p)FY)Pu' + f = Bv + f,

¢ ¢ WF..(B), f € C>(S?). Such a characterization is useful for approximate gen-
eralized eigenfunctions u of a many-body Hamiltonian H; see also Proposition 5.5.

With the topology we put on ¢7T* X, WF,, (u) is closed due to the relationship
between the indicial operators mentioned above. Namely, the invertibility of Aa,() ©)
implies that of Ay o(¢) with 7p,(C) = ¢, hence of Ay o(C") for nearby (’. As the
complement of WF._(B;) is open, this implies that the complement of WFy(u) is
also open.

In addition, WF,. has the standard properties one would expect from a wave
front set. However, only (5.16) plays an important role in our positive commutator
proofs, so we refer to [19, Section 7] for detailed arguments; we only need simple
modifications of the proofs presented there. Thus,

(513) WFSC (ul + U'Q) C WFSC (ul) U WFSC (UQ)

and the corresponding result also holds for the filtered wave front set. Moreover,
pseudo-differential operators are microlocal in the sense that

(5.14) Aec U™ (X,C), ueC (X) = WFy(Au) C WFy.(u),
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and similarly
(5.15) AcU(X,C), uelC ®(X)= WF ™ (Au) ¢ WFT' 'V (u).

We also refer to the remarks after Proposition 5.5 for connecting this wave front
set to the one discussed in [40] in three-body scattering.

This wave front set, WFy., gives a complete microlocal description of distribu-
tions at 0X. To state it generally, we would need to define the extension of the
standard wave front set of u to give a subset of **S*[X; C], but for us the following
extension of (5.14) suffices.

Proposition 5.4.
Pc \I';COO’Z(X, C), WF..(P) compact,
ue C (X)), WF,(P)NWF,.(u) =0 = Pu e C®(X).

We remark that in [22], WFg(u) (or rather its part over 0X) is defined as a
subset of SCTB*XX , the radial compactification of **T; X in the fibers. The part
at fiber-infinity, i.e. at the boundary arising from the radial compactification of
the fibers, extends the usual wave front set from the interior. However, for us this
extension is not important; the operator wave front set of nearly all operators we
are interested in is contained in a compact region of *T* X

Since (5.16) is the main property of the wave front set that we need for the
positive commutator estimates, we briefly outline its proof.

(5.16)

Proof. Suppose ¢ ¢ WF.(u). Then there exist A¢, Bej, uc,j, fe, as in Defini-
tion 5.2. Let G¢ be a microlocal parametrix for A¢, so Id = G¢A¢ + R¢, with

(5.17) U= G(Ag’u, + Reu = Z G(B(,jug,j + G<f< + Reu.

J
Now, Us = (WFL (R¢) U (U; WFL (Bc;)))¢ is open, and {U; : ¢ ¢ WFg(u)} is a
cover of the complement of WFg.(u), hence in particular of WF. (P). Since the
latter is compact, there is a finite subcover, say {U, : k=1,...,N}.

Using a partition of unity, we can write P = ), P, with P, € \I';COO’O(X, C),
WF..(Py) C Ug,. Indeed, as discussed before Definition 5.1, we can find 7-invariant
functions g € C*°(*°T;y X ) with supp(qx)>» N WFL (P) C U, and qo =1 — ", qx
vanishes identically on a neighborhood of WF. (P). Quantizing these as in Sec-
tion 9, i.e. quantizing qxp where P is the right quantization of p, see Lemma 9.1,
using P € U >%(X,C) in place of ¥o(H), gives operators P, € W **(X,C) with
WF..(Py) C Ug, for k > 1, Py € U >°(X,C), and Ziv:o P, = P. Since P has
empty operator wave front set, it can be added to any of the other Pj; henceforth
we drop it from our notation. Then, with Gi = G¢,, etc.,

(5.18) Pyu = Z PkaBk,juk’j + Pkafk + PLRu.
J

Since P, € \I';COO’O(X ,C), all composite operators on the right hand side are also in
U_>%(X,C). Moreover, by construction, WF..(P,) "\WF..(Bx ;) = 0, WF..(P) N
WF..(Ry) = 0, so PyGypBy,; and PRy are both in W **°(X,C), hence map
C~>°(X) to C°(X), while f; € C®(X), so PyGrfr € C®(X) as well. Thus,
Pyu € C®(X), which in turn implies Pu € C>°(X) as claimed. O
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The description of the wave front set becomes simpler for generalized eigenfunc-
tions of many-body Hamiltonians H. Namely, we have the following result.

Proposition 5.5. Suppose that u € C~*(X), H € ¥7°(X,0), m > 0 is self-
adjoint and ocm(H) never vanishes. Let A € R, and define W C **T*X by

T CE W Ty (€ ) 130 < ), W) =1,

3A € U;0(X,0), Aa(Q) = ¥(H),, Au € C=(X).
Then
(5.20) WF(u) C WEo((H — Nu) UW.
The same conclusion holds with WF . replaced by WE™! and Au € C®(X) by
Au e H™H(X).
Proof. Suppose that ¢ ¢ WFy((H — A)u) and ¢ ¢ W. With ¢ as above, let ¢)(t) =

(1 — )/t = N), so P € S;hlg(R) as () = 1. Then ¢(H) € ¥ ™°(X,C) and

Id = (H)(H—\)+v¢(H). With A as above, let A’ = A+(Id —(H)) € ¥2°(X,C).
Then A/ (¢) = 1d and

(5.21) Alu = Au+(H)(H — Nu.
But Au € C°°(X) by assumption, so by (5.14)
(5.22) WF(A'u) = WFe(Y(H)(H — Nu) € WFg((H — M\u).

Hence, there exist A” (in place of A), Bj, etc., as in Definition 5.2, A"A'u =
f =+ > Bju;, and the indicial operator of A” A" at ¢ is just the composite of those
of A” and A’, hence invertible, showing that ¢ ¢ WF(u). O

Remark 5.6. Our definition of WFg(u), which is in particular valid if (X,C) is a
three-body space, is different from the wave front set WF3,.(u) used in [40] in the
three-body setting. Indeed, in the definition of WF 3. (u), the terms Bju; appearing
in Definition 5.2 were not allowed. Consequently, (5.14), and its filtered analogue
did not hold in general. However, for the positive commutator proofs of both [40]
and the present paper, one only needs (5.16), which was proved for WF3,.. Note
that WF5,.(A) and WF. (A) are compact for all operators appearing in positive
commutator estimates in both papers.

Note that WFs.(u) C WF3s.(u) directly from the definition. Moreover, if
(Id—P)u € C®(X) for some P € W_*9X,C) (e.g. P = (H) in the setting
of the proposition) then WFg.(u) = WF3s.(u). In fact, suppose that ¢ ¢ WFy.(u),
so Au = 3 Bju; + f as in Definition 5.2. Since A is invertible near ¢, we can
arrange (by inverting A nearby, i.e. by constructing a ‘microlocal parametrix’) that
u =) Bju; + f' with B} € T YX,0), ¢ ¢ WEF.(B)) (cf. [19, Lemma 16]; we
remove the term Cu stated there by writing it as CPu + C(Id — P)u, and incorpo-
rating them in 3 Bju; and f’ respectively). Using the methods of Section 9, given

any neighborhood U of , it is easy to construct an operator G € W_*>°(X,C) such
that WF._(G) C U and ¢ ¢ WF._(P—G) (hence the same holds for a neighborhood
of ¢). Since the indicial operator of @ = G + (Id —P) at ¢ is the identity, and since
(Id—P)u € C=(X), we only need to prove that Gu € C>°(X) to conclude that
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¢ & WF3sc(u). But Gu =3 GBju; +Gf’, soif U is chosen sufficiently small, then
GBj; € V. >*(X,C), so Gu € C>(X) indeed.

6. THE HAMILTONIAN AND GENERALIZED BROKEN BICHARACTERISTICS

We next analyze the operator H — X\ where H = A +V and A is the Laplacian
of a scattering metric

dz? h
(6.1) g=
Recall that b’ is a smooth symmetric 2-cotensor on X whose restriction to X (i.e.
its pull-back), h, is positive definite. We assume that

(6.2) V € C*°([X;C];R) vanishes at 35.C,

zt x2

i.e. V vanishes in the free region. This implies that
(6.3) H € Diff% (X, C).

Such a situation arises, for example, in actual Euclidean scattering if the potentials
V. (in the notation of the introduction) are classical symbols of order —1 on X*°.
Hence, we make the following definition.

Definition 6.1. A many-body Hamiltonian is an operator H = A + V where A is
the Laplacian of a scattering metric g, and V satisfies (6.2).

As indicated in the Introduction, from this point on we also make the assumption
(6.4) (X,C) is locally linearizable;

this will simplify the analysis. We recall that this is equivalent to the local existence
of Riemannian metrics on 0.X, possibly different from h, with respect to which all
elements of C are totally geodesic.

Since 0y 2(A) never vanishes, the same holds for oy 2(H) which is the pull-back
of the former. A simple calculation, see [40, Sections 4 and 11] for more details,
shows that the indicial operators of H are given by

(6.5) Ha0(€) = Hoo((p,0)) + 72 + h(z,v), € = (2,7,v) € *T*(Cy; X),

(6.6) H,o(p,0) =Ay +V(p,Y)
where Y are ‘Euclidean coordinates’ on the interior of p;1(p), i.e. that of 55 (p),
and Ay is the Euclidean Laplacian.

More precisely, we have seen in Section 4 that (5[X; CQ]ZSCTX)/SCT,,(C’G; X) nat-
urally acts transitively and freely on the interior of p;!(p) = S *Npé'a, so it makes
sense to talk about translation invariant vector fields and differential operators on
the interior of S*Npéa. Indeed, the restriction to STN C, of the lift of elements
of Diff¢.(X) (under Bsc) are such. We can see this since Vs (X) is given by sections
of **T'X’; the restriction of the lift of P € Vi.(X) is then given by the identification
of (B[X;Ca];SCTX)/SCTp(C’a; X) with the tangent space at each point of the fiber
p21(p). Using the metric g to identify the quotient bundle with the orthocomple-
ment of 7T, (Cy; X), STN,C, becomes an affine space with a translation-invariant
metric (i.e. ‘Euclidean’) with the metric induced by g; Ay is the Laplacian of this
metric.
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Equations (6.5)-(6.6) show that H,(p,0) is uniformly bounded below, so for
any ¢ € C°(R) the set

(6.7) Ua cl({§ € T (Ca; X) = (Ha(E)) # 0})
is compact.

The bound states of the subsystems of H play an important role in Euclidean
many-body scattering. The appropriate replacement in the general geometric set-
ting is given via the indicial operators of H. Thus, in this paper the statement ‘no
subsystem of H has a bound state’ means that

(6.8) H,0(€) has no L? eigenvalues for any a # 0 and ¢ € *°T*(C,; X).
Due to (6.5)-(6.6), this means simply that
(6.9) ha(p) = Hao((p,0)) has no L? eigenvalues for any a # 0 and p € C,.

In Euclidean scattering h,(p) is just the subsystem Hamiltonian h, (which is then
independent of p), so in that setting (6.8) indeed means that the (proper) subsys-
tems of H have no bound states.

If no subsystem of H has bound states it can be expected that A — X\ governs
the propagation of singularities of distributions u with (H — \)u € COO(X ), except
that the flow will break at the places where V' is singular (i.e. where locally V ¢
C*(X)), similarly to boundary and transmission problems for the wave equation
[12, Chapter XXIV], [23, 18]. Now, the symbol of A — X at X (i.e. its sc-indicial
operator) is ¢ — A. Hence, its characteristic variety is

(6.10) Y=Ya2={€*T5xX : g(§) —A=0}.

The rescaled Hamilton vector field S°H, = = 'H, of g (or g — \), introduced in
[22], is

(6.11) *Hy =27(20; + -0y +v-0y) —2h0- + Hy + W', W' e V,(*T*X),
so its restriction to 0.X, also denoted by *°Hy, is

(6.12) *Hy=271(p- 0y +v-0,) — 2h0; + Hy,.

Here (y, z, T, 4, ¥) denote coordinates about some C = C, as before, though notice
that p- 0, +v -0, is simply the radial vector field in 70X, so the above expression
is indeed invariant (as it must be). The bicharacteristics of A — X are just integral
curves of *°H,.

We divide the image ¥ C 5T*X of ¥ under 7 into a normal and a tangential
part,

(6.13) S =%,(\) ULV,
as follows. Let 7 be the restriction of m to X. We let
(6.14)

En(A) = Ual{€ € T¢ (Ca; X) N > : 771(€) consists of more than one point}
and
(6.15) X4(A) = Ua{€ € T, (Cas X) N ¥ : #71(€) consists of exactly one point}.

In terms of our local coordinates around C!, in view of (4.23) and |p4|? > 0, this
means that

(6.16) Sn(A) = Uaf{(2a; Tas Va) € *T& (Ca; X) 1 72 + h(2a, va) < A}
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and

(6.17) Et(A) = Ua{(2a: Tas va) € *T¢0 (Ca; X) 72 4 h(za,va) = A}

Notice that for { = (Za, Ta, Va) € () and the unique point £= (0, 24, Tas fa, Va) €
T5X with m(€) = € we have p, = 0. As the d,, component of *°Hy is 2u, - 0y,
at yo =0 (i.e. at C,), for such & and &, *°H,(&) is tangent to *°T, X. On the other

hand, if £ € £,,(\), £ € #71(€), then 5 H,(€) is normal to 5°T}5, X, hence the choice
of our terminology. Notice also that on SCT&)X , w is the identity map, so

(6.18) BNTE X C ().
We also define the radial sets Ry () as the sets
(6.19) Ri(\) =n({(y, 2,7, ,v) : =%V, h(y,z pmv)=0}).

Thus, R4 (A\)UR_(A) is the image (under 7) of the set where °H, vanishes. Notice
that

(6.20) R (A)UR_()\) C Si(N).

Following Lebeau, we define generalized broken bicharacteristics of A — X\ as
follows. First, recall from Section 5 that we say that a function f € C®(**T5X)
is m-invariant if for €& € CTix X, 7€) = n(€') implies f(£) = f(£). A =
invariant function f naturally defines a function fr on ¢T*X by f.(£) = f(€)
where € € T3 X is chosen so that w(é) =&

Definition 6.2. Suppose that (X,C) is locally linearizable. A generalized broken
bicharacteristic of A — X is a continuous map v : I — seT* X where I C R is an
interval, satisfying the following requirements:

(i) If & = v(to) € E¢(A) then for all m-invariant functions f € C*°(**T}; X),

d e i E
(6.21) 51 Um0 (to) =" Hyf(&), So =7 H(o)-
(i) If o = v(to) € Bn(A) N*T¢, (Ca; X) then there exists € > 0 such that
(6.22) tel, 0<|t—to| <e=(t) ¢ *T¢ (Cas X).

The success of this definition (so that it indeed describes what we wish to de-
scribe) depends on a plentiful supply of 7-invariant functions on *°T75, X. Under
our local linearizability hypothesis, (6.4), there are always many such functions.
Recall from Section 5 that by (6.4), if p € C' = C”, we can choose local coordinates
(y,z) on OX in terms of which all the C}, satisfying p € Cj, are linear, i.e. they are
are given by Ayy = 0 where A is a (constant) matrix, and C, is given by y = 0.
With (7, i, v) denoting the sc-dual variables of (x,y, z), we see that y, z,7,v are
m-invariant near *“7yX. In general, without the assumption (6.4), v would not be
m-invariant, and we would not be able to modify it to make it such, so the definition
would be inadequate. ~

We can also arrange that the metric function is of the form h = h(z,v) +
hnn(z, ) at Cy by a further change of coordinates 27 = z; + 35 Zjk(2)yk, ¥’ = v,
which preserves the linear structure of the Cj. In general we cannot arrange that
hon (2, 1) = |u|? everywhere along C’, without destroying the product-linear struc-
ture of the C,. However, by a linear change in the y coordinates we can make
sure that at a fized p € C', h = h(z,v) + |u/>. The continuity of a generalized
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broken bicharacteristic v means that if vy(tg) € °T¢ (C; X), then for ¢ near to,
t— (y(y(), z(v(), 7(~(t)), v(y(t))) is continuous, but u(vy(t)) may be discontinu-
ous. In terms of Euclidean scattering this means that at C; the external momentum
is conserved, but not necessarily the internal one, while image(y) C ) corresponds
to the conservation of kinetic energy. The latter cannot be expected to hold if the
subsystems of the Hamiltonian have bound states; the relevant broken bicharacter-
istics in that case exhibit more complex behavior. Another example of a w-invariant
function in this situation is y - u; this will play a rather important role in the prop-
agation estimates. In fact, SH,(y - u)(&o) = 2|po|? if & € STy X is of the form
(0, 20, 70, 10, o), so if W(éo) € ¥,(\) and & € ¥ then y - p is a parameter along
generalized broken bicharacteristics near fo — see also the following proposition.

A stronger characterization of generalized broken bicharacteristics at X,,(\) fol-
lows as in Lebeau’s paper. Notice that ify: I — ¥ is continuous then the conclusion
of the following proposition certainly implies (i) and (ii) ((ii) follows as y; = (ya);
are m-invariant), so the proposition indeed provides an alternative to our definition.

Proposition 6.3. (Lebeau, [18, Proposition 1]) If v is a generalized broken bichar-
acteristic as above, tg € I, &y = Y(to), then there exist unique £.,6_ € S(A—)) sat-
isfying w(éi) = & and having the property that if f € C®°(*°T5X) is m-invariant
then t — f-(y(t)) is differentiable both from the left and from the right at ty and

(6:23) () Um0 how = *Hy 7Gx

We refer to Lebeau’s paper for the proof in the general setting, but in the Ap-
pendix we give the proof under the assumption that the elements of C are totally
geodesic. In fact, we prove slightly more by giving a Holder-type remainder esti-
mate. We present the proof in the Appendix, but we emphasize that it is simply
a minor modification of Lebeau’s proof. We remark that the most delicate part
of the conclusion (under the totally geodesic assumption) is the differentiability of
the ‘normal’ coordinate functions y; along v, i.e. that of y; o v. Here we dropped
the projection 7 from the notation (i.e. we did not write (y;) o) to simplify it;
we will often do this in the future for the other w-invariant coordinate functions 7,
zj, vj. The proof proceeds by induction using the order on C. Thus, we have to
understand what happens near ¢ if y(to) = & € n(A) NI (Cq; X). The induc-
tive hypothesis is that we have already proved the propositioﬁ for b with C, C C.
Thus, by Definition 6.2, part (ii), it is true for ¢y replaced by ¢ # to, assuming
|t — to| < e. Hence, we need to analyze the behavior of the coordinate functions
using the Hamilton equation, (6.23) which is a little more delicate than the positive
commutator construction in Proposition 10.4, but the two proofs are very closely
related via the use of same function ¢ to localize near (and along) the generalized
broken bicharacteristics. A rather similar analogy arises in our tangential estimates
in the totally geodesic setting; see Propositions 7.1 and 10.6 respectively.

