THE WAVE EQUATION ON ASYMPTOTICALLY
ANTI-DE SITTER SPACES

ANDRAS VASY

ABSTRACT. In this paper we describe the behavior of solutions of the Klein-
Gordon equation, (g + A)u = f, on Lorentzian manifolds (X°, g) which are
anti-de Sitter-like (AdS-like) at infinity. Such manifolds are Lorentzian ana-
logues of the so-called Riemannian conformally compact (or asymptotically
hyperbolic) spaces, in the sense that the metric is conformal to a smooth
Lorentzian metric § on X, where X has a non-trivial boundary, in the sense
that ¢ = £~2§, with = a boundary defining function. The boundary is confor-
mally time-like for these spaces, unlike asymptotically de Sitter spaces studied
in [38, 6], which are similar but with the boundary being conformally space-
like.

Here we show local well-posedness for the Klein-Gordon equation, and also
global well-posedness under global assumptions on the (null)bicharacteristic
flow, for A below the Breitenlohner-Freedman bound, (n — 1)2/4. These have
been known under additional assumptions, (8, 9, 18]. Further, we describe the
propagation of singularities of solutions and obtain the asymptotic behavior
(at 0X) of regular solutions. We also define the scattering operator, which in
this case is an analogue of the hyperbolic Dirichlet-to-Neumann map. Thus,
it is shown that below the Breitenlohner-Freedman bound, the Klein-Gordon
equation behaves much like it would for the conformally related metric, g,
with Dirichlet boundary conditions, for which propagation of singularities was
shown by Melrose, Sjostrand and Taylor [25, 26, 31, 28], though the precise
form of the asymptotics is different.

1. INTRODUCTION

In this paper we consider asymptotically anti de Sitter (AdS) type metrics on
n-dimensional manifolds with boundary X, n > 2. We recall the actual definition of
AdS space below, but for our purposes the most important feature is the asymptotic
of the metric on these spaces, so we start by making a bold general definition. Thus,
an asymptotically AdS type space is a manifold with boundary X such that X° is
equipped with a pseudo-Riemannian metric g of signature (1,7 — 1) which near the
boundary Y of X is of the form

(1.1) -

h a smooth symmetric 2-cotensor on X such that with respect to some product
decomposition of X near Y, X =Y x [0,¢€),, hly is a section of T*Y ® T*Y

—dz? +h
9= ——"5
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(rather than merely! T3 X ® T3> X) and is a Lorentzian metric on Y (with signature
(1,n —2)). Note that Y is time-like with respect to the conformal metric

§=1%g, so § = —dz® + h near Y,

i.e. the dual metric G of § is negative definite on N*Y, i.e. on span{dz}, in contrast
with the asymptotically de Sitter-like setting studied in [38] when the boundary is
space-like. Moreover, Y is not assumed to be compact; indeed, under the assump-
tion (TF) below, which is useful for global well-posedness of the wave equation, it
never is. Let the wave operator L] = [, be the Laplace-Beltrami operator associ-
ated to this metric, and let

P=PM) =0,+\

be the Klein-Gordon operator, A € C. The convention with the positive sign for
the ‘spectral parameter’ A preserves the sign of X relative to the dz? component
of the metric in both the Riemannian conformally compact and the Lorentzian de
Sitter-like cases, and hence is convenient when describing the asymptotics. We
remark that if n = 2 then up to a change of the (overall) sign of the metric, these
spaces are asymptotically de Sitter, hence the results of [38] apply. However, some
of the results are different even then, since in the two settings the role of the time
variable is reversed, so the formulation of the results differs as the role of ‘initial’
and ‘boundary’ conditions changes.