We now describe some corollaries of this proposition. First, we remark that the
role of the globally defined w-invariant function 7 is somewhat analogous to the role
played by the time variable in the wave equation in Lebeau’s paper. In particular,
T gives a parameter along generalized broken bicharacteristics with the exception
of some trivial ones (namely the constant ones in Ry (A) U R_(\)). To see this, we
show the following corollary of the above proposition.
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Corollary 6.4. Suppose that v : I — Y is a generalized broken bicharacteristic.
Then T =T1r0v:1 — R is a C* function. In addition, T has one of the following
forms. FEither
(1) T(t) =X\ forallt €1, or
(ii) T(t) = =V for allt € I, or
(iif) T"(t) <O for all t and if I =R then T(t) — FV as t — +o0.

Proof. As A =724 hin X a_», we have for all é € X a_ ) that
(6.24) “Hyr(€) = —2h(€) = 2(r()* = V).

Thus, with T" = 7 o 7y, the previous proposition implies that for any ¢ € I, T is
differentiable from both the left and the right at ¢, and both of these derivatives
are equal to 2(T'(t)2 — \). (We remark that this is proved directly in the Appendix
as a first step to the proof of the proposition.) Thus, T is C! and it satisfies the
ODE dT/dt = 2(T? — X\). But, given say T(ty) = 7o, this ODE has a unique
solution which is C*°. The last statement follows by writing down the solution
of the ODE explicitly, which, if T'(¢g) € (=X, \) for some ty € I, takes the form
T(t) = —v/Mtanh(4V/\(t — ¢)), t € I, for an appropriate constant c. O

Since for £ € ¥ with 7(£)? = A we automatically have £ € Ry (\) U R_()\), in
(iii) we see that (if I = R) as t — £o00, y(t) approaches R+(\). In addition, in the
same case, as T” never vanishes, T' € (—v/A, v/A) can be used to reparameterize ~
(reversing its direction).

We proceed to examine generalized broken bicharacteristics in more detail, start-
ing with cases (i) and (ii). Namely, we prove that generalized broken bicharacter-
istics through Ry (\) U R_()) are constant maps:

Proposition 6.5. Ifv: I — Y is a generalized broken bicharacteristic, y(ty) =
& € R (A) UR_(N), then y(t) = & fort € I. Hence, #~ ' o is a bicharacteristic
of *°Hg.

Proof. The previous corollary and the above remarks show that for all t € I, v(t) €
Ry(A\)UR_(\). Let &(t) = #~1(y(t)). Thus, *°H,, vanishes at £(t) € 7~ (Ry(\) U
R_(\)) for all ¢. Since the base variables y and z are m-invariant, we conclude that
d((y;)x ©)/dt vanishes identically, hence y is constant, and similarly for z, proving
that y(t) = & for all t. The last statement of the proposition follows since *°H,
vanishes at 771 (R (A\) U R_())). O

Now, we consider case (iii) of Corollary 6.4. Namely, we show that if we rescale
and reparametrize v and project off its 7 component, we obtain a generalized broken
geodesic (of h) in 0X, broken at C. This is a notion completely analogous to that
of our generalized broken bicharacteristics, and we proceed to define it. Again, we
need to introduce a ‘compressed’ cotangent bundle. The metric A on dX naturally
identifies the cotangent bundle T*C of C' € C as a subset of T*0X. The compressed
cotangent bundle of 9X is then

(6.25) T*0X = UyT¢, Ca.
It is topologized by the projection 7y : T*0X — T*9X. We also define the com-

pressed cosphere bundle as the image of S*0X under my; here S*0X is the set of
covcectors of unit length:

(6.26) S5*9X = 715(S*0X).
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The restriction of 75 to $*9X is denoted by 7p. This plays a role analogous to
that of 3. We also define its tangential and normal parts:
(6.27) S:0X =U,{C e 1¢,Ca NS*0X : 7, (¢) consists of more than one point}
and
(6.28) S;7OX =U.{C € TE, Co N S*0X : 75" (¢) consists of exactly one point}.
Generalized broken geodesics are then defined as follows.

Definition 6.6. A generalized broken geodesic of h is a continuous map vy : I —
S*0X, where I C R is an interval, satisfying the following requirements:

(i) If o = va(to) € S;‘@X then for all mp-invariant functions f € C*(T*0X),

d sy = .-
(6.29) 5 ra ©70)(to) = Hy, f(Co), Co = 7o '(¢o)-
(i) If Co = va(to) € SEOX N T¢, Cq then there exists € > 0 such that
(6.30) tel, 0<|t—to| <e=s(t) ¢ T¢, Ca.

Remark 6.7. Sometimes, with an abuse of terminology, we also say that the pro-
jection of a generalized broken geodesic to X (via the projection $*9X — 9X
inherited from T'0X) is a generalized broken geodesic. Indeed, this was the termi-
nology used in the introduction.

The metric g gives rise to a product decomposition
(6.31) ¥ ToxX =R, xT*0X.
The compressed scattering cotangent bundle is thus also naturally a product:
(6.32) T*X =R, x T*0X.
We sometimes write the product variables as & = (1,¢”). We write
(6.33) p:T*X — T*0X

for the projection to the second factor. Note that ¢T* X inherits a natural R-action
from S°T%, X, and if £ € 3, 7(£)% # A, then ¢ = p((\ — 7(£)?)~1/2¢) € §*0X since
h=X—72on3.

We also reparametrize generalized broken bicharacteristics 7 satisfying (iii) of
Corollary 6.4 by letting s = S(t) where S satisfies dS/dt = 2(\ —7(y(t))?)'/2, with
S(to) = sop picked arbitrarily. We have the following result.

Proposition 6.8. Suppose that v : 1 — Yis a generalized broken bicharacteristic
which is disjoint from Ry (A\) U R_()\). Then yo S™':J — X, S defined above, is
given by

(6.34) 7 =VAcos(s — 1), £ =V Asin(s — 51)7s(s)

where s1 is an appropriate constant and vy : J — S*0X is a generalized broken
geodesic, broken at C. If I =R, then J = (s1,s1 +7), in particular J has length 7,
and correspondingly the projection of v to 0X is a curve of length .
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Proof. Let

VA=7(1(571(5)))?
Condition (ii) of Definition 6.2 implies (ii) of Definition 6.6 immediately. Let f €
C>*(T*0X) be a mp-invariant function. Let

(6.36) F(&) = F(p((X = 7(&)*)71/%¢));

here we slightly abuse the notation and write p : **T5x X — T%0X. Then F
is m-invariant, so (i) of Definition 6.2 applies and gives d(Fy o 7)/dt(ty). Since
(Fron)oS~™t = fr, o7, the chain rule and a short calculation of **H,F gives
(i) of Definition 6.6. The first equation in (6.34) follows since along 7, ds/dr =
(ds/dt)(dr/dt)~" = —(A = 72)"12. As (A — 72)/2 = V/Asin(s — s1), the second
equation follows as well. Since 7 — Fv/A along v as t — Fo0 and 7 is decreasing,
we deduce the last statement. O

(6.35) vﬂﬂ=p< (5 () >.

It is useful to introduce a relation on S* x 3(\) using the structure of the
generalized broken bicharacteristics given in this proposition.

Definition 6.9. Suppose £ € S(\)\(R_(A\)URy()\)), ¢ € S*0X. We say that £ ~_
¢ if there is a generalized broken bicharacteristic v : R — E()\) with vy(to) = £ such
that vg : (a,a+m) — S*0X, as in the above Proposition, satisfies limg_,,+ vo(s) =
¢. We define & ~4 ¢ similarly by replacing a+ in the limit by (a + 7)—.

We also need to analyze the uniform behavior of generalized broken bichar-
acteristics. Here we quote Lebeau’s results; they can also be proved completely
analogously to the proof of Proposition 6.3 given here in the Appendix.
Proposition 6.10. (Lebeau, [18, Proposition 5]) Suppose that K is a compact
subset of 3, v [a,b] — K is a sequence of generalized broken bicharacteristics
which converge uniformly to ~v. Then 7y is a generalized broken bicharacteristic.

Proposition 6.11. (Lebeau, [18, Proposition 6]) Suppose that K is a compact
subset of ¥, [a,b] C R and

(6.37) R = {generalized broken bicharacteristics v : [a,b] — K}.
If R is not empty then it is compact in the topology of uniform convergence.
Corollary 6.12. (Lebeau, [18, Corollaire 7]) If v : (a,b) — R is a generalized

broken bicharacteristic then v extends to [a,b).

7. GENERALIZED BROKEN BICHARACTERISTICS FOR TOTALLY GEODESIC C

We next examine the generalized broken bicharacteristics if all elements of C
are totally geodesic with respect to h. First we prove that generalized broken
bicharacteristics v : I — X with v(¢o) = &o, o € Zie(A) N T, (Cq; X) are actually
bicharacteristics of *°H, (and hence stay in T, (Cy; X)) for ¢ near to.
Proposition 7.1. Suppose that all elements of C are totally geodesic with respect
toh. Let v: I — X be a generalized broken bicharacteristic,

(7.1) Y(to) = o € (Be(A) N*TE, (Ca; X))\ (R4 (A) UR_(N)).

Then fort € J, J a neighborhood of to, we have y(t) € E¢(X) N *°TE, (Co; X), and
v|s s a bicharacteristic of *°H,.
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Proof. Our strategy consists of constructing a m-invariant function ¢ with **Hy¢ >
¢ > 0 in a neighborhood of #71(&). Thus, by Proposition 6.3, d/dt(¢x(7))|tx >
¢ > 0 for t € J, J sufficiently small, so ¢, o« is increasing there. This will allow
us to draw the desired conclusion for the correct choice of ¢. We remark that
this ¢ will reappear in the proof of the propagation estimate in Proposition 10.6.
Moreover, it is essentially the same as the corresponding function in the three-body
propagation estimate [40, Proposition 15.4], though we will use slightly different
methods to estimate *°Hy¢.

In fact, first we find a m-invariant function w such that ¢ H, will be appropriately
small near 771(&y). So introduce coordinates centered at C” as after Definition 6.2.
Then the metric function takes the form

(72)  h=>_ hd(y, 2y +2 Y Wy, 2wy + Y hil(y, 2)viv;
with

(7.3) hitn (0,0) = 67, hi3y(0,2) =0,
and, due to the assumption that C, is totally geodesic,
(7.4) dyhi(0,2) = 0.

We write

(7.5) h(z,v) = hi(0,2)viv

for the restriction of the tangential part of the metric function to Cy,, so

(7.6) hly—o = h+ > hiJ (0, 2)pip;.
Now, the Hamilton vector field of h is given by
(7 7)

= 2Zhnnujayz + 2Zhnfﬂzazj + QZh 1V Oy; + 2thtVJ £

,J

Z (0, him Nlﬂj&/k +2 Z (0, hnt 1i§ Oy, + Z(azm hg)’/iyjal/k + W
i,5,k i,5,k i,5,k

with W’ = 3" a;d,,. Hence, if w € C*(R7*~! x R7",) then

(7.8) Hpwly—o = Hyw + » (02, (h — h))d,,w
k
Now, u, hence h — h, is small near #71(&), so to model
(7.9) *Hy=271(p- 0y +v-0,) — 2h0; + Hy,
we introduce the vector field
(7.10) W =2r(v-8,) — 2h0, + Hj,
locally (near &) on 5°T*(Cy; X ). Thus, we have
(7.11) “Hywly—o = Ww — 2(h — B)d;w + Y (9, (h — h))d,w
k

which is small if Ww is small.
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We define w as follows. First, W7 = —2h, and h., (o) # 0 since & ¢ Ry (\) U
R_()\), so near &, W7 # 0, i.e. W is transversal to the hypersurface 7 = 7. Thus,
near &y in 5°T*(C,; X) we can solve the Cauchy problem

(7.12) Ww =0, Wrery = (2 — 20)% + (v — 1)

Since w and dw vanish at &y, the same holds on the bicharacteristic of W through
&, but w > 0 and the Hessian is still positive in directions transversal to the
bicharacteristics as these hold at &. Moreover, by [12, Lemma 7.7.2],

(7.13) ldw| < Cw?/?,
Let
(7.14) ro =72 + ho(v) = A,

so Wrg =0. At 7 = 79 we have rg = ﬁz(u) — BZO(VO), SO
(7.15) Iro| < C'|dw| < C"w'/?

when 7 = 79, and then Ww = 0 = Wry implies that this inequality holds every-
where. Therefore,

(7.16) h—h| <|A=72—=h|+A=72—h| < |A =12 — h| + Cw'/2.
Now,

(7.17)
S Hyw = *Hyw — Ww = — 2(h — h)d,w

+2Zh” (y, 2 HzazJW+QZ hi(y, 2) — hil (0, 2))v;0.,w

1,

Z Pt (U, 2) it O + 22% i (y, 2) v Oy, w

1,5,k 4,4,k
+ Z 0z, (i ya hyt (0 2)viviOpw.
i,5:k

Thus, using (7.3)-(7.4), for some C,C’ > 0 we have
(7.18) Hgw — Wow| < (|7 + h = A + w2 + [y > + [uf* + |ully])|dw|
| SO(r +h = A+ w2 4 |y + ).

Next, note that

(7.19) CHylyl* =4 Wiy + 4 hlvivi,
0. 0.
so by (7.3),
(7.20) [ Hyly[*] < Clyl(lyl + |ul)-
For e > 0 let
(7.21) P =¢=mo—r+e Y +ew
Thus,
(7.22)

[°Hyd — 2h| < C(e [yl (Jyl + [ul) + €202 (ly > + |uf* + [7° + h = Al + /%)),
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We next estimate p. First, as h¥,(0,0) = &;5, hyy is positive definite in a small
neighborhood of (0, 0) and

(7.23) lul* < 2Zhnn Y, 2)ift

there. On the other hand,

(7.24) Zhnn (y: 2Dy = b=l = S hili(y, 2)pavs = 3 (R (9, 2) = i (0, 2) v,
i,J i,J
SO

(7.25) Zhnn (ys 2)pigsj] < |h— | + Culyllu| + Calyl*.

Moving C|y||p| to the right hand side and completing the square gives

(7.26) (Il = Csly)* < |k — Rl + Calyl*,
SO
(7.27) lul < C(Ih =R+ Jyl), de. |uf* < C'(Ih—h| + [y[?).

We can finally estimate °Hy¢, using (7.16) as well:
*°Hy¢p — 2h| < Cle  yl(ly| + ' + |7 + h = A|'/?)
(7.28) -2 1/2(1,,12 2 1/2
+e fwE(JylF F T+ h = A +w?)).

Note that ¢, (&) = 0, so near 7~ (&y), ¢ is small. So now suppose that 0 < § < 1
and

(7.29) ¢ <25 and T — 19 < 26.
Then
(7.30) e Hyl* 4+ e 2w < 46,

so |y| < (4€6)/?, w < 4€%5. Hence, under the additional assumption
(7.31) |72+ h — \| < e,

i.e. that £ = (y, z, T, p, v) sufficiently close to ¥a_y, we have

(7.32) [H,p — 2h| < C(e71(e8)2(20)V/4 + e72625) < C"6%/4.

Since h(7~1(&)) > 0, we have h(€) > 2¢ > 0 in a neighborhood of #71(&). Now
choose §p > 0 sufficiently small, so that 0’53/4 < c¢. Note that this requirement

is independent of e. We thus conclude that for § € (0,d), £ satisfying (7.29) and
(7.31), we have

(7.33) H,6(€) > ¢ > 0.
Now, using the result of Proposition 6.3, let £+(t) € (A — )) be the unique
points such that 7(£4(t)) = v(t) and for all w-invariant f

(7.34) (%) (fr0Y)|ex = “Hy f(Ex(t)).
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Choosing a sufficiently small open interval J around to, 7(v(t)), hence 7(£4(t)),

automatically satisfies (7.29) for ¢ € J, while (7.31) holds automatically as £1(t) €
3(A — A). Thus, applying (7.34) with ¢ in place of f, we see that, with

(7.35) g(t) = px 0 (1),
we have
(7.36) teJand g(t) <20 = <Z—§) ltx > ¢ > 0.

As g is continuous and g(tg) = 0, this shows that g is increasing on JN(—o00,to]. To
see this, first note that g(¢) < 2§ on JN(—o00, o], for otherwise g=1({28})N(—o0, to]N
J is not empty, ¢g=1({20}) N (=00, to] is closed, so taking t; = sup(g—1({26}) N
(—o0,t0]) < to and t; € J. Thus, for t € [t1,t0], g is differentiable from either
side at ¢ and the derivatives are both positive, so g is increasing on [t1, %], hence
g(t1) < g(to) = 0 contradicting g(t1) = 2. Thus, g < 26 on J N (—00,0], so g is
increasing here, so g(t) < 0 for t € JN(—00,ty). Taking into account the definition
of ¢ we immediately deduce that

(7.37) ly(v(t))| < Ce'/?, t € TN (=00, tp).

Since € € (0,1) is arbitrary, we conclude that y(v(t)) = 0 for t € J N (—o0, to],
so y(t) € 3¢T*(Cy; X) for such t. Similarly, w(v(¢)) = 0 for such ¢, so by the
construction of w, (¢) is the integral curve of W through &, (for t € J, t < ty).
Of course, a similar argument (with a change of sign in 79 — 7 in (7.21)) works for
J N[0,00), so we conclude that y|; C %°T¢, (Cq; X) and 7|y is an integral curve of
W. As W preserves 24 h (being essentially its rescaled Hamilton vector field),
T2(y(t)) + h(y(t)) = A\, t € J, so 7|5 C X¢(N), and hence at 771 (vy]s), *°H, and W
agree and | is a bicharacteristic of *°H, as claimed. O

Next, we prove that if §o € X,(A) N*°TE, (Co; X), v(to) = &o, v is a generalized
broken bicharacteristic, then for a sufficiently small § > 0, v|(o 5 is a generalized

broken bicharacteristic of A — X, broken at C' C C, where C’ is cleanly intersecting
and C, ¢ C’'. This will not use that C is totally geodesic.