These asymptotically AdS-metrics are also analogues of the Riemannian ‘con-
formally compact’, or asymptotically hyperbolic, metrics, introduced by Mazzeo
and Melrose [22] in this form, which are of the form z~?(dz? + h) with dz? + h
smooth Riemannian on X, and hly is a section of T*Y ® T*Y. These have been
studied extensively, in part due to the connection to AdS metrics (so some phe-
nomena might be expected to be similar for AdS and asymptotically hyperbolic
metrics) and their Riemannian signature, which makes the analysis of related PDE
easier. We point out that hyperbolic space actually solves the Riemannian version
of Einstein’s equations, while de Sitter and anti-de Sitter space satisfy the actual
hyperbolic Einstein equations. We refer to the works of Fefferman and Graham [14],
Graham and Lee [15] and Anderson [3] among others for analysis on conformally
compact spaces. We also refer to the works of Witten [39], Graham and Witten
[16] and Graham and Zworski [17], and further references in these works, for results
in the Riemannian setting which are of physical relevance. There is also a large
body of literature on asymptotically de Sitter spaces. Among others, Anderson and
Chrusciel studied the geometry of asymptotically de Sitter spaces [1, 2, 4], while
in [38] the asymptotics of solutions of the Klein-Gordon equation were obtained,
and in [6] the forward fundamental solution was constructed as a Fourier integral
operator. It should be pointed out that the de Sitter-Schwarzschild metric in fact
has many similar features with asymptotically de Sitter spaces (in an appropriate
sense, it simply has two de Sitter-like ends). A weaker version of the asymptotics in
this case is contained in the part of works of Dafermos and Rodnianski [10, 12, 11]
(they also study a non-linear problem), and local energy decay was studied by Bony
and Héfner [7], in part based on the stationary resonance analysis of S& Barreto

1n fact, even this most general setting would necessitate only minor changes, except that the
‘smooth asymptotics’ of Proposition 8.10 would have variable order, and the restrictions on A that
arise here, A < (n — 1)2/4, would have to be modified.
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and Zworski [29]; stronger asymptotics (exponential decay to constants) was shown
in a series of papers with Antonio S& Barreto and Richard Melrose [24, 23].

For the universal cover of AdS space itself, the Klein-Gordon equation was stud-
ied by Breitenlohner and Freedman [8, 9], who showed its solvability for A <
(n —1)%/4, n = 4, and uniqueness for A < 5/4, in our normalization. Analogues of
these results were extended to the Dirac equation by Bachelot [5]; and on exact AdS
space there is an explicit solution due to Yagdjian and Galstian [40]. Finally, for a
class of perturbations of the universal cover of AdS, which still possess a suitable
Killing vector field, Holzegel [18] recently showed well-posedness for A < (n —1)%/4
by imposing a boundary condition, see [18, Definition 3.1]. He also obtained certain
estimates on the derivatives of the solution, as well as pointwise bounds.

Below we consider solutions of Pu = 0, or indeed Pu = f with f given. Be-
fore describing our results, first we recall a formulation of the conformal problem,
namely § = x2g, so § is Lorentzian smooth on X, and Y is time-like — at the end
of the introduction we give a full summary of basic results in the ‘compact’ and
‘conformally compact’ Riemannian and Lorentzian settings, with space-like as well
as time-like boundaries in the latter case. Let

p = Dg;
adding A to the operator makes no difference in this case (unlike for P). Suppose

that S is a space-like hypersurface in X intersecting Y (automatically transversally).
Then the Cauchy problem for the Dirichlet boundary condition,

Pu:f} U|Y:0, ’U,|5:’¢0, VU|S:¢17

f, vo, U1 given, V a vector field transversal to S, is locally well-posed (in appropri-
ate function spaces) near S. Moreover, under a global condition on the generalized
broken bicharacteristic (or GBB) flow and S, which we recall below in Definition 1.1,
the equation is globally well-posed.

Namely, the global geometric assumption is that

(TF) there exists t € C*°(X) such that for every GBB v, topoy: R —R

is either strictly increasing or strictly decreasing and has range R,

where p : T*X — X is the bundle projection. In the above formulation of the
problem, we would assume that S is a level set, t = ty — note that locally this
is always true in view of the Lorentzian nature of the metric and the conditions
on Y and §. As is often the case in the presence of boundaries, see e.g. [19,
Theorem 24.1.1] and the subsequent remark, it is convenient to consider the special
case of the Cauchy problem with vanishing initial data and f supported to one side
of §, say in t > tp; one can phrase this as solving

Pu=f, uly =0, suppu C {t > to}.