Proposition 7.2. Suppose that & € ,(X) N *°TE (Co; X), v is a generalized
broken geodesic with v(to) = & and §~+ is as in Proposition 6.3. Suppose that
&y € °T*(Cp; X)) and b is minimal with this property (i.e. C. C Cy and &4 €
$¢T*(Ce; X) imply ¢ = b). Let

(7.38) C'=C\{C.: C.NCyC C,}.

Then for sufficiently small § > 0, v|j0,5) is a generalized broken bicharacteristic of
A — X, broken at C', and v((0,6]) is disjoint from *¢T*(C.; X) if C. ¢ C'.

Proof. Let b be as above and introduce local coordinates centered at C!. We may
assume that Cy, is given by ' = 0 for a suitable splitting y = (/,4”). Thus, &, is of
the form &, = (0,0,70,0, ul, 1), and as £, € ¥, (\), ulf # 0. By Proposition 6.3,
taking into account that y is m-invariant,

(7.39) d(yj o) /dtl,y =0, d(y] ov)/dt|ser = (1g);-
Since pj # 0, there exist ¢ > 0, &y > 0, such that |y"(y(t))| > e(t — to) for
t

|
t € (to,to+0d0), while for any e > 0 there exists 61 > 0 such that |y (v(t))] < e(t—to)
for t € (to,to + d1). In particular, for any € > 0 there exists 6 > 0 such that for
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t € (to,to + 9) we have |y (v(t))|/1y"(v(t))| < e. By choosing € > 0 sufficiently
small we can thus make sure that vy(t) ¢ C. for ¢ € (to,to + 0] if C. ¢ C'. Hence,
Ylito,to+s] can be regarded as a curve in UccecfscTa (Ce; X), C! taken with respect
to C’, if we let y(to) = mop(€0) € °T*(Cy; X). Of course, Y(to,to+5] 5 a generalized
broken bicharacteristic, broken at C’ (since it has no points above C\ C’). Thus, by
Corollary 6.12, ¥|,,+,+5) €xtends to a generalized broken bicharacteristic, broken
at C’, defined on [tg, tg + d]; by continuity of v this must coincide with -, so v is a
generalized broken bicharacteristic, broken at C’, as claimed. (]

We can combine the previous results to deduce the structure of the generalized
broken bicharacteristics if C is totally geodesic.

Proposition 7.3. Suppose that C is totally geodesic with respect to h and v is a
generalized broken bicharacteristic, broken at C with & = ~y(to) € *°T¢, (Co; X).

Then there exists § > 0 such that both |, ¢45) and | (y—s,,) are bicharacteristics
of *°Hg.

Proof. If &y € Ry (A\) U R_(\) then ~(t) = & for t near ty by Proposition 6.5,
hence near tg, v is a (m-projected) bicharacteristic of *°H, (as °H, vanishes at
Ry(AM)UR_(N). If & € Ze(A) \ (R+(A) UR_(A)) then Proposition 7.1 applies and
proves the result. If §& € ¥,()), then with C' as in Proposition 7.2, ¥|(gs) is a
generalized broken bicharacteristic, broken at C’, with v(t) € SCTéé(Cb; X)NZe(AN)
(prime taken with respect to C’). Thus, Proposition 7.1 applies again and proves
the result. O

A compactness argument gives at once

Corollary 7.4. If v : [a,b] — Y is a generalized broken bicharacteristic, broken at
C, and C is totally geodesic, then there exist to = a < t1 <ty < ... <ty =b such
that y|it;, tj41] is a bicharacteristic of A — X (i.e. it is not broken).

8. POSITIVE OPERATORS

In the following two sections we discuss technical points of the microlocal positive
commutators constructions. In this section we show roughly speaking that the
positivity of the indicial operators of A € \I!;COO’O(X ,C) implies the positivity of A
modulo compact operators. We prove this by constructing an approximate square
root of A. In the next section we examine commutators [A, H] in more detail.

Throughout this section we assume that H is a many-body Hamiltonian. We
start with the basic square root construction.

Lemma 8.1. Suppose that H is a many-body Hamiltonian and A € R. Suppose
also that A € W, >°(X,C) is self-adjoint, and for some ¢ > 0 and ¢ € C°(R)
which is identically 1 near A,

(8.1) G(H)AY(H) > eip(H)?.
Then for any ¢’ € (0,¢) and ¢ € C°(R) such that
(8.2) supp ¢ Nsupp(1 — ) = 0,

there exists B € W, >°(X,C) such that
(8:3) G(H)(A — ¢ )$(H) = 6(H)B* Bo(H).
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Proof. Let

(8.4) P = (H)AY(H) + ¢(Id —p(H)?) € ¥’ (X, C).

Note that P € W%°(X,C) follows from ¢ (H) € W >°(X,C). Thus, P > ¢, so
P—¢ >c—¢ > 0. Since the spectrum of P — ¢ is a subset of [¢ — ¢/, 00) and
c—c >0, we have (P — )2 = f(P —¢) where f € C2°(R) and f(t) = vVt if t is
in the spectrum of P — ¢’. By Proposition 4.10,

(8.5) Q=(P—c)'?=f(P-¢)eu’(X,0).

Let 11 be identically 1 near supp ¢ and vanish near supp(1 — ). Then

(8.6) O1(H)Q*1(H) = ¢1 (H)(P — )i (H) = ¢1(H)(A = ¢ )i (H).

Now let ¢ € C°(R) be identically 1 near A and vanish near supp(1 — 7). Let
(8.7) B = Qi (H) € U7X, ).

Multiplying (8.6) from both sides by ¢(H) then proves (8.3). O

We now show that under certain additional assumptions, the positivity of the
indicial operators implies positivity of the operator modulo lower order (hence com-
pact) terms in the calculus. We start by assuming strict positivity of the indicial
operators when localized in the spectrum of H.

Proposition 8.2. Suppose that H is a many-body Hamiltonian and A € R. Suppose
also that A,C € U;2°(X,C) are self-adjoint and Coo(C) = ca(C)tho(Ha(C))? for
every a and ¢ € ST*(Cy; X) where co(C) is a function with cq(¢) > 0, g = 1 near
A €R, Yy € CP(R). Assume in addition that there exists ¢ € C°(R) which is
identically 1 near A\, supp ¥ Nsupp(l — 1g) = 0, such that

(8:8) W(Ha () Aa (O (Ha(€)) 2 $(Ha(Q)ea ()t (Ha(C))

for every a and ¢ € *T*(Cy; X). Then for any € € (0,1) and ¢ € C°(R) with
(8.9) supp ¢ N supp(1 —¢) =0,

there exists R € U, (X,C) such that

(8.10) P(H)Ap(H) = (1 — €)p(H)CH(H) + R.

Proof. We apply a parameter dependent version of the previous lemma to the in-

dicial operators to conclude that for each ¢ there exists B, (() with

(8:11) ¢(Ha(C))(Aa(C) = (1 =€)Ca(C))d(Ha(C)) = ¢(Ha(¢))Ba(¢)* Ba(¢)d(Ha(C))-
It follows from the Cauchy integral formula construction of the square root in
the calculus, Remark 4.11, and the explicit formulae (8.4), (8.5) and (8.7) that the
indicial operators B%(C ) match up as discussed before Proposition 4.8, so that there
exists B € ¥ (X, C) with indicial operators B, (¢). Here note that the set where
¥(H,(¢)) does not vanish has compact closure, hence ¢ is bounded below on it by a
positive constant. Thus, we can take the same smooth function f in the expression
(8.5) for the square root for every a and ¢. By (8.11),

(8.12) P(H)(A = (1= €)C)p(H) = ¢(H)B*Bo(H) + R

with R € U >'(X,C). Since ¢(H)B*Bo(H) > 0, rearranging this proves the
proposition. [l
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Similar conclusions hold if we assume a two-sided estimate on the indicial oper-
ators of A. In essence, this forces the indicial operators, hence their square roots,
to vanish to infinite order when ¢ vanishes.

Proposition 8.3. Suppose that H is a many-body Hamiltonian and A € R. Sup-
pose also that A,C € W.2(X,C) are self-adjoint and C,o(C) = ca()vo(Ha(C))?
for everya and ¢ € *¢T* (C‘a; X) where c,(¢) is a function with c¢,({) > 0 which van-
ishes with all derivatives at each ¢ with c,(¢) =0, g =1 near A € R, ¢y € C°(R),
Aa(€) = 0 if ca(¢) = 0, and for any differential operator Q € Diff(5°T*(Cy; X)),
all seminorms of Q(ca(¢)" Aa(C)) in W20 (pr (p), T,CY), € € SCT;(C’(L;X), are
uniformly bounded on the set of (’s with ¢, (¢) > 0. (This is almost, but not quite, a
statement about the seminorms of cq(¢) " Aq(C) in \I';CDZQO(prSCT*(CN'a;X),CNQ), be-
cause we restrict our attention to the region where ca(C)/; 0, and do so uniformly.)

Assume in addition that there exists 1 € C°(R) which is identically 1 near X,
supp ¥ Nsupp(1l — ¥g) = 0, such that

(8.13) Y(Ha(O)Aa(QW(Ha(Q) = $(Ha(Q))ea( Q¥ (Ha(C))

for every a and ¢ € SCT*(C~'(L;X). Then the conclusion of the previous proposition
holds, i.e. for any e € (0,1) and ¢ € C°(R) with

(8.14) supp ¢ Nsupp(1 — ) = 0,

there exists R € W, (X,C), with seminorms bounded by those of A and C' in
U >0(X,C), and with WF’,_(R) C WF’, (A) UWF._(C) such that

(8.15) P(H)Ap(H) > (1 —€)p(H)CoH(H) + R.

Proof. We define B,(¢) = 0 if ¢4(¢) = 0, otherwise we define B,(¢) as in the
previous proposition. The only additional ingredient is the analysis of Ba@ ) near

¢ with ¢,(¢) = 0. To do this analysis, we follow the construction of Ba(C ) in detail.
So let

(8.16) Po(€) = ¥(Ha(0))Au(Q)(Ha(€)) + ca(C)(1d =0 (Ha())?),
and let

(8.17) Q) = (1= ea(C).
Thus, £,(¢) — ,(¢) > eca(C). Let

(818)  QulQ) = (Pa(Q) = ()" = €al)"*(cal )T PalQ) = (1 = )2

By our assumption, there exists M > 0 such that the norm of P,(¢) in B(L?, L?)
is bounded by Mc,(¢). Now choose f € C2°(R) such that f(t) = v/t on [1 — ¢, M].
Then M > ¢,(O)"'P(¢() —14+€e>¢, s0

(8.19) Qa(¢) = calQ)'/2f(calO) T PalQ) = (1 = ©)).

By our assumptions, the seminorms of ¢,(¢)"'P,(¢) in W22 (p1(p), T,C%), ¢ €
Ty (C’a; X), remain uniformly bounded as ¢,(¢) — 0, so the Cauchy integral repre-
sentation of f, via an almost analytic extension, shows that f(c,(¢) ™' Py (¢)—(1—¢))
remains uniformly bounded. Thus, Q, (¢) is continuous as a function on %7 (C‘a; X)
with values in ¥%%(p " (p), T,C%). A similar argument also holds for the derivatives
of Qa(C ). Let 11 be identically 1 near supp ¢ and vanish near supp(1l — 1), and let

(8.20) Ba(¢) = Qa(Q)¥1 (H).
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Again, the Ba(g) match up so there exists B € \I!;COO’O(X, C) with these indicial
operators. We can also make sure that the lower order terms also vanish where ¢
does, i.e. that WF._(B) C suppc. Then the indicial operators of ¢(H)(A — (1 —
€)C)o(H) and ¢(H)B*B¢(H) are the same, so

(8:21) P(H)(A—(1-€)C)p(H) = ¢(H)B*Bo(H) + R
with R € U_>>!(X,C), proving the proposition. O

9. COMMUTATORS

In this section we discuss the basic technical tool underlying the propagation esti-
mates of the following sections. Thus, we show how an estimate of the commutator
[A, H] at C‘o, which is essentially obtained by a symbolic calculation in the scattering
calculus, can give a positive commutator estimate under the additional assumption
that H,0(¢) has no L? eigenfunctions for any a # 0 and ¢ € *T*(C,; X). In the
Fuclidean setting this means simply that the subsystems have no bound states.

To do so, we extend the notion of a function being w-invariant to functions on
*T*X in a trivial way: ¢ € C*(**T*X) is 7-invariant if glsers x is m-invariant.
Since the analysis of classical dynamics, i.e. of generalized broken bicharacteristics
of A — )\, broken at C, is based on the properties of m-invariant functions, we will be
interested in quantizing m-invariant symbols. More specifically, we are essentially
interested in operators of the form A = Qo (H), 1o € C°(R), where @ is obtained
by quantizing a m-invariant function ¢ € C*°(**T*X). Since such @ would not be
in our calculus, we construct A directly.

All considerations in what follows will be local, i.e. we will assume that the
projection of the support of g to X lies near a fixed p € 9.X, so we can always work in
local coordinates and identify X with S}. The problem with such g € C*>°(S"} x R™)
is that they are rarely in C*°(S} x §7), i.e. they are not symbols in £, so @ will not
be in U°(S™) or indeed in WY(S%,C). This, however, is not a major difficulty.
Fix 99 € C°(R; [0, 1]) which is identically 1 in a neighborhood of a fixed A. Thus,
Yo(H) € \I!;COO’O(X, C), so it is smoothing. At the symbol level, 1o (H) is locally the
right quantization of some

(0.1) peC([S1:C) x §})
which vanishes to infinite order at [S}; C] x 0S'}, which will enable us to write down
A directly.

We are thus interested in the following class of symbols q. We assume that

g € C*(R}, x RY) and that for every multiindex o, 3 € N" there exist constants
Cu,3 and mq, g such that

(9.2) (D3 DLg)(w, &)] < Ca(w) ™11 ().
This implies, in particular, that
(93) q€ AO(Si « Rn%

i.e. that ¢ is a Oth order symbol in w, though it may blow up polynomially in &.
Indeed, in the compactified notation, (9.2) becomes that for every P € Diffy,(S),
acting in the base (w) variables, and for every 5 € N” there exist Cp g and mpg
such that

(9.4) (PD{)q] < Cppl&)™me.
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It is convenient to require that ¢ be polyhomogeneous on S x R":
(9.5) q € C(ST xR");
this stronger statement automatically holds for the m-invariant symbols we are

interested in.
We next introduce the product symbol

(9.6) a(w,w’,§) = q(w,&)p(w’,§),

where 1g(H) is given locally by the right quantization of p. The main point is
Lemma 9.1. The symbol a defined by (9.6) is in C>(S x [S7;C] x ST) and it
vanishes with all derivatives at [S';C] x 0S}. Hence, it defines an operator A €
U, >(X,C) by the oscillatory integral (3.16).

Proof. First, a € C*(S% x [S};C] x R™) follows from (9.1) and (9.5). Moreover,
the infinite order vanishing of p at [S;C] x S™~! implies that for every P’ €
Diffy, ([S%;C]), f € N* and N € N,

(97) |P'D{pl < Cprp(€) .

Thus, Leibniz’ rule shows that for P € Diff,(S'}) acting in w, P’ € Diff,([S;C])
acting in w’, 3 € N* and N

(98) |PP'D{al < Cppsn (€)™
But this means precisely that a € C*°(S} x [S};C] x S} ) and it vanishes to infinite
order at the boundary in the last factor. O

The indicial operators of A are just given by the quantization of the appropriate
restriction of @ similarly to (4.48) (except that now a depends on the base variables
from both the left and the right factors of S7). This takes a particularly simple
form if ¢ is m-invariant, for then, in the notation of (4.48), ¢ is independent of both
Y and £*. Thus, we can take g outside the integral in (4.48), i.e. it simply multiplies
the indicial operator of ¥y (H) by a constant.

Lemma 9.2. Suppose that q € C>(*°T*SY) is m-invariant and it satisfies (9.4).
Let A € U_>2Y(X,C) be as in the previous lemma. If ( € *°T*(Cy; X), then

.

Aa(©) = a(Q)vo(H),(Q)-

Combining this lemma with Proposition 5.5 gives
Corollary 9.3. Suppose that { € SCT&’(CQ;X) and u € C~°(X). If A is as in
Lemma 9.2, ¢(¢) # 0, Au € C*°(X) and ¢ ¢ WFs.((H — MNu) then ( ¢ WF,.(u).
Since the indicial operator of [A, H] = AH — HA in \I';COO’O(X,C) is just

(99) M/E]a,O(C) = [Aa70(<‘)7 ﬁa,O(C)] = q(C) [wO(IA{a,O(C))v ﬁa,O(C)] =0

for every a and ¢ € *T*(C,; X), we see that for every A as in Lemma 9.1,
[A, H] € ¥ >'(X,C). The additional order of decay corresponds to the one in
the scattering calculus. Moreover, the indicial operator of [A, H| at Co, as an oper-
ator in W_°>1(X,C) (so this indicial operator is just a function on T*(Cy; X)), is
given by the Poisson bracket formula from the scattering calculus. Since V' vanishes
at Cp, this gives

o —

(9.10) Z.[AvH]Lo = —"Hg(qo(9)) = —vo(9)* Hyq.



58 ANDRAS VASY

If the indicial operators of H at the other faces have no L? eigenfunctions, then this
estimate combined with a compactness argument suffice to prove an estimate for
[A, H] modulo lower operators (i.e. modulo ¥_>?(X,(C)). However, to make the

—

compactness argument work, we need to estimate the indicial operators, [A, H ]aJ,
for all a. This is facilitated by the following lemma.

Lemma 9.4. Let q and A be as in Lemma 9.2. For every seminorm in
U0 (p), THC)

and for every l € N there exist C > 0 and m € N such that for every a and every
(e SCT;(C’(L;X), p € C,, the seminorm of [A, H], ,(C) in W > O(p 1 (p), T,C?) is
bounded by

(9-11) Clla(Q)l+ > sup|(€*)~"(0gdg)(¢,€)))

lal<m

where the differential dq is taken with respect to all variables, in *T*S%, i.e. it is
the differential of ¢ € C*°(*°T*S").

Remark 9.5. Similar conclusions hold for every seminormin ¥ 0 (preT*(Co; X)), Ca),

which can be seen directly from our calculations in the followmg proof.