This forward Cauchy problem is globally well-posed for f € L} (X), u € HL_(X),
and the analogous statement also holds for the backward Cauchy problem. Here
we use Hormander’s notation H 1(X), see [19, Appendix B], to avoid confusion
with the ‘zero Sobolev spaces’ H§(X), which we recall momentarily. In addition,
(without any global assumptions) singularities of solutions, as measured by the b-
wave front set, WFy, relative to either L2 (X) or HL_(X), propagate along GBB

as was shown by Melrose, Sjostrand and Taylor [25, 26, 31, 28], see also [30] in the
analytic setting. Here recall that in X °, bicharacteristics are integral curves of the
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Hamilton vector field H, (on T*X° \ o) of the principal symbol p = o5(P) inside
the characteristic set,

2 =p""({0}).
We also recall that the notion of a C*° and an analytic GBB is somewhat different
due to the behavior at diffractive points, with the analytic definition being more
permissive (i.e. weaker). Throughout this paper we use the analytic definition,
which we now recall.

First, we need the notion of the compressed characteristic set, Y of P. This can
be obtained by replacing, in 7% X, Ty X by its quotient Ty X/N*Y, where N*Y is
the conormal bundle of Y in X. One denotes then by ¥ the image #(X) of ¥ in this
quotient. One can give a topology to ¥, making a set O open if and only if #71(0)
is open in Y. This notion of the compressed characteristic set is rather intuitive,
since working with the quotient encodes the law of reflection: points with the
same tangential but different normal momentum at Y are identified, which, when
combined with the conservation of kinetic energy (i.e. working on the characteristic
set) gives the standard law of reflection. However, it is very useful to introduce
another (equivalent) definition already at this point since it arises from structures
which we also need.

The alternative point of view (which is what one needs in the proofs) is that the
analysis of solutions of the wave equation takes place on the b-cotangent bundle,
PT*X (‘b stands for boundary), introduced by Melrose. We refer to [27] for a
very detailed description, [36] for a concise discussion. Invariantly one can define
bT* X as follows. First, let V,(X) be the set of all C* vector fields on X tangent
to the boundary. If (x,y1,...,yn—1) are local coordinates on X, with x defining Y,
elements of V,(X) have the form

n—1

j=1
with a and b; smooth. It follows immediately that W,(X) is the set of all smooth
sections of a vector bundle, PTX: =, yi,a,b5, 5 =1,...,n—1, give local coordinates

in terms of (1.2). Then PT*X is defined as the dual bundle of T'X. Thus, points
in the b-cotangent bundle, PT* X, of X are of the form

dr n—1
J:

so (z,y,,¢) give coordinates on PT*X. There is a natural map 7 : T*X — "T*X
induced by the corresponding map between sections

n—1 d n—1

§dr+ Y Gy; = (@) — + Y G dy;,
j=1 j=1

thus

(13) ﬂ(xay7§7<) = (xayvvag)a

ie. £ = 2§, ¢ = (. Over the interior of X we can identify T%.X with PTE X,
but this identification 7 becomes singular (no longer a diffeomorphism) at Y. We
denote the image of ¥ under 7 by

¥ =n(%),
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called the compressed characteristic set. Thus, ¥ is a subset of the vector bundle
bT* X, hence is equipped with a topology which is equivalent to the one define by
the quotient, see [36, Section 5]. The definition of analytic GBB then becomes:

Definition 1.1. Generalized broken bicharacteristics, or GBB, are continuous maps
v : I — ¥, where I is an interval, satisfying that for all f € C*°(PT* X)) real valued,

lim inf (f o )(s) = (fo7)(s0)

5—S0 S — 8o
> inf{H,(x" f)(q) : a €7 (v(s0)) N T}.

Since the map p — H, is a derivation, H,, = aH, at X, so bicharacteristics are
merely reparameterized if p is replaced by a conformal multiple. In particular, if
P is the Klein-Gordon operator, [y 4+ A, for an asymptotically AdS-metric g, the
bicharacteristics over X° are, up to reparameterization, those of §. We make this
into our definition of GBB.

Definition 1.2. The compressed characteristic set ¥ of P is that of s
Generalized broken bicharacteristics, or GBB, of P are GBB in the analytic sense
of the smooth Lorentzian metric §.

We now give a formulation for the global problem. For this purpose we need to
recall one more class of differential operators in addition to Vp(X) (which is the
set of C*° vector fields tangent to the boundary). Namely, we denote the set of C*°
vector fields vanishing at the boundary by Vo(X). In local coordinates (z,y), these
have the form

(1.4) awd, + Y bi(xdy,),
j=1

with a,b; € C*°(X); cf. (1.2). Again, Vy(X) is the set of all C* sections of a vector
bundle, °TX, which over X° can be naturally identified with TxX; we refer to
[22] for a detailed discussion of 0-geometry and analysis, and to [38] for a summary.
We then let Diff},(X), resp. Diffg(X), be the set of differential operators generated
by V,(X), resp. Vo(X), i.e they are locally finite sums of products of these vector
fields with C°°(X)-coefficients. In particular,

P =0, + X € Diffg(X),

which explains the relevance of Diffo(X). This can be seen easily from ¢ being
in fact a non-degenerate smooth symmetric bilinear form on °TX; the conformal
factor 272 compensates for the vanishing factors of z in (1.4), so in fact this is
ezractly the same statement as g being Lorentzian on T X.

Let H}(X) denote the zero-Sobolev space relative to

L*(X) = L§(X) = L*(X, dg) = L*(X,2~"dg),
so if k£ > 0 is an integer then
u € HY(X) iff for all L € Difff(X), Lu € L*(X);
negative values of k give Sobolev spaces by dualization. For our problem, we need
a space of ‘very nice’ functions corresponding to Diff ,(X). We obtain this by

replacing C*°(X) with the space of conormal functions to the boundary relative to
a fixed space of functions, in this case H¥(X), i.e. functions v € H(’iloc(X) such that
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Qu e H(’f’ (X) for every @ € Diff,(X) (of any order). The finite order regularity
version of this is H(]f{)n (X), which is given for m > 0 integer by

ue Hy'(X) <= ue HE(X) and VQ € Diff"(X), Qu € HF(X),

while for m < 0 integer, u € H(]i’l:n(X) if u = > Qjuj, u; € H(])“”S(X), Q; €
Difff*(X). Thus, Hoft]f’*m(X) is the dual space of H(]f_’én(X), relative to L3(X).
Note that in X°, there is no distinction between Vy,(X), Vo(X), or indeed simply
V(X) (smooth vector fields on X), so over compact subsets K of X°, H(If’{)n (X) is
the same as H**™(K). On the other hand, at Y = 90X, Hgy’g"’(X) distinguishes
precisely between regularity relative to Vo(X) and Vy(X).

Although the finite speed of propagation means that the wave equation has a
local character in X, and thus compactness of the slices t = tg is immaterial, it is
convenient to assume

(PT) the map ¢t : X — R is proper.

loc

Even as stated, the propagation of singularities results (which form the heart of the
paper) do not assume this, and the assumption is made elsewhere merely to make
the formulation and proof of the energy estimates and existence slightly simpler, in
that one does not have to localize in spatial slices this way.

Suppose A < (n — 1)%/4. Suppose

(1.5) f € Hypoo(X), supp f C {t > to}.
We want to find u € Hy,,.(X) such that
(1.6) Pu=f, suppu C {t > to}.

We show that this is locally well-posed near S. Moreover, under the previous global
assumption on GBB, this problem is globally well-posed:

Theorem 1.3. (See Theorem 4.16.) Assume that (TF) and (PT) hold. Suppose
A < (n—1)2/4. The forward Dirichlet problem, (1.6), has a unique global solution
u € H} o o(X), and for all compact K C X there exists a compact K' C X and a
constant C > 0 such that for all f as in (1.5), the solution u satisfies

lull ey < CHfHH[;ll)‘l(K’)'

Remark 1.4. In fact, one can be quite explicit about K’ in view of (PT), since
Ultefto,t,) can be estimated by f|ier, I open containing [to,t1].