Proof. This can be proved directly from the definition of the indicial operators,
i.e. by computing z~te " [A, H|e//u' where f € C®(X) and v/ € C®([X;()]),
similarly to [40, Sections 7,13]. Since this is equal to z~![e~" Ae'/ e~/ Hellu'
and e~ Aetf € U 20(X, (), we can assume that f = 0, the calculation being very
similar in the general case. To compute the commutator, it suffices to commute
both Av and Hwv for every v € C*°([X;C]) modulo terms that vanish with their
first derivatives in 8%.C,. A straight-forward calculation can be performed just as
n (4.42)-(4.48), where only the 0th order terms were kept. That shows with our
coordinates that

(9.12)

—

(A H],,(Q) =[(0:4),4(Q), Han(O)]
+ (—(Dr@) (Y Haro(O))Oy + Yy Hao(C))
+ (Dyg)()(0- Ha0)(©) — (0:0) (O)(Dy Hao)(C)
+ (0, 0)(Q) (v - Dy Ha)(C) = (v - Do) (©)(Dy Hao))h(Haro(C)):

Here 0, A denotes the operator with kernel given by 0, applied to that of A. Since
in our notation the kernel of A is

(9.13) / €, pa, €) d,

with the integral being convergent, rewriting this with the coordinates on the com-
pactification [S%;Cq], (2.7), so that ¢ takes the form g(z,2Y,2,§) proves that all
terms of (9.12) satisfy the stated estimate, completing the proof.

Another approach to compute a-indicial operators is to use that near C/, A
can be regarded as a (non-classical!) pseudo-differential operator in the free vari-
ables (wq, &,) with values in bounded operators on L?(X,) (in fact, with values in
U >0(X® C%)). More precisely, A € W_.2>%(X,; B(L*(X®), L>(X%))). This allows

ScC
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us to use the scattering calculus for the computation of the commutators to give
the stated result. ]

As an application of these estimates, we now show how, under the assumption
that the subsystems have no bound states, a positive Poisson bracket with g can
give rise of a positive operator estimate. We thus assume that

(9.14) ﬁmo(f) has no L? eigenvalues for any a # 0 and ¢ € °T*(Cy; X).

To simplify the notation in the following proposition, we introduce the notation
supp, e C T*(Cy; X) for m-invariant functions e € C*°(**T%, X). This is defined
as the support of the function on SCT”‘(C'a;X) induced by e. Indeed, as e is n-
invariant, its restriction to 7, X can be regarded as a function on *7™(C,; X).
Then supp, e is the support of the pull-back of this function to 5T (C’a; X).

Proposition 9.6. Suppose that H is a many-body Hamiltonian satisfying (9.14),
and A € R. Suppose also that q,b,e € C*®(*T*X;R) are w-invariant, satisfy the
bounds (9.4), q,b > 0, and that there exist § > 0, C > 0, C,, > 0, such that for all
e T X,

(9.15) 9(€) = Al <8 = **Hyq(€) < —b(€)* + ¢(€)

and

(9.16) [g(€) = | <& and & ¢ suppe = q(€) < Cb(€)* and |(9;dq)(€)| < Cab(€).

Let A € \I';TO’O(X, C) be as in Lemma 9.1. For any € > 0, a € I and for any
K, C 5¢T*(Cq; X) compact with supp, e N K = () there exists &' > 0 such that if
1 € C(R) is supported in (A — 6", A+ ') and ¢ € K, then

(9.17) i (H)[A* A HWW(H)), 1 (O) = (2 — € )Pqih(Hao(C))?.

Proof. Note that the estimate (9.17) is trivial if 72 + |va|2 > XA+ 1 (with ¢ =
(2as Ta, Va), O’ < 1 arbitrary) since then both sides vanish as

(9.18) G(H),(€) = ¥(ha(za) + 72 + |val2.),

he denoting the subsystem Hamiltonian as in (6.9), and H, > 0 by the assump-
tion on the absence of bound states of all subsystem Hamiltonians (including H.
with C, C C.). (H, > 0 is really an HVZ-type result: it follows inductively by
Proposition 4.8 that one can construct a parametrix for H, — o, ¢ < 0, and then
the absence of bound states implies invertibility on L2, so the spectrum of H, is
disjoint from (—o0,0).)

We prove (9.17) by induction on a. First, (9.17) is certainly satisfied for a = 0.
In fact, as A € U0 (X ﬁ),\ we can use the commutator formula in the scattering

calculus, (9.10), to find [A, H]O,l' Since V vanishes at the free face, 83.Co, it does

-

not contribute to [A, H], ;, so we indeed have, by (9.15),

(9.19) i (H)[AA, HY(H)y , = —2q(* Hyq)d(g)* > 26°qib(9)? = 26%qvh(Ho)?
away from supp, e under the assumption that
(9.20) supp® C (A =, A+ 9).

So suppose now that (9.17) has been proved for all ¢ with C,, C C,, C, # C.. This

—

implies that all indicial operators of i[y)(H)A*Ay(H), H],(C), ¢ = (24, Ta, Va) € K,



60 ANDRAS VASY

satisfy an inequality like (9.17). In fact, the indicial operators are of the form
i (H) A AP(H), H] (C) with Bu(C) = (0, 2a) € Cay #ea(C) = ¢. Such a C is of the
form ¢ = (Y;’,za,Ta,ug,ya) where C, is given by z = 0, 3’ = 0, so (Ya”,za) give
coordinates along C.. Note that as K, is compact, so is

(9.21)

K. = {5 = (?anazaaTavﬂgvVa) t (Za; Tas Va) € Ka, ﬁm@) € Ca |pg] <A+1}
and as e is independent of p at C,,, K.Nsupp, e = (), so we can apply the inductive
hypothesis. Taking into account that the estimate (9.17) is trivial at C.. for ¢ with
|| > A+1, we see that for all (= (0, zq, Ta, (1, Vo) With (24, Ta, Va) € Kq, we have

(9.22) i(W(H)[A"A HIp(H)), 1 (€) > (2 — €)qi(H )2, o(0)-

Since b2q is m-invariant on S¢T* X it is independent of ¢ for each fixed ¢, and if it

L —

vanishes at ¢, then so does [¢(H)A*Ay(H), H], ;(¢) by Lemmas 9.2-9.4 and (9.16).
Thus, by Proposition 8.2,

— —2

(9.23) i[p(H)A*Ap(H), H], () = (2 — €)*qyp(H), o(¢) + R(C)
where the seminorms of
R(¢) € U™ (pa ' (0), ToC%), ¢ € T, (Ca; X),

—

are bounded by those of [¢(H)A* Ay (H), H], ,(¢) and by b(¢)?q(¢). By assumption
(9.16) and Lemma 9.4 the former are bounded by the latter, so R(() satisfies the
estimate

(9-24) 1RO s22, (5 (o), 2267 0 oy < € 2B

with C” independent of ¢ and b.
We now use our hypothesis on the absence of bound states. So suppose that

P1,%2 € CP(R), ¥ = 1 near suppei, 1 = 1 near suppts. By assumption,
A — 72 — |v4]2, is not an eigenvalue of the subsystem Hamiltonian, he(z). Thus,

(9.25) Y1(Ha(Q)) = ¥1(ha(2) + 72 + [al2,) — 0
strongly as supp; — {A}. Since K|, is compact, and the inclusion map

(9.26) T:Hy(pa ' (p) = Li(pa ' (0)

is compact, for ¥ with sufficiently small support we have

—

(927) 11 (EDT) (Ol st (o oy, oz oy < € (€77
for all ¢ € K,. Thus,
— 2
(9-28) i(y1 (H)[A*A, H]ip1(H)),1(C) > (2 — €)Pq (H), o(C) — €b%q, ¢ € K.
Multiplying by 12(H) from both left and right we finally conclude that
— 2
(9.29) (2 (H)[AA, Htpo(H)),, ; = (2 — 26 )02 (H),, .

Relabelling 12 and 2¢’ as ¢ and €’ (thereby putting stronger restrictions on supp )
provides the inductive step and completes the proof of (9.17). ]

In the following corollary we add an extra term to the commutator that will
enable us to deal with other terms arising in the propagation estimates.
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Corollary 9.7. Suppose that the assumptions of Proposition 9.6 are satisfied and
let C be as in (9.16). Suppose in addition that for any differential operator @ on
5T*(Cy; X) and multiindex o there exist constant Cq and Cq,q such that

|9(§) — Al <6, b(§) #0 and § ¢ suppe
= Q29| < Cq and |Q(b~*(07dq))(€)] < Caq-

For any ¢ >0, M > 0, and for any K C **T*X compact with suppe N K = 0 there
exists &' >0, B,E € U;>°(X,C), F € ¥, (X,C) with

(9.31)

WF/@C(E) NK = Qv WF/@C(F) C suppgq, B(l,O(C) = b(C)Q(C)1/2w(Ha,O(C))a C c Ka

such that if ¢ € C(R) is supported in (A — 6, A+ §') then
(9.32)
ip(H)x V2 [A* A, Hla =YV 2p(H) — Myp(H)A* Ay(H) > (2— € — MC)B*B+ E+F.

(9.30)

Proof. Let p € C*®(5°T*X) be m-invariant, p > 0, satisfy estimates (9.4), and such
that suppp Nsuppe = @ and supp(l — p) N K = (. (Here p can be regarded as a
function on *7*X.) Let 1y € C°(R;[0,1]) identically 1 near [\ — d, A + 8], and let
P € W 20(X,C) be such that Po0(¢) = p(¢)vo(Ha(¢)) and WF(%(H) — P) N
K = (). For example, P can be constructed as in Lemma 9.1.

The indicial operators of

ip(H)P*x~Y2[A* A, Hlz 72 Py(H) — My(H)P*A* APy(H)

are
(9.33)

iw(H)P*w*/z[ﬁH]w*/sz(H)a,o(C) - M(zb(H)PmPMH))a,o(C)

= ip(Q) W (H)[A"A, H]p(H), 1 () — Ma(Q)*p(O)*¥(Ha(C))

since 1ot = 1. Thus, by Proposition 9.6 and as Mq < MCb?, we have
(9.34)

iw(H)P*x‘l/Q[HH]x‘WPw(H)a,O(C) - M(¢(H)P@P¢(H))a,o(<)

> (2 - € — MO q(Ha0(C))*

Thus, taking into account (9.30) and the remark following Lemma 9.4, Proposi-
tion 8.3 gives

(9.35)

ip(H)P*x~Y2[A*A, Hlz 72 Pyp(H) — My(H)P*A*APy(H) > (2 — €)B*B + F,

with B € . *Y(X,C), F € ¥ > (X,C),

(9.36) Ba,0(¢) = p(O)b(¢)a(¢)"?,

so the second statement of (9.31) holds. Moreover, writing ¥(H) = Py(H) +
(Yo(H) — P)yY(H), and expanding the left hand side of (9.32), every term but the
one given in (9.35) has operator wave front set disjoint from K. Letting E be the
sum of these terms proves the corollary. O
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10. PROPAGATION OF SINGULARITIES

In this section we prove that singularities of generalized eigenfunctions of the
many-body operator H propagate along generalized broken bicharacteristics under
the assumption that that no (proper) subsystems of H have a bound state. That
is, due to our definition in Section 6, we assume that

(10.1) Hy,0(€) has no L? eigenvalues for any b # 0 and ¢ € °T*(Cy; X).

The technical reason for this assumption lies in the argument of Proposition 9.6
in which a symbolic estimate is used to deduce positivity estimates for the indicial
operators. However, it is clear that the generalized broken bicharacteristics of A— A
cannot be expected to describe propagation if the subsystems have bound states
since in this situation even the characteristic set of H (i.e. the set where Hj o(¢) is
not invertible) changes.

Suppose that p € C/, = C’ (the regular part of C'). As in Section 6, let (z,y,2) =
(Za, Ya, 2a) be coordinates on X near p with = defining 0X as usual, C' defined by
xz = 0, y = 0, chosen so that every C, with p € C} (which implies C, C Cb)
is a product-linear submanifold of X in these local coordinates, i.e. it is of the
form {(y,z) : Apy = 0} where A = A, is a matrix. In addition, as in Section 6, we
arrange that at C, 9, = Jyy,), is perpendicular to T'C for each j (with respect to h)
and they are orthonormal with respect to each other at p. Let (7, u, v) = (74, tta, 2a)
denote the sc-dual variables, so we write elements of 5°T* X as

(10.2) Td—f-f-ﬂ'@-i-y'%.

x x x
Thus, at p (i.e. on SCTp*X) the metric function of i is of the form |u|2+ﬁ(z, v) with |p]
denoting the Euclidean length of p and h is the metric function of the restriction of
hto T'C'. When talking about C},, we sometimes write the corresponding orthogonal
splitting of y as y = (v, y"), so Cy is defined by Apy =y’ =0 in X.

Recall that mo, : *TEX — %¢T*(C; X) is the (orthogonal) projection given
by the metric at C. Thus, in our local coordinates (y,z,7,u,v) on *T5yX,
70a(0, 2,7, u,v) = (z,7,v). We use composition with the projection T3 X to
5T X given by our choice of local coordinates, (y, z, 7, p, V) — (2, T, , V), to extend
Toa to a map, denoted by 7§, from 5T X to °T*(C; X). Thus, n§,(y, z, T, 1, V) =
(z,7,v).

The propagation of singularities estimate in directions tangential to C' proceeds
much as in the 3-body case. In fact, essentially the same operator as there gives a
positive commutator, see Propositions 10.6-10.7; the functional analysis part of the
argument is much as in the normal case which we proceed to examine. Recall that
the normal part of the characteristic set of H — X over C” is

(10.3) SN NTE(C; X) = {(2,7,v) - 72+ h(z,v) < A}

Since the characteristic set ¥a_x of A — A is given by 2+ w2 + |u? = X at p,
the condition 7(§) € X, (\) N1, (C; X), £ € Xa_» implies that y # 0. Since the
rescaled Hamilton vector field *°Hy of A (restricted to °T5y X) is given by

(10.4) *Hy =27(p- 0y +v-0,) — 2h0; + Hy,

the 0y component of *H, at p is 241- 0y, meaning that bicharacteristics of A through
& are normal to *°T5X. In addition, with n = y - p, 1 is m-invariant and can be

used to parameterize bicharacteristic curves near £ = 7w(§). In fact, at each Cy
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with p € Cp, n = 1 - y has the property that if we split y = (v/,3"”) so that = = 0,
y' = 0 defines Cp, then p-y = p' -y + - y” is independent of p’ at ¢y’ = 0, so 7 is
m-invariant. Moreover, 5 Hyn(€) = 2|u|> > 0, so 1 can be used to parametrize the
generalized broken bicharacteristics near € as claimed. We remark that 7 is another
possible variable to use for the parameterization, as usual.

We now proceed to prove two normal propagation estimates. The first one will
be less precise, but it works under our most general assumptions. On the other
hand, the second estimate requires that all elements of C be totally geodesic, but
it locates the incoming singularities more precisely. Although the consequences
are the same, as far as propagation along generalized broken bicharacteristics is
concerned (due to the geometry of these bicharacteristics), the finer estimate is
worth proving since it is closer to the tangential estimates in spirit and it applies
in the setting of most interest, Euclidean many-body scattering.

We only state the following propagation result for propagation in the forward
direction along the generalized broken bicharacteristics. A similar result holds in
the backward direction, i.e. if we replace n(£) < 0 by n(£) > 0 in (10.5); the proof
in this case only requires changes in some signs in the argument given below.

Proposition 10.1. Suppose that H is a many-body Hamiltonian satisfying (10.1).
Letuw € CT*°(X), A > 0. Let & = (20,70, %0) € En(A)N*TE(C; X) and letn =y-p
be the m-invariant function defined in the local coordinates discussed above. If there
exists a neighborhood U of & in % such that

(10.5) E€U andn(€) < 0= £ ¢ WF.(u)

then & ¢ WFg.(u).
Remark 10.2. Note that n(£) < 0 implies y # 0, so & ¢ T4, (C; X).

Remark 10.3. We recall from Section 5 that every neighborhood U of &y = (2o, 70, Vo)
2. (A) N°TE, (C; X) contains an open set of the form

(10.6) {€: [©F +12(6) — 20/* + I7(€) — 10| + |v(€) — wo]* < 3}

Note also that (10.5) implies the same statement with U replaced by any smaller
neighborhood of &y; in particular, for the set (10.6).

Proof. The main step in the proof is the construction of an operator which has a
microlocally positive commutator with H near &. In fact, we construct the symbol
of this operator. This symbol will not be a scattering symbol, i.e. it will not be in
C>(S xS7), only due to its behavior as ;1 — oo corresponding to its 7-invariance.
This will be accommodated by composing its quantization with a cutoff in the
spectrum of H, ¢(H), ¢ € C°(R) supported near A, as discussed in Lemma 9.1.
This approach simply extends the one taken in the three-body scattering proof
of [40], though the actual construction is different due to the more complicated
geometry.

Employing an iterative argument as usual, we may assume that £, ¢ WF:‘;l (u)
and we need to show that & ¢ WFSHY/2(y).