We also prove microlocal elliptic regularity and describe the propagation of sin-
gularities of solutions, as measured by WFy, relative to H&loc(X ). We define this
notion in Definition 5.9 and discuss it there in more detail. However, we recall
the definition of the standard wave front set WF on manifolds without bound-
ary X that immediately generalizes to the b-wave front set WF}y,. Thus, one says
that ¢ € T*X \ 0 is not in the wave front set of a distribution w if there exists
A € UY(X) such og(A)(q) is invertible and QAu € L?(X) for all Q € Diff(X) —
this is equivalent to Au € C°°(X) by the Sobolev embedding theorem. Here L?(X)
can be replaced by H™(X) instead, with m arbitrary. Moreover, WF™ can also be
defined analogously: we require Au € L?(X) for A € ¥™(X) elliptic at g. Thus,
q ¢ WF(u) means that u is ‘microlocally C* at ¢’, while ¢ ¢ WF™(u) means that
u is ‘microlocally H™ at ¢’.
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In order to microlocalize H(Ii’{)n (X), we need pseudodifferential operators, here
extending Diff,(X) (as that is how we measure regularity). These are the b-
pseudodifferential operators A € ¥7'(X) introduced by Melrose, their principal
symbol oy, (A) is a homogeneous degree m function on PT*X \ o; we again refer
to [27, 36]. Then we say that ¢ € PT*X \ o0 is not in WFE’OO(U) if there exists
A € ¥)(X) with o1,0(A)(¢) invertible and such that Au is Hf-conormal to the
boundary. One also defines WF{?m(u): q ¢ WEp'(u) if there exists A € U*(X)
with o1,0(A)(¢) invertible and such that Au € H(’iloc(X). One can also extend these
definitions to m < 0.

With this definition we have the following theorem:

Theorem 1.5. (See Proposition 7.7 and Theorem 8.8.) Suppose that P = 0Oy + A,
A< (n—1)2/4, m € R or m = co. Suppose u € Hé”{iloc(X) for some k € R. Then
WEL™ (u) \ 3 € WFy, V™ (Pu).

Moreover,
(WEL™ () 0 5) \ WE, 7 (Pu)
is a union of maximally extended generalized broken bicharacteristics of the confor-
mal metric g in
S\ WE, V™ (Pu).
In particular, if Pu = 0 then WFtl)oo(u) C ¥ is a union of mazimally extended
generalized broken bicharacteristics of §.

As a consequence of the preceding theorem, we obtain the following more general,
and precise, well-posedness result.

Theorem 1.6. (See Theorem 8.12.) Assume that (TF) and (PT) hold. Suppose
that P =0, + X\, A < (n—1)%/4, m € R, m' < m. Suppose f € Ho_&lrgjl(X)
Then (1.6) has a unique solution in Hé’g?lloc(X), which in fact lies in Hyy' (X)),
and for all compact K C X there exists a compact K' C X and a constant C > 0
such that

||u||H(1)”"(K) < C”f”f[;é”"’“(l(f)'

While we prove this result using the propagation of singularities, thus a relatively
sophisticated theorem, it could also be derived without full microlocalization, i.e.
without localizing the propagation of energy in phase space.

We also generalize propagation of singularities to the case Im A # 0 (Re A arbi-
trary), in which case we prove one sided propagation depending on the sign of ITm \.
Namely, if Im A > 0, resp. Im A < 0,

(WEL™ (u) N 3) \ WE, ™ (Pu)

is a union of mazimally forward, resp. backward, extended generalized broken bichar-
acteristics of the conformal metric g. There is no difference between the case
Im\ =0and Re\ < (n—1)2/4, resp. Im X # 0, at the elliptic set, i.e. the statement

WEL™ (u) \ 2 € WE, 2™ (Pu).

holds even if Im A # 0. We refer to Proposition 7.7 and Theorem 8.9 for details.

These results indicate already that for ImA # 0 there are many interesting
questions to answer, and in particular that one cannot think of A as ‘small’; this
will be the focus of future work.



8 ANDRAS VASY

In particular, if f is conormal relative to Hg(X) then WFL™(u) = 0. Let v
denote the branch square root function on C\ (—o0, 0] chosen so that takes positive
values on (0, 00). The simplest conormal functions are those in C*°(X) that vanish
to infinite order (i.e. with all derivatives) at the boundary; the set of these is denoted
by C°(X). If we assume f € C>°(X) then

n—1 (n—1)2
2 * 4
as we show in Proposition 8.10. Since the indical roots of [, + X\ are

uw=x+MNy, v el™(X), s;(\) =

_/\,

(1.7) si(\) = ”;11 (”_41)2

this explains the interpretation of this problem as a ‘Dirichlet problem’, much like it
was done in the Riemannian conformally compact case by Mazzeo and Melrose [22]:
asymptotics corresponding to the growing indicial root, 2°~Mv_, v_ € C>(X), is
ruled out.