First we define a distance function to . Thus, we let

(10.7) w=yl>+ |z — 20> + |7 — 70|* + [V — wo|?,
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|| denoting the Euclidean norm. Then w vanishes quadratically at &y, so |dw| <
Clw'/?. In particular,
(10.8) | Hyw| < Crwl/?,
Next, we use the variable n = y - 1 to measure propagation. Let
(10.9) co=A—15 — |wlZ, > 0.
Since the 0, component of *°H at (0, zo, T, p, V) is 2u, we see that
(10.10) [*Hgn — 2|pl*| < Cy(lyl + |2 — 20]) < Caw/?.
In addition,
(10.11) A= 75 = ol2, — [ulPl < A =gl +1g =78 — IwolZ, — |uf’|
<A =gl+C'(lyl + |z = 20| + |7 — 70| + [v — vo]) < |A = g| + Ca/?

so we conclude that

(10.12) 5 Hyn — 2co| < Ca(|A — g| +w'/?).
For 8 > 0, § > 0, with other restrictions to be imposed later on, let
(10.13) p=n-+ gw,

S0 ¢ is a m-invariant function. Let xo € C*°(R) be equal to 0 on (—o0,0] and
xo(t) = exp(—1/t) for t > 0. Thus, x5(t) = t~2x0(t). Let x1 € C*°(R) be 0 on
(—00,0], 1 on [1,00), with x} > 0 satisfying x} € C°((0,1)). Furthermore, for

Ay > 0 large, to be determined, let

(10.14) 4= x0(A5" (2= ¢/0))x1(y - /5 +2).
Thus, on suppgq we have ¢ < 26 and y - 4 > —20. Since w > 0, the first of these
inequalities implies that y - u < 24, so on supp ¢

(10.15) ly - p| < 26.
Hence,
(10.16) W< (3/8)(26 —y- ) < 46267,

The role that Ag large plays is that it increases the size of the first derivatives of ¢

relative to the size of ¢, hence it will allow us to give a bound for ¢ in terms of a

small multiple of its derivative along the Hamilton vector field; see (10.26)-(10.27).
We now proceed to estimate °Hy¢. First, by (10.12) and (10.8),

(10.17) [ H,¢p — 2co| < Ca(|A — g| +w'/?) + %wl/?
So let

& coV/B
10.18 =—Y_ and §p = :
(10.18) B CAATe
Under the additional assumptions

Co

(10.19) 0 < dpand |A—g| < i,

we have w'/? < ¢q/(4Cy), so we conclude that [*°H,¢ — 2co| < co, hence

(10.20) SHyd > co > 0.
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This at once gives a positivity estimate for **Hyq near &. Namely,

“Hyq=—Ag" 6 xo(Ag (2 — ¢/0))x1(y - 11/3 + 2 Hyp

(10.21) . _1 , sc
+07 x0(Ag (2= 0/0))x1(y - /6 + 2)* Hyn.

Thus,

(10.22) Hyq=—b*+e

with

(10.23) b = Ag 0T IXG(AG (2 — 0/0))xa(y - /S + 2)* Hyh.

Hence, with

(10.24) b* = coAy 5 X0 (A (2 = 6/8))xa(y - /5 +2),

we have

(10.25) “Hyq < —b* +e.

Moreover,

(10.26) b > (coAo/16)q

since ¢ >y - > —24 on supp q, SO
Xo(Ag (2= 0/9)) = AJ(2 — ¢/0) *x0(Ag ' (2 — ¢/5))
> (A3/16)x0(Ay ' (2 — ¢/9)).

On the other hand, e is supported where
(10.28) —25<y-pu< -5, wl/?<2871/26,
so, for 0 > 0 sufficiently small, in the region which we know is disjoint from WFy.(u).
Moreover, on supp q,
(10.29) —25<y-p <28, w/?<2p872%g,
so, for 6 > 0 sufficiently small, we deduce from the inductive hypothesis that
supp ¢q (hence suppbd) is disjoint from WF:C’IH/Q(U). In addition, by choosing § > 0
sufficiently small, we can assume that the support of g, e and b are all disjoint from
WFe((H — MNu).

Moreover, with  denoting a partial derivative with respect to one of (y, z, 7, i, v),
0q = —A5 07 xo(Ag (2 — 9/0)x1 (n/d + 2)0¢

— 6 x0(45 (2 = ¢/8))x1(n/6 + 2)dn.

As y = 0 is outside the support of the second term, and as J,¢ vanishes at y = 0,
we conclude that for any multiindex (3,
(10.31) |03dg| < Cb* at y = 0.

More generally, at any C, with p € Cy, defined by z = 0, ¢y’ = 0, as above, ¢ is
independent of p’ at ¢’ = 0 so outside supp e

(10.27)

(10.30)

(10.32) |07,dq| < Cb* at y' = 0.
In fact, outside supp e, but in the set where b is positive,
(10.33) b~20q = c; ' 0¢,

so the uniform bounds of (9.30) also follow.
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Let 15 € C°(R) be identically 1 near 0 and supported sufficiently close to 0 so
that the product decomposition of X near 90X is valid on supp . We also define

(10.34) 7= ¥
Thus, § € C®(*°T*X) is a m-invariant function satisfying (9.4). Let A be the
operator given by Lemma 9.1 with ¢ in place of ¢, so in particular its indicial
operators are q(¢)vo(Hpo(¢)). Note that (9.16) holds with C' = 16¢;'A;" by
(10.26). So suppose that M > 0 and ¢ > 0. Choose Ay so large that MC < €. By
Corollary 9.7 and the hypothesis (10.1), we deduce the following statement. For any
K’ C s¢T*X compact with suppeN K’ = () there exists ' > 0, B, E € v ~0(X,0),
F € v_>Y(X,C) with
(10.35)
WF{(E)NK' =0, WF(F) € suppd, Bao(¢) = b(¢)a(¢)"*¢(Han(C)), ¢ € K,
such that if ¢ € C°(R) is supported in (A — &', A + §’) then
(10.36)
iwWp(H)x V2 [A* A, Hla=YV2(H) — My(H)A*Ay(H) > (2—2¢)B*B+ E+ F.
Let
(10.37) A=z 7V20 4 r /)7 re(0,1),

so A, € UWO=H2(x C) forr € (0,1) and it is uniformly bounded in \Ilg’czl_l/Q(X, C).
The last statement follows from (1 + r/z)~! being uniformly bounded as a Oth or-
der symbol, i.e. from (20,)*(1 +r/z)~! < C) uniformly (C}, independent of r). In
particular, note that

1‘87"(1 + T/Z‘)_l = 7“3;‘_1(1 + T/Z‘)_Q

(1038) B r -1 _ -1 -1
= x+r(1—|—r/x) =1-0Q4+r/z) )AL +r/z)".
Since 0 < 3= <1, (20,)(1+7r/z)~! is a uniformly bounded multiple of (147r/z)71,

and in fact this bounded multiplier is uniformly bounded as a Oth order symbol.
This also implies that

(10.39) [(14r/z)" " HJ(1 +7/z)

1,0

which is a priori uniformly bounded in ¥g .

in ¥ (X,C).
We also define

(X, C) only, is in fact uniformly bounded

(10.40) A, = AN x"Y%)(H), B, = BA,, E, = A, EA,.
Then, with ¢ € C°(R; [0, 1]) identically 1 near supp ),
(10.41)

i V2 A% A, H]z! T2
=i(1+ r/x)flw(H)arfl/?[A*A, H]x*1/2¢(H)(1 + r/x)71
+i(14r/z) Y (H)A (1 + r/2)z 2 [N V2 Ha™ 2o (H)AY(H) (1 4 r/z)
+i(l+ /) W(H) Ao (H)a ™2 [Apa™ 2 H)(1+ r/a)a T2 Ap(H) (1 + 7 /2) 7!
+ H,,

(
(

where H,. is uniformly bounded in \Ilgcio’l(X ,C). Note that H, arises by commuting
A, powers of x and A, through other operators, but as the indicial operators of A
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and x are multiples of the identity, A, x and A, commute with these operators to
top order, and in case of A,, the commutator is uniformly bounded as an operator
of one lower order (than the order of the product of A, with such operators). Then,
multiplying (10.36) by (1+7/x)~! from the left and right and rearranging the terms
we obtain the following estimate of bounded self-adjoint operators on L2 (X):
(10.42)
ile/Q[A;",AT, H]:rl“/2
— (L+r/a) (Y (H)A* Gy + Gr) AY(H) + My (H)A* Ap(H)) (1 +r/z) "
> 2'12((2 - €)B; B, + E, + F,)2't/?
where
(10.43) G, = i (H)z= Y2 [Nz ™2 H|(1 + 7/z)2 T2,
and F, € >~ 2*1(X, () is uniformly bounded in \I/S_CDCO’_QZ(X, C) asr — 0. Since
[(1 + 7/x)~% H](1 + r/z) is uniformly bounded in \I/éfC(X,C), we conclude that
@G, is uniformly bounded in W5 >>°(X,C), hence as a bounded operator on L2 (X).

Scc

Thus, if M > 0 is chosen sufficiently large, then G, + G > —M for all r € (0, 1),
S0
(10.44) (1+r/z) "(H)A* (G, + G + M)AY(H)(1 +r/z)~* > 0.
Adding this to (10.42) shows that
(10.45) it TV2[A% A, Ha! Y2 > o422 — €)BE B, + E, + F,)az!+1/2,
The point of the commutator calculation is that in L2, (X)

(w,[A7 A, Hlu)
(10.46) = (u, A A (H — Nu) — (u, (H — N\ A7 Au)

= 2iIm{u, AT A.(H — Nu);

the pairing makes sense for 7 > 0 since 4, € ¥ > ~(X,C). Now apply (10.42) to
271 =1/2y and pair it with 27=%/2y in L2,(X). Then for r > 0
(10.47) 1Byull® < [{u, Bvid] + (o, Fya)| + 2|, ALAL (H — A

Letting » — 0 now keeps the right hand side of (10.47) bounded. In fact,
A, (H — MNu € C(X) remains bounded in C*(X) as r — 0. Similarly, by (10.35),
E,u remains bounded in C>°(X) as r — 0 if we chose K’ so large that WF(u) C
K'. Also, F, is bounded in B(H™!(X), HZ™ (X)), so (u, F,u) stays bounded by
(10.35) as well. These estimates show that B,u is uniformly bounded in L2 (X).
Since (1 + 7/x)~! — Id strongly on B(H™"V(X), H? ' (X)), we conclude that
Bx~'"1/2y € L2(X). By (10.35) and Proposition 5.5 this implies that for every m,

(10.48) & ¢ WE™IHL/2(y,),

This is exactly the iterative step we wanted to prove. In the next step we decrease
& > 0 slightly to ensure that WF’_(F) C suppq is disjoint from WE™!*1/2(y). O

To state and prove the finer estimate under the assumption that all elements of
C are totally geodesic, first note that in geodesic normal coordinates around p € C’,
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h— (|u|? + |v|?) vanishes together with its first derivatives at p = (0,0). Thus, *°H,
agrees with W on STy X where

(10.49) WP =27(u- 0, +v-0,) —2(|ul* + |v[*)0r +2v -0, + 2u- 0.

We will use W? to model the bicharacteristic flow of H. Note that W is the
(rescaled) Hamilton vector field of the metric function 72 + |v|? + |u|?, i.e. where
we replace the actual metric h by a flat one.

We remark that it is the d,, and 0, components of **H, that differ from WP on
STy X if we do not assume that the elements of C are totally geodesic. The former
is inconsequential since we only consider 7m-invariant functions (in particular, the
only p-dependence is via n = y-u), but the latter rules out the more precise location
of the singularities given in the following proposition.

Proposition 10.4. Suppose that H is a many-body Hamiltonian satisfying (10.1)
and that every element of C is totally geodesic with respect to h. Let u € C~*°(X),
A > 0. Given K C ,(A\)N*“TE (C; X) compact with KNWF go((H—A)u) = 0 there
exist constants Cy > 0, 6o > 0 such that the following holds. If & = (0,70,10) € K
and for some 0 < § < §g, Co6/? < e < 1 and for all a = (y, 2,7, u,v) € T X N
Ya-a
(10.50)

a € *Tg X and |5, (exp(6W’) () — &o| < €6 and |y(exp(6W°) ()| < €0

= mop() € WFge(u)

then & ¢ WFg.(u).

Remark 10.5. The estimate is stated in the form (10.50) for simplicity of state-
ment. The proof provides a slightly different estimate, involving the backward
flow exp(—=dW?)(€), & € 7 1(&); the two are equivalent up to changing Cy, see
Remark 10.8 for a more thorough discussion.

Proof. We again employ an iterative argument, so we assume that & ¢ WFZ' (u)
and we need to show that & ¢ WF!T1/2(u).

We first construct a C* function w of z, 7, v, n = u-y and s = |y|?> which
measures the distance of bicharacteristics of A in Ya_) from 7r(:01 (o) N XA
Thus, 72 + |v|? + |u|?> — X will be small along these bicharacteristics. We will take
w of the form

2 2 (y - )? 2
(10.51) w=uwg + (Jy| pp—— |1/0|2)

where wg only depends on z, 7, ¥ and n = y - u. Note that

2
(10.52) WA
|l |l

is the squared distance of the integral curves of H|,2, which are just straight lines,
from y = 0, so near Xa_) the second term in w gives the fourth power of this
distance.

Pushing forward W by the map F : (y, z, 7, u, V) — (2,7, v, 1 - ) at some point
a = (y,2,7, 1, V), we obtain the vector

(10.53) FuoaW’ = 2(mn + |u|?)0y + 27v - 3, — 2(|pf* + [v[2)0y + 2v - 0.

pl?
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Since we are interested in what happens near ¥A_xN*T7 X, where A = 24+ |v2+
||, we are led to consider the constant coefficient vector field

(10.54) Wo =2\ — 18 — [o|*)0y + 271010 - Oy — 2(\ — 73)0r + 119 - 0.
in the variables (z,7,v,7n), so
(10.55) FoaW? = Wo +2(A = 15 — |uol* = [vo]*))(=0; + 07).
Note that the 0, component of Wy is nonzero. Let
(10.56) zo(t) = %t, To(t) =710 + %t, vo(t) = v + %t,
SO
(10.57) v it (20(Wom)t), To(Wom)t), vo(Wom)t), (Wom)t)
gives a curve through (&, 0) with tangent vector Wy. Now we define wy by
(10.58) wo = (2 = 20(n)* + (1 — 70(1)* + (v — vo(n))?
so wo vanishes exactly quadratically along v and is positive elsewhere, and
(10.59) Wowo = 0.

Note that by the triangle inequality
(10.60) 2l + I = 7ol + v = vo| + [n] < Clwg”™ + In])

for sufficiently large C'.
Since for o € #71(&p) we have Fi.|,**H, = F.|,W’ = Wy, we see that

(10.61) “Hy(z - 20(n) = 0 at 7 (€0),

ie. wheny=0,z2=0,7=7, V=19, g = A, s0

(10.62) [*Hy (= = z0(m)| < C(Jyl +wp”* + A = g]).
Hence,

(10.63) [*Hy (= = 20(m))*| < 2Cwy" (ly] +w”* + A = g)).
Similar conclusions hold for 7 — 7o(n) and v — vy(n), so

(10.64) [ Hywo| < C1(ly| +wo’® + X = glug”™.

Next, we calculate 5 Hy(|y|* — (y- p)?/(A— 78 — [0]?)). Since the function we are
differentiating vanishes quadratically at y = 0, the same follows for its derivatives
with respect to any vector field tangent to y = 0. Since the J, component of **H,
(and of W) is of the form 2u- 0, + 3 3;0,, with (3; vanishing at y = 0, z = 0 (i.e.
at p), we conclude that
(10.65)  [(°Hg —20-9y)(|y* — (y - w)*/ (X = 7§ — |vol*))] < Calyl(lyl + |2])-

On the other hand,

A= 75 — |vol* — |pf?

(10.66)  (2- 3y)(|y* = (5 - 1)*/ (A = 78 — o)) = 4(p- )

But, as in (10.11),

A —75 — [vol? = |u?| < A =g| +C'(ly| + |2| + |7 — 70| + v — wo])
< C3(|A =gl + |yl +wé/2).

A—18 — [nol?

(10.67)
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Thus,
(10.68) [ Hy(lyl* = (y - /(X = 78 = [wol*)| < Calyl(IX = gl + ly| +wp).
Our results thus far imply that
(10.69) P Hyw| < Csw'/2(Jy| + [A — g| +wp/)?
Now let 1 > ¢ > 0, § > 0, with other restrictions to be imposed on these later,
and let
1
(10.70) d=10—T+ prysLd

We use 7p—7 to measure propagation along the bicharacteristics; n = y-u would also
work. We again let xo € C*°(R) be equal to 0 on (—o0,0] and xo(t) = exp(—1/t) for
t > 0 and we let x3 € C*°(R) be 0 on (—00,0], 1 on [1,00), with x} > 0 satisfying
X1 € C°((0,1)). Furthermore, for Ay > 0 large, to be determined, ¢ € (0,1), let
(10.71) ¢ =q=xo(Ag (L +t—¢/8))x1((r0 — 7 +6)/(ed) +1).

We usually simply write ¢ in place of ¢;. We only use t to slightly shrink the support
of ¢ in our inductive proof (i.e. as [ is increasing), instead of adjusting J as in the
proof of Proposition 10.1. Thus, on supp ¢ we have ¢ < 2§ and 79 — 7 > —24J. Since
w > 0, the first of these inequalities implies that 7o — 7 < 26, so

(10.72) |7 — 70| <28 and w < €*63(20 + 7 — 7p) < 4e*ot.

Hence, wy < 2€26%, which together with |7 — 7| < 2§ gives |n| = |1 - y| < Cgd since
the 0; component of W in non-zero. Since we also have

(10.73) lyl? = (y - 1)* /(A = 75 — [wol*)| < 2¢%67,

we conclude that |y| < C76. Thus, under the additional assumption

(10.74) A—g| <o

we deduce that [*Hyw| < Cge?d?, so

(10.75) |*H,¢ — 2h| < Cgd/e>.

Hence, for ¢y > 0, Cy > 0 appropriately chosen and for € € (0,1), § > 0 satisfying
§/e? < Oy, we have

(10.76) *Hgp > co > 0.
Again, this directly gives a positivity estimate for " H,q near {,. Now
(10.77)

“Hyq=—Ag 6 xo(Ag (1 +t = ¢/8))x1((10 — 7+ 6)/(€6) + t)* Hy)
— (e8) " X0(AG (1 + £ — /8N4 (70 — 7 + 6)/(e8) + 1) H,T.
Hence, with
b? = co Ay 0 Ixo(Ag (1 4+t — ¢/8))xa((r0 — 7 + 8)/(€0) + 1),

(10.78) . . )

e=—(e6)" " xo(Ag (L4t —0/8))X1((To — 7+ )/ (ed) +1)* HyT
we have
(10.79) “Hyq < —b* +e.

In addition, similarly to (10.26)-(10.27), we see that
(10.80) b? > (coAo/16)q.
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Moreover, with 0 denoting a partial derivative with respect to one of (y, z, 7, i, v),
dg = —Ag 5 Xo(Ag (L 4+t = ¢/8))x1 (10 — 7+ 8)/(€0) + 1)
— (e8) " 'xo(Ag (L4t — ¢/0)X1((r0 — 7+ 8)/(€d) + ).

Thus, (10.31)-(10.33) hold, and hence the uniform bounds of (9.30) also follow.
Now e is supported where

(10.82) b —ted < 7o —7 < =0+ (1 —t)ed, w/* < V260,

(10.81)

so near the backward direction along bicharacteristics through &y, in the region
which we know is disjoint from WFg.(u). In addition, by choosing ¢ > 0 sufficiently
small, we can assume that the support of ¢, e and b are all disjoint from WF.((H —
Au).