For A < (n — 1)2/4, one can then easily solve the problem with inhomogeneous
‘Dirichlet’ boundary condition, i.e. given vy € C*(Y) and f € C*°(X), both sup-
ported in {t > to},

-,

Pu=f, ult<t, =0, u= 5= Noy_ 4 xs+(>‘)v+, vy € C¥(X), v_|y = o,

7
teger, the same conclusion holds if we replace v_ € C®(X) by v— = C®(X) +

25+ N=5-N1og £ C>(X); see Theorem 8.11.

The operator v_|y — vy |y is the analogue of the Dirichlet-to-Neumann map, or
the scattering operator. In the De Sitter setting the setup is somewhat different as
both pieces of scattering data are specified either at past or future infinity, see [38].
Nonetheless, one expects that the result of [38, Section 7], that the scattering oper-
ator is a Fourier integral operator associated to the GBB relation can be extended
to the present setting, at least if the boundary is totally geodesic with respect to
the conformal metric g, and the metric is even with respect to the boundary in
an appropriate sense. Indeed, in an ongoing project, Baskin and the author are
extending Baskin’s construction of the forward fundamental solution on asymptot-
ically De Sitter spaces, [6], to the even totally geodesic asymptotically AdS setting.
In addition, it is an interesting question what the ‘best’ problem to pose is when
Im A # 0; the results of this paper suggest that the global problem (rather than
local, Cauchy data versions) is the best behaved. One virtue of the parametrix
construction is that we expect to be able answer Lorentzian analogues of questions
related to the work of Mazzeo and Melrose [22], which would bring the Lorentzian
world of AdS spaces significantly closer (in terms of results) to the Riemannian
world of conformally compact spaces. We singled out the totally geodesic condition
and evenness since they hold on actual AdS space, which we now discuss.

We now recall the structure of the actual AdS space to justify our terminology.
Consider R"*! with the pseudo-Riemannian metric of signature (2,n — 1) given by

if s4(A) —s_(A) = 24/ (=1 _ \ is not an integer. If s+(A) — s—(A) is an in-

—dzl — ... —d2? |+ d22 A+ dzi+1,
with (21,...,2,41) denoting coordinates on R™*1 and the hyperboloid

2 2 2 2 _
2+t 21— 2y~ 2p =1
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inside it. Note that 22+ 22 41 > 1 on the hyperboloid, so we can (diffeomorphically)
introduce polar coordinates in these two variables, i.e. we let (zy,2n41) = RO,
R >1,0 cS'. Then the hyperboloid is of the form

2422 —RP=-1

inside R"™! x (0,00)p X S}. Asdzj, j=1,...,n—1,d0 and d(z? +...+22_, — R?)
are linearly independent at the hyperboloid,

2«'1,...,an179

give local coordinates on it, and indeed these are global in the sense that the hy-
perboloid X° is identified with R”~! x S! via these. A straightforward calculation
shows that the metric on R™*! restricts to give a Lorentzian metric ¢ on the hy-
perboloid. Indeed, away from {0} x S!, we obtain a convenient form of the metric
by using polar coordinates (r,w) in R~ so R? = r? + 1:

g =—(dr)? —r?dw? + (dR)*> + R*d0? = —(1 +r*) "1 dr? — 1% dw® + (1 + %) db?,

where dw? is the standard round metric; a similar description is easily obtained
near {0} x S! by using the standard Euclidean variables.

We can compactify the hyperboloid by compactifying R”~! to a ball Bn—1 via
inverse polar coordinates (z,w), x = r~!,

(21,.. ., 2n1) =2 *w, 0 <z < 00, w €S2,

Thus, the interior of Bn—1 is identified with R”~!, and the boundary S"~2 of Bn—1
is added at z = 0 to compactify R"~1. We let

X =Br-1xS!
be this compactification of X°; a collar neighborhood of 90X is identified with
[0,1), x S"72 x S}.
In this collar neighborhood the Lorentzian metric takes the form
g= x_12(_ (14 2*)~1de? — dw® + (1 +x2)d92),
which is of the desired form, and the conformal metric is
g=—(1+2%) " da?® — dw® + (1 + 2?) do?

with respect to which the boundary, {z = 0}, is indeed time-like. Note that the
induced metric on the boundary is —dw? + df?, up to a conformal multiple.