From this point we can simply follow the proof of Proposition 10.1. Thus, we
conclude that for every m,

(10.83) o ¢ WFL2 (u).

This is exactly the iterative step we wanted to prove. In the next step we decrease
t slightly to ensure that supp g; is disjoint from VVIF‘;’CL’PA/2 (u). O

Before proving the general tangential propagation estimate, we first do it in the
totally geodesic case (C totally geodesic). Proposition 7.1 shows that for sufficiently
short times there is a unique generalized broken bicharacteristic through any point
in ¥¢()\), namely the integral curve of *°H,. The simplicity of this description
may already give a hint that it is particularly easy to prove the corresponding
propagation estimate for singularities. Indeed, in the proof of the aforementioned
proposition, we have essentially already constructed the pseudo-differential operator
A to commute through H by defining the m-invariant function ¢ (which will play
an analogous role to that of ¢ in the proof of normal propagation). The following
argument may also clarify the close relationship between proving results about the
geometry of the generalized broken bicharacteristics and the positive commutator
proof of propagation estimates. Again, we only state it for forward propagation.

Proposition 10.6. Suppose that H is a many-body Hamiltonian satisfying (10.1).
Suppose also that every element of C is totally geodesic with respect to h. Let
u€C™®(X), A>0. Let& € B, (A)N*°TE(C; X), C = C,, satisfy§o ¢ WF o ((H—
Mu). Then there exists € > 0 such that if in addition for some s € (—€¢’,0) we have

WOa(eXp(sscHg)(ﬁil(go))) ¢ WF.(u)
then & ¢ WFgo(u).

Proof. First note that there is nothing to prove if & € R4 (A) U R_(\), so from
now on we assume that & ¢ Ry(A) U R_(\). The proof is very similar to the
previous one and the positive commutator construction is exactly the same as in
three-body scattering [40, Proposition 15.4], based on the w-invariant function ¢
used here in the proof of Proposition 7.1. Thus, we take local coordinates centered
at C as above, i.e. of the form (y, z), and let ¢ = ¢(® be defined by (7.21), so in
particular ¢ is m-invariant. In the proof of Proposition 7.1 we showed that there
exists dg € (0,1) such that for any ¢ € (0,dy) and any € € (0,1)

(10.84) B(€) <28, T(€) — 10 < 26 and |72(€) + h(E) — \| < €6
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imply that *°H,¢ satisfies (7.33), so
(10.85) SCHyb(€) > o > 0.

We define ¢ as in (10.71). Then (10.77), hence (10.78)-(10.82) also hold. Since
e > 0 can be taken arbitrarily small, we can choose it and § € (0,dp) so that
supp e is a small neighborhood of exp(s*H,)(7#~1(&)); in particular, mo,(suppe) is
disjoint from WF.(u) for each b. We can then apply the compactness argument
of Proposition 10.1 to prove (10.42) for the operators A, B, etc., defined in that
proof, and conclude that & ¢ WF.(u). O

We now return to the general setting of not necessarily totally geodesic C.

Proposition 10.7. Suppose that H is a many-body Hamiltonian satisfying (10.1).
Let u e C~°(X), A > 0. Given

(10.86) K C (2:(A) N*Te(C; X))\ (R (A) U R-(A) UWF o ((H — Mu)

compact there exist constants Cy > 0, 69 > 0 such that the following holds. If
& = (20,70,0) € K and for some 0 < § < dg, Cod < € < 1 and for all a =
(y, 2,7, 1, ) € T X NEaA_x

o € T2 X and |, (o — exp(~6"H,) (7 (6)))] < e and |y(a)] < 8

(10.87) = mop(ar) € WFsc(u),

then & ¢ WFs.(u).

Remark 10.8. In the estimate (10.87), °H, can be replaced by any C* vector field
which agrees with *H, at the point 77 1(&), since flow to distance § along a vector
field only depends on the vector field evaluated at the initial point of the flow, up
to committing an error O(42). In particular, it can be replaced by the vector field
W defined below. Similarly, changing the initial point of the flow by O(6%) will
not affect the endpoint up to an error O(§2). Thus, estimate (10.87) can be further
rewritten, at the cost of changing Cy again, as

(10.88)
a €T, X and |ng, (exp(6W”)(a)) — &o| < ed and [y(exp(6W°)(e))| < €0
= mop(a) € WFyc(u);

here we also interchanged the roles of the intial and final points of the flow. This
relates (10.88) to (10.50).

Proof. The proof is very similar to the previous ones and now the positive commu-
tator construction follows that of [40, Proposition 15.2] in three-body scattering.
Thus, we take local coordinates as above, i.e. of the form (y, z) with Cj, defined by
linear equations in y. Then we construct wy € C®°(*°*T4, (C; X)) (defined near &)
to measure the squared distance from integral curves of

(10.89) W# =2rv -0, — 210, + Hj;

this is achieved by solving a Cauchy problem as in [40] and in (7.12) here. (In-
deed, an approximate construction, like that of wy in the normal case discussed
above, would also work). Then we extend wg to a function on *°T} X (using the
coordinates (y, z, T, i, v) near 9X), let

— 2 —
(10.90) w = wo + |y, QS—T()—T'F%W,
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and define ¢ as in (10.14). The difference in the powers of € and ¢ in this definition
of ¢ in the (general) tangential setting and that in the normal case (given in (10.70))
arises since in the normal setting w approximates the fourth power of the distance
from the generalized bicharacteristics while here it approximates the squared dis-
tance. The estimates on *Hy¢ are just as in [40, Proposition 15.2], see also the
proof of Proposition 7.1 here in the similar totally geodesic setting (the estimates
are simply better but no different in nature under the totally geodesic assumption
since now we do not have (7.4)), giving a slightly better result than in the totally
geodesic normal case: it is § /¢, not d/€2, that has to be bounded from above by an
appropriate positive constant. The difference arises as the model integral curves
in the tangential setting are closer to the actual ones than in the normal setting.
Thus, one obtains (10.26) here as well. The functional analysis part, under the
assumption that there are no bound states, is exactly as in the normal case. O

An argument of Melrose-Sjostrand [23, 24], see also [12, Chapter XXIV] and
[18] allows us to conclude our main result concerning the singularities of general-
ized eigenfunctions of H. Here we concentrate on totally geodesic C (since that
is the case in Euclidean scattering), in which case the more delicate tangential
propagation argument of Melrose-Sjostrand is not necessary. The proof presented
below essentially follows Lebeau’s paper [18, Proposition VII.1]. We thus have the
following theorem.

Theorem 10.9. Let (X,C) be a locally locally linearizable many-body space, and
ssuppose that H is a many-body Hamiltonian satisfying (10.1). Let u € C~*°(X),
A > 0. Then WFg(u) \ WE s ((H — Nu) is a union of mazimally extended gener-
alized broken bicharacteristics of A — X in ¥\ WFso((H — A)u).

Proof. We start by remarking that for every V. C 3 and &€ € V, the set R of
generalized broken bicharacteristics v defined on open intervals including 0, sat-
isfying v(0) = &, and with image in V, has a natural partial order, namely if
v:i(a,B) = V,v : (,3) = V, then v < ' if the domains satisfy («, 3) C (¢, 3)
and v = 7'|(a,3). Moreover, any non-empty totally ordered subset has an upper
bound: one can take the generalized broken bicharacteristic with domain given by
the union of the domains of those in the totally ordered subset, and which extends
these, as an upper bound. Hence, by Zorn’s lemma, if R is not empty, it has a
maximal element. Note that we can also work with intervals of the form («,0],
a < 0, instead of open intervals.

We only need to prove that for every & € WFqc(u)\ WFs.((H — A)u) there exists
a generalized broken bicharacteristic v : [—eg,e0] — 3, € > 0, with 4(0) = &
and such that v(t) € WFy(u) \ WFe((H — M)u) for t € [—e€p,€0]. In fact, once
this statement is shown, taking V' = WF.(u) \ WFs.((H — Mu), £ = &, in the
argument of the previous paragraph, we see that R is non-empty, hence has a
maximal element. We need to show that such an element, v : (a,8) — 3, is
maximal in 3\ WFe.((H — \u) as well, i.e. if we take V = 3\ WF.((H — \u),
€ = & in the first paragraph. But if v/ : (o/,#') — ¥ is any proper extension of
v, with say o/ < «, with image in ¥\ WFe.((H — M\u), then 7/(a) € WFg(u)
since WFq.(u) is closed, and v maps into it, hence by our assumption there is a
generalized broken bicharacteristic 7 : (¢ — €', a+€') — WFye(u) \ WF((H — X)u),
¢ >0, 7(a) = 7'(); piecing together ¥|(4—c o) and 7, directly from Definition 6.2,
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gives a generalized broken bicharacteristic which is a proper extension of 7, with
image in WFg(u) \ WFs.((H — A)u), contradicting the maximality of .
Indeed, it suffices to show that for any a, if

(10.91) &0 € WFyc(u) \ WE.((H — Mu) and & € SCTéé(Ca; X)
then
(10.92)
there exists a generalized broken bicharacteristic «y : [—ep, 0] — ¥, € >0,

v(0) = &, Y(t) € WFge(u) \ WFs((H — Nu), t € [—€o,0],

for the existence of a generalized broken bicharacteristic on [0, €] can be demon-
strated similarly by replacing the forward propagation estimates by backward ones,
and, directly from Definition 6.2, piecing together the two generalized broken
bicharacteristics gives one defined on [—eg, €.

We proceed to prove that (10.91) implies (10.92) by induction on a. For a = 0,
this is certainly true by Proposition 10.6, since only elements of C' € C in a small
neighborhood of £, must be totally geodesic for the proof to go through, and Cj is
the only such element if the neighborhood of &, € SCT&) (Co; X) = SCTC’}(,)X is chosen
sufficiently small (in fact, this is really just Melrose’s propagation theorem [22]).

So suppose that (10.91)=-(10.92) has been proved for all b with C, C C} and

that §o € Xn(A) N*T¢, (Ca; X) satisfies (10.91). We use the notation of the proof
of Proposition 10.1 below. Let U C UcacchCTég(Cb;X) be a neighborhood of
€0 = (0, 20,70, v0) in ¥ which is given by equations of the form |y| < &', |z — 2| <
&, |t =1 < &, [v—w| <&, >0, such that **Hyn > 0 on #~1(U) and
UNWFg((H — X)u) = 0. Such a neighborhood exists since £y ¢ WFs.((H — \)u)
and SH,n(&) = A — 78 — h(z0,0) > 0 for every & € 77 1(&). Also let U’ be a
subset of U defined by replacing ¢’ by a smaller §” > 0, and let ¢g > 0 be such
that for any generalized broken bicharacteristic v with v(0) € U’, v|[—¢y,e) € U.
By Proposition 10.1, there is a sequence of points &, € ¥ such that &, € WF(u),
&n — & as n — oo, and n(&,) < 0 for all n, so we may assume that &, € U’ for
all n. By the inductive hypothesis, for each n, there exists a generalized broken
bicharcteristic

(10.93)  Fu : (=€, 0] = (WFuo(u) \ WEo(H = Nu) 0 | *T¢, (Ch: X)
CuCCh

with 4,(0) = &,. We now use the argument of the first paragraph of the proof
with V' = (WFg(u) \ WFs((H — Nu)) NUg, e, SCTég(Cb; X), and £ =¢,,. Thus,
An € R, which is hence non-empty, hence has a maximal element. We let

(10.94) 7o+ (€0, 0] = (WFuo(u) \ WEo(H = Nu) 0 | *T¢, (Ch: X)
CaCCh

be a maximal element of R; it may happen that —e,, = —oco.

We claim that €, > €. For suppose that €, < ¢y. By Corollary 6.12, ,, extends
to a generalized broken bicharacteristic on [—e,, 0], we continue to denote this by v,,.
Since €, < €, 7n is a generalized broken bicharacteristic with image in U; indeed
the closure of the image is still in U. Taking into account that 7 is increasing on
generalized broken bicharacteristics in U since **Hyn > 0 there, we conclude that

Y1 (@) - p(vn(®) = n(v(?)) < n(7.(0)) < 0 for t € [—e€p,0], hence y(y,(t)) #
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0. Thus, vn(—€n) € UcagchscTéé(Cb;X). Moreover, yp(—€n) € WFg(u) since
WFq(u) is closed, and 7y,|(—, o) maps into it. Thus, by the inductive hypothesis,
there is a generalized broken bicharacteristic,

(10.95)  An: (o, —€n] = (WFge(u) \ WEs((H — Nuw)) N U T (Cr; X)

CaCCy

with @ < —€,, Jn(—€n) = Yn(—€,). Hence, piecing together 7, and 7, gives a
generalized broken bicharacteristic mapping into (WFy.(u) \ WFy.((H — M)u)) N
Uec,co, SCT&) (Cp; X) and extending ~,,, which contradicts the maximal property of

Y. Thus, €, > €y as claimed.

By Proposition 6.11, applied with K = WF.(u), there is a subsequence of
Ynl[—eo,0] cOnverging uniformly to a generalized broken bicharacteristic vy : [—€p, 0] —
WFq(u). In particular, v(0) = & and v(t) € WF(u) for all ¢ € [—e€, 0], providing
the inductive step.

We now turn to § € Ei(A) N T (Co; X). If every element of C is totally
geodesic, then due to Proposition 10.6, (10.91)=-(10.92). (Again, we only need
that Cj be totally geodesic for Cy, with C, C Cj, since the result is local.)

The general case, when element of C are not totally geodesic, repeats the argu-
ment of Melrose-Sjostrand, as presented in Lebeau’s paper [18, Proposition VIL1].
We very briefly outline the proof below; the detailed version follows Lebeau’s closely,
with some changes in the notation. Let U C UcacchSCng(Cb; X)\WFs((H—MNu)
be a neighborhood of &, Uy a smaller neighborhood, as above. We take ¢y > 0
small. Suppose that 0 < € < ¢y, £ € Uy. Let
(10.96)

Ré,e = {generalized broken bicharacteristics v : [—¢,0] — WFgc(u),
Y(0) = & 7(t) ¢ Te(A) N*TE, (Ca; X) for t € (—¢, 0]},
RZ .. = {generalized broken bicharacteristics v : [—€¢’,0] — WFy(u), € € (0,¢),
Y(0) =&, v(t) & Te(A) N*T¢, (Co; X) for t € (=€, 0],
y(—=€) € Zy(A) N *Te (Cas X)}.
Moreover, reflecting the inequalities in (10.87), let

(10.97) B(&€) ={& € ¥+ max{|r§, (&) — &l [y(€)]} < e}
Let Cp > 0 be as in Proposition 10.7. For & € ¥:(\) N5°TE, (Cq; X), let
(10.98) D(¢&,€) = Blexp(—€*H,)(77(€)), Coe?) N WFg(u),
and for £ ¢ 3 (A) N*T¢, (Co; X), let
(10.99)
D(&e) = {v(~€): 7€ R}
U{B(exp(— (e — €)*Hy) (7' (7(€), Cole — €)*) N WFy(u) 1 v € RE .}

The reason for introducing D(&, €) is that it is a good candidate for the beginning
point of a generalized broken bicharacteristic segment in WF.(u), defined over an
interval of length ¢, and ending in &.

Indeed, for £ € ¢ (A)N*TE, (Cq; X)NWFsc(u), we deduce from Proposition 10.7
that D(&,e) # 0. For £ € WFq(u) \ (E:(N) NTE (Cq; X)), by the inductive
hypothesis, the previous part of the proof concerning X,,(A)N*TE, (Cq; X), and the
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first two paragraphs with V- = WF(u) \ ((£:(X) N*TE, (Ca; X)) UWFs (H — Nu),
& = &, there is a maximally extended generalized broken bicharacteristic ~ with
image in V. By the argument of the second paragraph, this is either defined on
all of [—¢,0], or only on (—¢,0] with 0 < € < ¢, in which case y(—¢') € Z;(A\) N
SCT("}[,1 (Cy; X), hence again by Proposition 10.7 we conclude that D(€, €) # (). Thus,
for all £ € U N WFg(u) we have deduced D(§,€) # 0.

For each integer N > 1 now we define a sequence of 2V + 1 points &N, JEN,
0 < j < 2N, which will be used to construct points y(—j2 Vep) on the desired
generalized broken bicharacteristic 7 : [—€p, 0] — WFy(u) through &. Namely, let
e =2"Ne, &o,n = &o, and choose 11,8 € D(&j,n,€). Let Iy = {—j27Ney: 0 <
j <2V} C [~€,0], T = UX_ 1 In. We write yn(t) = & n for t = —j27N¢y. For
each t € J, the sequence vy (t) (defined for large N) stays in a compact set. Hence
there exists a subsequence vy, such that for all ¢ € J, yn,(t) converges to some
V(2).

This defines v : [—€g, 0] — WFy(u) at elements of J. One can check exactly as in
Lebeau’s proof (which we have been following very closely) that v extends to a con-
tinuous map defined on [—eg, 0], and that it is a generalized broken bicharacteristic.
This completes the inductive step for tangential points &y € X;(A) N °TE, (Co; X)
in the non-totally geodesic setting, hence the proof of the theorem. ‘ O

We remark that the result is optimal as can be seen by considering the Euclidean
setting, taking potentials singular at a specified C,, thereby placing ourselves into
the three-body framework. As [37] shows, singularities do reflect in all permissible
directions in general, the reflection being governed to top order by the (two-body)
S-matrix of the subsystem.