As already remarked, § has the special feature that Y is totally geodesic, unlike
e.g. the case of B" ™! x S! equipped with a product Lorentzian metric, with B!
carrying the standard Euclidean metric.

For global results, it is useful to work on the universal cover X = B»—1 x R, of
X, where R; is the universal cover of S}); we use t to emphasize the time-like nature
of this coordinate. The local geometry is unchanged, but now ¢ provides a global
parameter along generalized broken bicharacteristics, and satisfies the assumptions
(TF) and (PT) for our theorems.

We use this opportunity to summarize the results, already referred to earlier,
for analysis on conformally compact Riemannian or Lorentzian spaces, including a
comparison with the conformally related problem, i.e. for Ay or ;. We assume
Dirichlet boundary condition (DBC) when relevant for the sake of definiteness, and
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global hyperbolicity for the hyperbolic equations, and do not state the function
spaces or optimal forms of regularity results.

(i) Riemannian: (Aj; — A)u = f, with DBC is well-posed for A € C\ [0, 00);
moreover, if f € C®°(X), then u € C(X). (Also works outside a discrete
set of poles A in [0,00).)

(ii) Lorentzian, 0X = Yy UY_ is spacelike, f supported in t > to, A € C:
(05 — Mu = f, u supported in ¢t > tg, is well-posed. If f € C>°(X), the
solution is C*° up to Yi.

(ili) Lorentzian, X is timelike, f supported in ¢ > tg, A € C: (O; — Nu = f,
with DBC at Y, u supported in t > to, is well-posed. If f € C>°(X), the
solution is C*° up to Yi.

sl i el

T Y T

Y Y

FIGURE 1. On the left, a Riemannian example, B2, in the middle,
an example of spacelike boundary, [0,1], x Sglj with = timelike, on

the right, the case of timelike boundary, Bi’y, X Ry, with y” time-
like.

We now go through the original problems. Let s4 () be as in (1.7).

(i) Asymptotically hyperbolic, A € C\ [0, +00): There is a unique solution of
(Ay—Nu = f, f € C®(X), such that u = 2+ My, v € C>°(X). (Analogue
of DBC; Mazzeo and Melrose [22].) (Indeed, u = (Ay—\)~! f, and this can
be extended to A € [0, +00), apart from finitely many poles in [0, (n—1)2 /4],
and analytically continued further.)

(ii) Asymptotically de Sitter, A € C: For f supported in t > tg, there is a unique
solution of (0, — \)u = f supported in t > to. Moreover, for f € C®(X),
w =z Moy + 25 My_ vy € €°(X) and vi|y. is specified, provided
that s1(A) —s_(A\) ¢ Z. (See [38].)

(iti) Asymptotically Anti de Sitter, A € R\ [(n — 1)2/4,400): For f € C®(X)
supported in t > t, there is a unique solution of (O, — A)u = f such that
u=xWNy v e C>®(X) and suppu C {t > to}.

The structure of this paper is the following. In Section 2 we prove a Poincaré
inequality that we use to allow the sharp range A < (n — 1)?/4 for A real. Then in
Section 3 we recall the structure of energy estimates on manifolds without boundary
as these are then adapted to our ‘zero geometry’ in Section 4. In Section 5 we in-
troduce microlocal tools to study operators such as P, namely the zero-differential-
b-pseudodifferential calculus, DiffgU,(X). In Section 6 the structure of GBB is
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recalled. In Section 7 we study the Dirichlet form and prove microlocal elliptic
regularity. Finally, in Section 8, we prove the propagation of singularities for P.

I am very grateful to Dean Baskin, Rafe Mazzeo and Richard Melrose for helpful
discussions. I would also like to thank the careful referee whose comments helped
to improve the exposition significantly and also led to the removal of some very
confusing typos.

2. POINCARE INEQUALITY

Let h be a conformally compact Riemannian metric, i.e. a positive definite inner
product on °T X, hence by duality on °T*X; we denote the latter by H. We denote
the corresponding space of L? sections of °T*X by L?(X;T*X) = L3(X;°T*X).
While the inner product on L?(X;°T*X) depends on the choice of h, the corre-
sponding norms are independent of h, at least over compact subsets K of X. We
first prove a Hardy-type inequality:

Lemma 2.1. Suppose Vo € V(X)) is real with Voz[,—0 = 1, and let V € V(X)) be
giwen by V = xVy. Given any compact subset K of X and C < "T’l, there exists

xg > 0 such that if u € CDQ(X) is supported in K then for ¢ € C*°(X) supported in
xr < Xg,

(2.1) Clivul pzx) < 19Vl zex)-

Recall here that C>°(X) denotes elements of C*°(X) that vanish at Y = X to

infinite order, and the subscript comp on ngmp(X ) below indicates that in addition

the support of the function under consideration is compact.