11. THE RESOLVENT

Before we can turn Theorem 10.9 into a result on the wave front relation of the
S-matrix, we need to analyze the resolvent. More precisely, we need to understand
the boundary values

(11.1) R(\+40) = (H — (A +40))~*

of the resolvent at the real axis in a microlocal sense. To do so, we also need
estimates at the radial sets R4 (\). Since the Hamilton vector field of the metric g
vanishes at R4 (\)UR_ (), the estimates must utilize the weights ~!~! themselves.
In this sense they are delicate, but on the other hand they only involve x and its
sc-microlocal dual variable 7, so they do not need to reflect the geometry of C.
The best known positive commutator estimate is the Mourre estimate, originally
proved by Perry, Sigal and Simon in Euclidean many-body scattering [27], in which
one takes ¢ = x~'7 with the notation of Section 9. Since it is easy to analyze
the commutator of powers of « with H (in particular, they commute with V'), the
functional calculus allows one to obtain microlocal estimates from these, as was
done by Gérard, Isozaki and Skibsted [6, 7]. Thus, nearly all the technical results
in this section can be proved, for example, by using the Mourre estimate and
Theorem 10.9. In particular, apart from the propagation statements, they are well-
known in Euclidean many-body scattering. The generalization of these Euclidean
results to our geometric setting is straightforward; the arguments essentially follow
those in three-body scattering that were used in [40].
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We first state the weak form of the limiting absorption principle, namely that for
feC>®(X), ROA+it)f, t > 0, has a limit in H7!(X), m arbitrary, | < —1/2, as
t — 0. To simplify the asymptotic expansions of R(A+140)f which we also describe,
for A > 0 we introduce the functions

1%
11.2 ar = a4y =*t——— € C®(X \ Cosing),
(11.2) + = Q) 3 a (X \ Cosing)

and the set of polyhomogeneous functions AII)Chg(X \ Cosing) on X \ Cpsing With
index set

(11.3) K={(m,p): mpeN, p<2m}.

Recall from [21] that v € Aghg(X \ Cy sing) Mmeans that v is C*° in the interior of X
and it has a full asymptotic expansion at C{, which in local coordinates (z,y) take

the form

(11.4) vie,y) ~ Y > al(logw) a;.(y), aj, € C(Ch).

=0 r<2j
Thus, v € C°(X \ Cosing) and |v(z,y) — ao,0(y)| < Cz|log z|?.

Theorem 11.1. Suppose that H is a many-body Hamiltonian satisfying (10.1),
A > 0. Let f € C®(X), uf = R\xit)f, t > 0. Then ui has a limit ux =
R\ £i0)f in H™Y(X), 1 < —1/2, as t — 0. In addition,

(11.5) WFc(us) C Re(N).

If V is short-range, i.e. V € 22C*°(X \ Co,sing); then

(11.6) uy = eFVMg(n=D/2y g, € C(X \ Co,sing)s
while if V' is long-range, i.e. V merely satisfies (6.2), then

(11.7) uy = eFVMa =D 2ian,, o, ¢ Apth(X \ Co,sing)-

Remark 11.2. The first statement in the theorem also holds if we merely assume
f e HmV (X) with I > 1/2, but then WF(u) has to be replaced by the filtered
wave front set WF;’CL’llfl(ui). Moreover, R(A £i0) give continuous operators from
H™ (X) to HMH2L(X).

Proof. This result is a weak form of the limiting absorption principle and can be
proved by a Mourre-type estimate. In the Euclidean setting, it is a combination of
the Mourre estimate, proved by Perry, Sigal and Simon [27], and its microlocalized
version obtained by Gérard, Isozaki and Skibsted [6]. In the geometric setting,
the Mourre estimate describes the commutator of H with a self-adjoint first order
differential operator A € 2~! Diff}.(X) such that A — 2D, € Diff}.(X) (this is
of course a restriction only at dX). Namely, it says that for ¢ € C*(R;[0,1])
supported sufficiently close to A, we have

(11.8) i¢(H)[A, H|¢p(H) > 2\ —€)p(H)?> + R, €>0,

where R € W' (X, C), hence compact on L2.(X). It was proved in the geometric
three-body setting (with an appropriate adjustment to allow bound states of subsys-
tems) in [40], following the Euclidean argument of Froese and Herbst [5]. The proof
given there goes through essentially unchanged for more than three bodies. Under
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our assumption (10.1), the symbolic commutator calculation in the scattering cal-
culus, **Hy(z717) + 29 € 2C>°(**T*X), and a slight modification of Corollary 9.7,
prove the Mourre estimate. The argument of [27] then proves the existence of the
limits u in HOH(X), 1 < —1/2, and (H — Aux = f € C°°(X) shows that the same
holds in H™!(X) for every m and for every [ < —1/2.

To show the flavor of the arguments, we prove here a version of the estimate of
Gérard, Isozaki and Skibsted [6]. Such arguments as this can be combined to prove
the limiting absorption principle without a direct use of the Mourre estimate as was
done in the geometric two-body type setting by Melrose [22] and in the geometric
three-body setting in [40]. Here, however, we concentrate on proving the wave front
set result. The major difference between the propagation estimates of the previous
section and the ones near R4 (\) is that *°H, is radial at Ry (A\) U R_(\): it has
the form 2720,. Thus, we need to use a weight z—!~! to obtain a positive symbol
estimate. So for [ > —1, let

(11.9) g=a""""x(n)d(x) >0
where 1 € C°(R) is identically 1 near 0 and is supported in a bigger neighborhood
of 0 (it is simply a cutoff near X), x € C®(R;[0,1]) vanishes on (—oo, VA — 2¢),
identically 1 on (VA —€,00), € > 0, ¥’ > 0, and y vanishes with all derivatives at
every t with x(t) = 0. Then for sufficiently small § >0, |g — A\ = |72 +h —A| < J
implies
*Hyg = ~2((1+ Drx(r) + /() < bt

b= (2(L+ Drx(r) + (A= 72)x/(1)/2)"/2.

Thus, both z'*1¢ and z!T'b are m-invariant. Let A € > ~""}(X,C) be a quan-
tization of ¢ as in Lemma 9.1, except that now ¢ is not supported in a single
coordinate chart, so we need to define A as the sum of localized operators (of
course, this is not necessary in the actual Euclidean setting). Thus, roughly speak-
ing, A is the product of a quantization of ¢ and ¥ (H), 19 € C2°(R). The fact that
q € 7!71C>(3°T* X)) does not cause any trouble, and the argument of Corollary 9.7
shows that for ¢ € C2°(R; [0, 1]) supported sufficiently close to A we have

(11.11)

i T2y (H)[A* A, HIp(H)a ™2 > 222 = )B* B+ F)a't'/2, € >0,

where

(11.10)

(11.12) F e U2 (X, C), WEL(F) C supp(a'*q),

(11.13) B e U o 12(X,C), Ba—i—12(¢) = b(Q)a()*9(Ha,0(C)).
Let

(11.14) Ay = Aw(H) c \PS—COQ—l—l(X’Cv).

Since

(11.15)  (uf,i[A§ Ao, Hlu) = —2Tm{u;", A Ag(H — (X +it))u) — 2t|| Agu ||?,
we conclude that
(11.16) || Bu ||* + 2t Aow [I” < [u, Fui )| + 2| (u, AgAo(H — (A +it))u)|.

Since ¢ > 0, the second term on the left hand side can be dropped. Since u;” — uy
in H%'(X) for I! < —1/2, we conclude that for [ € (—1,—1/2) the right hand
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side stays bounded as t — 0. Thus, By is uniformly bounded in L2.(X), and
as uf — uy in HYV(X), we conclude that Buy € L2(X). But then (11.13)
shows that for any ¢ with ¢(¢) # 0, we have ¢ ¢ WF;’CL’Hl/z(qu) for every m.
This proves that the incoming radial set, Ry ()), is disjoint from WE™ Y2y,
[+1/2 € (—1/2,0). Iterating the argument, as in the proof of Proposition 10.1, gives
that WFgc(u4) N Ry (A) = 0. Since WFy(u4) is closed, the same conclusion holds
for a neighborhood of Ry (). Finally, as all generalized broken bicharacteristics of
A — X tend to Ry (\) as t — —oo and (H — Nuy = f € C°(X), the propagation
of singularities theorem, Theorem 10.9, implies that WFgs.(uy) € R_(\). The
existence of the asymptotic expansions is a local question, so at C{, we can work in
the scattering calculus to prove it, see [35] for details of the proof. (]

A pairing argument immediately shows R(A & i0)v also exists for distributions
v € C~°°(X) with wave front set disjoint from the incoming and outgoing radial set
respectively. Combining it with the propagation theorem, Theorem 10.9, we can
deduce the following result; as usual, we assume that (X, C) is locally linearizable.

Theorem 11.3. Suppose that H is a many-body Hamiltonian satisfying (10.1),
A > 0. Suppose also that v € C~°(X) and WFs.(v) N Ry(\) = 0. Let uf =
R\ +it)v, t > 0. Then u has a limit uy = R(A\+i0)v in C~>°(X) ast — 0 and
WF,o(uy) MRy (N) = 0. Moreover, if ¢ € X\ R_(\) and every mazimally backward
extended generalized broken bicharacteristic, v : (—oo,tg] — Y, with v(to) = &
is disjoint from WF.(v), then § ¢ WFsc(uy). The result also holds with Ry (\)
and R_(X) interchanged, R(\ + it) replaced by R(\ — it), (—oo,to] by [to,o0) and
correspondingly ‘backward extended’ by ‘forward extended’.

Proof. As mentioned above, the first part follows from the self-adjointness of H,
so that for t > 0, v € C~°(X), f € €>®°(X), we have v(R(\ + it)f) = R(\ +
it)v(f); recall that the distributional pairing is the real pairing, not the complex
(i.e. L?) one. The wave front statement of Theorem 11.1 and the assumption on v
show the existence of the limit uy = R(A + i0)v in C~°°(X) and that in addition
WE™! (uy )N Ry (\) = 0 for every I < —1/2. The positive commutator argument of
Theorem 11.1 then applies and shows that WFc(u4 )N R4 (A) = (. In the Euclidean
setting these results follow from a microlocalized version of the Mourre estimate
due to Gérard, Isozaki and Skibsted [7]; see [9] for a detailed argument.

Finally, since WFg(u,) is closed, a neighborhood of R, (\) in X is disjoint from
WFg(uy). Since all generalized broken bicharacteristics approach Ry (\) as t —
—o0 by Proposition 6.8, the last part follows from (H —A)uy = v and Theorem 10.9.
It can be also proved by modifying the argument of Propositions 10.1-10.7 along the
lines of our proof of Theorem 11.1. Namely, we consider the family u;” € C~°°(X),
t > 0, and note that for t > 0, R(\ + it) € U _>°(X,C), so WF.(u") € WF.(v).
Let Ay, etc., be defined as A, with r = 0 where A, is given by (10.40) (i.e. we do
not need to use the approximating factor (1 +r/x)~1). Then

(11.17)  (uf,i[A§ Ao, Hlu) = —2Tm{u;", AjAg(H — (X +it))u) — 2¢t|| Agu ||%.

Note that the pairings make sense since now WF’_(Ap) is disjoint from WF.(u;"),
t > 0. Thus,

1Bow" |I* + 2t Ao |I* < [(uf", Bow )| + [(uf, Fouf")|

(11.18) + 2 (uf, Ay Ag(H — (A + it) ).
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Since t > 0, the second term can be dropped from the left hand side. Thus, knowing
that u” — u, in C~°°(X) ast — 0, and assuming that & ¢ WF™!(u_ ) has already
been proved and (10.50) is satisfied by u, we conclude that & ¢ WF™H1/2(y ).
The iteration of this argument of Proposition 10.1 and the similar arguments for tan-
gential propagation allow us to conclude the forward propagation estimates which
can then be turned into maximal statements as we did in Theorem 10.9. This
argument also shows the influence of the sign of ¢: if ¢ < 0, the inequality (11.18)
cannot be used to derive results on uy. Instead, the signs are then correct in the
backward estimate, just as expected. O

We conclude this section with the following uniqueness theorem on solutions of
(H — MN)u = 0. It is essentially a geometric version of Isozaki’s uniqueness theorem
[16, Theorem 1.3], though we allow arbitrary growth of v away from one of the
radial sets, say Ry (A).

Theorem 11.4. Suppose that H is a many-body Hamiltonian satisfying (10.1),
A > 0. Suppose also that u € C~(X), (H — Nu =0 and WE™ (u) "Ry (\) =0
for some m and some I > —1/2. Then w = 0. The same conclusion holds if we
replace Ry (\) by R_(X).

Proof. Just as in the proof of Theorem 11.3, the positive commutator estimate
of Theorem 11.1 (but now applied with a regularizing factor in z) shows that
WFy(u) N Ry (A) =0, and then Theorem 10.9 shows that

(11.19) WFo(u) € R_().

We remark that although we need a regularizing factor here which requires some
changes in the proof, e.g. see the argument of the paragraph below, the regularizing
factor (whether (1 + r/z)~! or another one) commutes with V, so the additional
arguments for dealing with it are essentially the same as the two-body ones. Thus,
the regularization part of the proof of WF(u) N R4 (A\) = () essentially follows [22,
Proposition 10].

We proceed to show that

(11.20) meR, I <—1/2=WF™ (u)NR_(\) = 0.

We give the details below since regularity arguments for distributions which are
large at infinity seem to appear less often in the literature than the ‘finer ones’; in
particular, [16, Theorem 1.3] assumes v € H?!(X) with I > —1. We essentially
follow the proof of [22, Proposition 9] below.

So suppose that (11.20) has been shown for some [ < —1; we now show it with
[ replaced by ! + 1/2. This time we consider

(11.21) q= x_l_lx(r)ﬁ(x), < -1,

where 1/; € C°(R) is identically 1 near 0 and is supported in a bigger neighborhood
of 0 (it is simply a cutoff near 9X), xy € C°(R; [0, 1]) identically 1 on (—oc, —v/A+e),
vanishes on (—v/A + 2¢,00), € > 0, and x vanishes with all derivatives at every t
with x(¢t) = 0. Then

(11.22) “Hyq = —2((1 + 1)r(r) + by (r)a =1 = (<b? + e)a'7,

(11.23) b2 =2(1+ 1)rx(7).
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The first key point now is that on WFy.(u) we have 7 = —vV A, so WFg.(u) N
m(suppe) = 0. Let A € U >~'"1(X C) as in Lemma 9.1. Corollary 9.7 again
shows that for ¢ € C2°(R; [0, 1]) supported sufficiently close to A we have

(11.24)

il T2 (H)[A* A, Hlp(H) 2! T2 > 2322 = )B* B+ E+ F)z't1/2 ¢ >0,

where

B e W > mY2(X,C), By o1/2(C) = b(Q)a(Q)*p(Ha0(C)),
(11.25) Ec U 27N (X,C), WFL(E) N WF.(u) =0,

Few > ?(X,C), WF.(F) C supp(z''q).

Let
(11.26)
A=A +r/z) " "(H), B, =Bl +r/x)™', E,. =1 +r/2) 'EQ1+r/x)"",

S0
(11.27)
A, € U 27X, C) for r > 0, A, is uniformly bounded in W_*>~'"1(X,C);

analogous statements also hold for B, and FE,. Thus,
ile/Z[A:AT, H]:rl“/2
(11.28) = i(1+r/x) " a2 (H) AT A, HJW(H) 22 (1 4 r )
+ip(H)A* 2 (G, + G T A (H) + H,
where H, is uniformly bounded in ¥_°>>"*(X,C) and
(11.29) Gy = itho(H)?x™ (L +r/2) ' [(L+r/x)"", H],

o € C(R; [0,1]), o = 1 on supp ¥, so G, is uniformly bounded in \IIS_COO’l(X, 0).
Thus, we need to estimate the commutator [(1 + r/z)~!, H], and now we do not
have a large M as in the proof of Proposition 10.1 to help us deal with it.

The other key point is thus that we have i[(1 + r/z)~1, H] = i[(1 + r/z)71, A]
and

,o\ /2
——drd o =amEn ()

11.30) S°H,(1 =9
(11.30) *Hy(1+r/x)™" =27 —

T+
X1 € C°(R;[0,1]) identically 1 on (—oco, —v/A + 3¢), vanishes on (—v/\ 4 4e, 00),
€ > 0. Let C,. be the quantization of ¢, multiplied by 1o(H) as in Lemma 9.1, and
define D, similarly but with 1o(H) replaced by to(H)?. Thus, as (1 +r/z)7! is
uniformly bounded in the symbol class S°(X),

(11.31) iWo(H)z™Y2[(1 4 r/z)™, Hla=?¢o(H) = C*C\ + D, + H!.

with C, and D, uniformly bounded in ¥,*°(X,C), C, € \I’Szoo’l/2 (X,C) for r > 0,
D, € U1 (X,C) for r > 0, and H. uniformly bounded in ¥_>'(X,C). Moreover,
D,A € 9_°>°°(X,C) uniformly due to the disjoint operator wave front sets. Thus,

(11.32) G+ G =214 r/z)"Y2(C:C, + D)1 4 7/z)" Y2 + H
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with H! uniformly bounded in ¥_>*(X,C), so

(11.33)
Y(H)A* TG, + Gzt Ay (H)
= 2p(H)A* 2 (1 +r/2)"Y2(CFC + D)1 + /) "V 22 A (H) + H?
> HY,

H?, H! uniformly bounded in ¥*°"! (X, C). Combining (11.24), (11.28) and (11.33),
we see that for ¢ > 0 we have

(11.34) i TV2ATA,, H)Z Y2 > V22 - €)BEB, + B+ F)at T2,
We deduce as at the end of the proof of Proposition 10.1 that WF?’lH/Q(u) N

R_(X\) = () for every m and for every [+1/2 < —1/2,s0 (11.20) holds. In particular,
u € H™!(X) for every m and for every | < —1/2.

In the Euclidean setting we can now simply refer to Isozaki’s uniqueness theorem
[16, Theorem 1.3] to conclude that u = 0. Here we give some details to indicate
how this conclusion can be reached in general. The crucial step is improving the
estimate past the critical regularity Hg: -1/ (X). In the Euclidean setting this was
done by Isozaki [15, Lemma 4.5] and his argument was adapted to the geometric
setting in [40, Proposition 17.8]. We thus conclude that WE™!(u) N R_(\) =  for
I € (0,—1/2). This is the point where (H —\)u = 0, and not just (H—\)u € C®(X)
is used. Now we can apply a commutator estimate like that of Theorem 11.1 but
near R_()\). Thus, we conclude that WFy.(u) N R_(\) = 0, so u € C>®°(X). The
theorem of Froese and Herbst [4] on the absence of bound states with positive energy
adapted to the geometric setting, as discussed in [40, Appendix B], concludes that
u = 0. ]

12. THE POISSON OPERATOR AND THE SCATTERING MATRIX

Just as in [36, 40] where three-body scattering was analyzed, the propagation
of singularities for generalized eigenfunctions of H implies the corresponding result
for the (free-to-free) scattering matrix, S(A), of H. Note that this is the only S-
matrix under our assumption of the absence of bound states of the subsystems. We
start by discussing the Poisson operator, then we use it to relate the propagation
of singularities for generalized eigenfunctions to the wave front relation of the S-
matrix.

The result that allows us to define the Poisson operator is that if V' is short-
range, i.e. V € 22C>(X \ Cpsing), then for A € (0,00) and g € C°(C}), there is a
unique v € C~*°(X) such that (H — A)u = 0, and u has the form

(12.1) w=e VM egn=D/2y, 4 R(A+10)f,

where v_ € C®°(X), v_|lox = g, and f € C>®°(X). For long-range V the same
statement is valid with the asymptotic expansion replaced by one similar to that
of Theorem 11.1:

(12.2) u= e VNegml/ 24y L RONH0)f, o € AN (X).

The Poisson operator with initial state in the free-cluster is then the map

(12.3) Pe(N) :CZ(Ch) = C™=(S)),  Pr(Ng =
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(Note that the subscript 0 for the free cluster has been dropped here in contrast to
the introduction and [39].) To see that such a w is unique, note that the difference
v = u—u' of two distributions u and v’ with the above properties satisfies (H—\)v =
0 and WF2°(v) N Ry (\) = 0 by Theorem 11.1, so v = 0 due to Theorem 11.4. To
see the existence of such u, note that as supp g C C{, we can construct

(12.4)

u_ = e VMeg(n=D/2y, g e C®(X), v_lox =g, —f = (H — Nu_ € C®(X),

by a local calculation as in [22], i.e. essentially in a two-body type setting. (We need
to make slight changes in the asymptotic expansion for long-range V' as described
above.) Thus, we construct the Taylor series of v_ at X explicitly, so we can even
arrange that suppv_ NCoging = 0. Then u = u_ + R(A+140) f is of the form (12.1)
and satisfies (H — A\)u = 0 indeed.

We need to understand the Poisson operator better before we can extend it to
distributions. So first recall from [40, Section 19] that the Melrose-Zworski [25]
construction of a parametrix for the Poisson operator in the two-body type setting
(C is empty) gives ‘the initial part’ of a parametrix P, () for the Poisson operator
with free initial state in the many-body setting (for three bodies in that paper, but
this makes no difference). Although the construction is performed there for short
range potentials, it can be easily adjusted to long range potentials decaying like x,
see [40, Appendix A] and [38, Section 3]. In particular, the kernel of Py()\) is of
the form

(125) Kbi(x,y, y/) _ eIi\/Xcosdist(y,y/)/mxia:F(y’)ai(x7y’ yl)|dh|,

where dist is the distance function of the boundary metric h, |dh| is the Riemannian
density associated with it, ay are given by (1.20), and ax € C*°(X x C}) are cut
off to be supported near y = y’. Here 3/’ is the ‘initial point’ of the plane waves, so
y' € C} corresponds to considering free incoming particles. In Euclidean scattering
K. takes the form eFiViwy'g (w,y')|dh|, w = y/x is the Euclidean variable and
|dh| the standard measure on the sphere; and e.g. if the potentials V} are Schwartz
then a4 are just cutoff functions supported near y = 3’ which are constant in
a smaller neighborhood of y = 3. In general, a+(0,y,y) is determined by the
condition that

(12.6) Pi(\)yg = ej”ﬁ/mxmr"("_l)/zvjp

vr € Aghg(X), vrlox = g, and then a4 (0,y,y’), as well as the other terms of the
Taylor series of at+ at = 0 can be calculated from transport equations near y = y'.
Finally, we cut off the solutions to the transport equations close to y = 3’ before
reaching Cp sing; We do this by multiplying the asymptotically summed solutions
of the transport equations by a function ¢ € C*(X x C{)) which is identically 1
near diagonal of Cjy x CJ. (Note that such a function ¢ is not smooth on X x Cj.)
This defines the kernel K’ as a distribution in C~>°(X x C}). Thus, for ' in a
fixed compact subset K in CJ, Kbi (x,y,y") is supported away from Cp ging, so for
g € C;(Ch), supp(Pyx(N\)g) is disjoint from Cp ging.

The most important properties of ﬁi(x\) are summarized in the following propo-
sition. Although we state them for Py ()) only, they also hold for P_(\) with
the appropriate sign changes. Here we use ~/, as the relation on S*90X x Xa_x
defined analogously to ~ (see Definition 6.9), but with ‘generalized broken bichar-
acteristics’ replaced by ‘bicharacteristics of A — X\’. Note that generalized broken
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bicharacteristics are simply bicharacteristics in SCTC*}(,)X which is where we will apply
to following result.

Proposition 12.1. ([40, Proposition A.1]) Ki € C™°°(X x C}; Qr), constructed
above, is the kernel of an operator Py (\) : C2(C)) — C°°(X), which extends to
an operator PL(X) : C7°(Cl) — C~°°(X), and for g € C7°(C})

(12.7) supp(Py(N)g) N Co,sing = 0,
128) WF,o(P+(Ng) C{(y,VA,0): y € suppg}

U{Ee R\ (Ry(MNUR_(V): 3 € WF(g), £~ ¢},
129) WF o ((H — M) Py (N)g)

C{¢e S\ (B (W UR-(N): 3 € WF(g), £~ ¢}
The actual Poisson operator is then given by
(12.10) Py (A) = Py (A\) — RO +140)(H — \) Py (N),

with a similar definition of P_(\):

(12.11) P_(\) = P_(\) — R(A — i0)(H — \)P_(\).

Indeed, if g € C°(C}) then (H —\)Py(\)g € C(X) and P, (\)g has an asymptotic
expansion as in (12.6), so by Theorem 11.1, (H — A)P+(A)g = 0 and P(\)g has the
form (12.1) (with changes as indicated in (12.2) if V is long-range). In addition, for
g € C:®(C), WF((H — X\)P(\)g) is disjoint from R (\) by Proposition 12.1.
Hence, by Theorem 11.3, (12.10)-(12.11) indeed make sense. We also immediately
deduce from Theorem 11.3

Proposition 12.2. Suppose that H is a many-body Hamiltonian satisfying (10.1).
Then the Poisson operator Py () : C2°(Cp) — C~>°(X) extends by continuity to an
operator Py (A) : C;°°(C)) — C~°(X). Moreover, for g € C.°(C{) we have

WF.(Py(\)g) c{(y, VA, 0): y €suppg} UR_(N)
U{€e SN\ Ry(N) : 3¢ € WF(g), & ~_ ()

Our definition of the free-to-free S-matrix is based on asymptotic expansions of
generalized eigenfunctions. So let g € C°(C{) and let w = Py(\)g. By (12.1)
(modified as in (12.2) for long-range V') and Theorem 11.1, u has the form

(12.12)

(12.13) u= e_i\/x/mx(”—l)/Qvi + ei\/X/mx(n—l)/QvJr

with v_ € C*°(X), vy € C®(X\Cosing), V—|ox = g. We then define the free-to-free
S-matrix by

(12.14) S(N) : C22(Ch) — C=(Ch), S(N)g = v4ley.

We need a better description of the S-matrix to describe its structure. This can
be done via a boundary pairing formula analogous to [22, Proposition 13]. It gives
the following alternative description of the S-matrix, see [39, Equation (5.7)] (or its
analogue from [36] in the non-Euclidean setting):
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Proposition 12.3. For A > 0 the scattering matrixz is given by

1 -
12.15 SA) = ——=((H = )P_(N\)"Pr(N).
(12.15) ()2i\/X(( JP_ (X)) Py(X)
Here ((H — )\)]5,()\))* denotes the formal adjoint, i.e. the meaning of (12.15) is
that for all f,g € C°(CY)

~ 1

12.16 ;S (A ={((H—-XNP_(\N)f, —=Py (A .
(12.16) (f,5(N)g)ax = (( JP-(A)f TN +(N)g)x
Proof. The following pairing formula was proved by Melrose [22, Proposition 13]
for short-range V', but the same proof also applies when V is long-range. Also, the
proof can be easily localized, see [39, Proposition 3.3]. Suppose that for j = 1,2,
u; € Cioo(X),

uj = ei\/X/a:x(nfl)/QJriour,Uj7Jr + e*i\/X/avx(nf1)/2+io¢,Uj’i7

Vi + S Aghg(X \ CO,sing)a Supp(UQ,:l:) eX \ CO,singa

(12.17)

and f; = (H — A\)u; € C®(X). Let aj+ = vj +|ax. Then

(1218) 27,\/X (a17+ m —a1,— m) dh = / (U1 fg — f1 U_Q) dg.

ax X
We apply this result with uqy = Py (N)g, us = ]5,()\)f, fyg € C=(Cf). By the
construction of 15(—)\) we conclude that as 1 = f, as,— = 0, while for u; we
see directly from the definition of S(A) and P(\) that a1.— = g, a1+ = S(\)g.
Substitution into (12.18) proves the proposition. O

Propositions 12.1 and 12.2, when combined with (12.15), allow us to deduce the
structure of the S-matrix.

Theorem 12.4. Let (X,C) be a locally linearizable many-body space. Suppose that
H is a many-body Hamiltonian satisfying (10.1). Then the scattering matriz, S(N),
extends to a continuous linear map C;°(Cy) — C~°(C{). The wave front relation
of S(A) is given by the generalized broken geodesic flow at time 7.

Proof. Let f,g € C_°°(C})). Suppose also that there is no generalized broken ge-
odesic of length 7 starting at some ¢ € WF(g) and ending at ¢’ € WF(f). That
means that for any & € ¥\ (R4 ()\) UR_()\)) we cannot have £ ~_ ¢, ¢ € WF(g),
and & ~4 (', ¢’ € WF(f), at the same time. Proposition 12.1 (with — signs instead
of +) implies that

(12.19) WFo((H = N P-(N)f) C 2\ (R (M) UR-(V);

indeed, we also have WFs.((H—A)P_(\)f) C SCTg(,)X, so we can even replace WFg,

by WFg.. Thus, by our assumption on WF(f) and WF(g), and by Propositions 12.1-
12.2, we have

(12.20) WF.e((H = \)P-(\)f) N WFs(Py(A)g) = 0.

But the complex pairing

(12.21) (u,u')x = /u?dg
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extends by continuity from u,u’ € C%°(X) to u,u’ € C~°°(X) satisfying WF(u) N
WF(v/) = 0. To see this just let A € W%(X) with WFL.(4) N WFy(u) = 0,
WFQC (Id _A*) N WFSC(UI) = @, and note that

(12.22) (u,uy x = (Au, v’y x + (u, (Id —A*)u') x
extends as claimed. Hence, the pairing
(12.23) (P+(N)g: (H = NP_(N) f)x = ((H = N)P-(\)"P+(Ng, f)x

defined first for f, g € C°(C{)) extends by continuity to f,g € C.>°(C}) satisfying
our wave front condition. In other words, g can be paired with every distribution
whose wave front set has no elements related to WF(g) by the generalized broken
geodesic flow at time 7. Thus, for any A € ¥2(CY) with WF’(A) disjoint from
the image of WF(g) under the generalized broken geodesic flow at time 7, and
for any f € C°°(C}), (AS(N)g, flax = (S(N)g, A*f)ox is defined by continuity
from f € C(C}), so AS(N)g € C(C}). But this states exactly that WEF(S(N)g)
is contained in the image of WF(g) under the generalized broken geodesic flow at
time 7. U

APPENDIX A. THE PROOF OF PROPOSITION 6.3

In this appendix we prove Proposition 6.3 under the assumption that C is totally
geodesic, roughly following Lebeau’s original proof in [18]. As noted after the
statement of the proposition we can proceed inductively, using the order on C. So
assume that v(to) = & € X,(A) N*°TE, (Cy; X). The inductive hypothesis is that
we have already proved the proposition for b with C, C Cy. Thus, by Definition 6.2,
part (ii), there exists ¢’ > 0 such that the conclusion of the proposition holds if we
replace to replaced by ¢ # to, assuming |t — to| < 8. Let £+(t) € Sa_a, t # to, be
the points given by the inductive hypothesis. We often write

(A.1) Ex(t) = (y(t), (1), 7(1), ps (y), V(1))
in local coordinates, so e.g. 7(£x(t)) = 7(t). Note that m(£+(t)) = y(t), hence the
independence of the m-invariant coordinates, y, z, 7 and v, of the + signs.

Notice first that 7 is w-invariant, so for ¢ # ¢, we have
(A.2)
d(1 o) /dt|se = Hyr(6+(t)) = —2h(Ex (1)) = 2(T(€x(1)” — X) = 2(T(v(1))* = A)
where we used that 72 +h = X in ¥a_. Thus, 7(t) = 7(y(t)) is differentiable on
(to — &', to + ¢') except possibly at tg, it is continuous at tg, and its derivative 7/(¢)
extends to a continuous function on (to —d', o +¢'). Hence 7(t) is differentiable at
to and 7/ (to) = 2(7(to)? = \) = *Hy7(&) for any & € La—_x. Notice also that, with
the notation of (10.54) in the proof of Proposition 10.1, 7/(tg) = Wor = (**Hy7) (o).
In particular,
(A.3) |T(t) — 10| < Chlt — tol if |t —to| < &'
In fact, the ODE 7/(t) = 2(7(¢)? — \), satisfied for |t — to| < &', has a unique C*
solution, so on (tg — &', %9 + d'), 7(t) is C>° and
(A4) |7(t) — (10 + (WoT)(t — t))| < C|t — to|*.

From now on we only consider differentiability issues from the left at tg; of course,

the situation on the right is similar. We define the 7-invariant functions n =y - u,
wo, w and ¢ = ¢(9) as in the proof of Proposition 10.1. It is shown there that
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there exist Cop > 0 and 9 > 0 such that if € € (0,12, § € (0,80), 6§ < Coe? and
&= (y,z,7, 1, V) € Ea_y satisfies o —7 > —2§ and ¢(§) < 2§ then *°*Hyp > ¢y > 0.
So suppose that we fixed some

(A5) 0<T< min(5', 0150)
and let
(A.6) §=C1T, e =2(5/Co)"/2.

Thus, for t € [to— T, to), |7(t) — 70| < 2. As ¢ is a w-invariant function which van-
ishes at &, we see that I = ¢, o satisfies F(t) < 0 and dF/dt|i+ = *H,¢(Ex(t)) >
co > 0fort € [to—T,to) (cf. the proof of Proposition 7.1 after (7.35)). Taking into
account the form of ¢ and (A.3), we deduce that for ¢ € [to — T, o), w(t) = w(y(t))
satisfies

(A7) w(t) < Cre* 83|t — to).
Applying this with ¢t =ty — T we see that
(AS) w(t() - T) S CQTG.

Since w is independent of € and §, we have deduced that there exists §; > 0 such
that

(A.9) to— 01 <t < tg= w(t) < CJt —tol°.
In particular, under the same assumption,

(A.10) wo(t) < C'[t —tol?,

SO

(A1) 70 = (0 + (G n(e)] < €l =t

Since Wyt # 0 and 7(t) is C*°, this shows that n(¢) is differentiable from the left at
to and
(A.12)

() — (Won)(t — to)| < CJt —to**, Won =Hyn(&), & € 7" (&) arbitrary.

Using this and the definition of wy we also conclude that

(A.13) |2i(t) = (Woz;)(t — to)| < Clt — to]*,

(A.14) () = (Wow;)(t — to)| < Clt — to]*/2.

This proves the proposition for the 7-invariant functions 7, z;, v; and 1, and indeed
it provides a better error estimate. However, we still need to estimate y;.
To do so, we consider the second term in w, see (10.51). Thus, from (A.9),

(A15) [y = py 2] < Clt—tol,  po = (A= 78 — h(zo, 10)) 2
Taking into account (A.12), we deduce that

(A.16) r(t) = [y ()|

satisfies

(A17) ()2 — 443t — 10)?] < Clt — 102,

Thus,

(A.18) [r(t) + 2p0(t — to)| < CJt — to|*/2.
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Hence, r(t) is also differentiable from the left at ¢y, and in particular

(A.19) ly(t)] =r(t) < CJt —tol.
Now,
¢ t)? §— lus(t))?
(a20) ) - DDps )P = o)l - B9 — gy o= =L
Ho Ho Ho
By (10.67), (A.10) and (A.19),
(A.21) s (8)* = o] < Cly()] +wo(t)/?) < C'|t — to.
Thus, by (A.15),
t
(A.22) 1) = 2 s0)? < e - 1o
0
In particular, for each j we have
t
(A.23) 150 - L0 < O -
0
Let
(A24) Hj = yj/T,
so 0; is a m-invariant function away from C,, and we have |0;] < 1. Also let
y;(1)
(A25) Hj(t) = ;(t) , to— 01 <t <ty.

By the inductive hypothesis, 6;(t) is differentiable for ¢ € (tg — 01,t0) from both
the left and the right and

By s e
(4.26) = () ()
with
(A.27) dyj/dt|tj: = 2,uj7:|:(t)
and
Lo n(t)

(A.28) dr/dt]i = Sly(®)] " (dly[*/dt]e, ) = 2@-
Thus,

do; - y; (t)n(t)
A2 —L | =2 Y, -
( 9) dt |t:|: ’I"(t) (:u_%:i:(t) T_(t),g )5
so by (A.23) and (A.12),

do; _ _ _ _
(A.30) =l =20y (O (ugn(®) T = n(6)r() 7| < Clt — ol 12,
But, by (A.18) and (A.12), this gives
db,

(A.31) d_tj|ti| < Ot — to| V2,

Integrating from ¢y — &1 to to gives that 6; _(¢o) = limy_,4,— 0;(¢t) exists and

(A.32) 10— (to) — 0;(t)] < C'|t —to|'/2.
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Returning to the original notation, 8; = y;/r, we see that

(A.33) ;1) + 21065, (t0) (t — to)| < C'|t —to]*/2,
so y;(t) is differentiable at ¢y from the left. We then let
(A.34) £ (to) = (0, 2(to), 7(t0), ¥(to), —pob;,— (to))-

Then the compositions of the m-invariant coordinate functions y;, z;, 7 and v;
with ~ are all differentiable from the left at ¢y and the derivative is given by *°H,

applied to the appropriate coordinate function, evaluated at é_ (0). Note also that
from (A.23) and (A.33) we have

(A.35) s (8) = p—(to)| < Clt —to]'/?, ¢ € (to — b1, t0).

Since a general smooth m-invariant function f has the form

(A36) f(yv 2, T, [y V) = fO(Z; T, V) + Z yjfj(za T, Wy I/) + Z yjykfjk(yv 2y Ty Uy V)v
fo, fi, fix all C°, this finishes the proof of the proposition.
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