Proof. For any V' € W, (X) real, and x € CZ5,,(X), u € ngnlp(X), we have, using
V*=-V —divV,

(Vx)u, u) = ([V, xJu, u) = (xu, V) = (Vu, xu)

= —(xu, Vu) — (Vu, xu) — (xu, (div V)u).
Now, if V' = zV}, Vi € V(X) transversal to 0X, and if we write dg = 27 "dg, dg a
smooth non—degenerate density then in local coordinates z; such that dg = J|dz|,
Vo =2Vi0;,

divV =z"J* Z d; (™" Iz Vi)
=—(n—1)Y Vi (0x)+ 2] 9;(JV]) = —(n— 1)(Vox) + a div, Vh,
J

where the subscript g in divy Vp denotes that the divergence is with respect to g.
Thus, assuming V € V(X)) with Voz|,—0 = 1,

divV =—(n—1)+za, a € C(X).

Let x > 0 be such that Voz > % in z < zf. Thus, if 0 < xo <1, xo = 1 near 0,
X6 < 0, xo is supported in x < z(, x = xo © z, then

Vx = z(Voz)(xp 0 ) <0,
hence (Vx)u,u) <0
(X((n = 1) + wayu,u) < 2|x"?ul[x*Vull,
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and thus given any C' < (n — 1)/2 there is z¢ > 0 such that for u supported in K,
Clx"2ull < Ix'*Vull,

namely we take 2o < x{/2 such that (n —1)/2 — C > (supy |a|)zo, choose xo = 1
on [0, zo], supported in [0, 2x). This completes the proof of the lemma. O

The basic Poincaré estimate is:

Proposition 2.2. Suppose K C X compact, K N9X # (), O open with K C O,

O arcwise connected to 0X, K' = O compact. There exists C > 0 such that for
u € Hj,o.(X) one has

(2.2) lullz(xy < Clldull L2001 x),

where the norms are relative to the metric h.

Proof. Tt suffices to prove the estimate for v € C°°(X), for then the proposition
follows by the density of C*°(X) in H&’IOC(X ) and the continuity of both sides in
the Hy,,.(X) topology.

Let Vo,V be as in Lemma 2.1, and let ¢g € Cgs,y,,(Y) identically 1 on a neigh-
borhood of K NY, supported in O, and let g > 0 be as in the Lemma with K
replaced by K’. We pull back ¢g to a function ¢ defined on a neighborhood of Y
by the Vy-flow; thus, V¢ = 0. By decreasing x if needed, we may assume that ¢
is defined and is C* in x < zg, and suppp N {z < 29} C O. Now, let 1) € C=(X)
identically 1 where x < /2, supported where x < 3z(/4, and let ¢y € C*°(X) be
identically 1 where x < 3z¢/4, supported in x < xo; thus 10¢ € Cooy,,(X). Then,
by Lemma 2.1 applied to 1gou,

(2.3)  Cllvdullzx) = Cllvvodul zx) < 19V (oduw)llzx) = 198V ullz(x)-

The full proposition follows by the standard Poincaré estimate and arcwise con-
nectedness of K to Y (hence to x < x0/2), since one can estimate u|,~4,/2 in L?
in terms of du|y~ 4, /2 in L? and Uy ja<a<mo /2 O

We can get a more precise estimate of the constants if we restrict to a neighbor-
hood of a space-like hypersurface S; it is convenient to state the result under our
global assumptions. Thus, (TF) and (PT) are assumed to hold from here on in this
section.

Proposition 2.3. Suppose Vi € V(X) is real with Vox|,—0 = 1, Vot = 0 near
Y and let V€ Vy(X) be given by V = zVy. Let I be a compact interval. Let
C < (n—=1)/2, v > 0. Then there exist € > 0, zo > 0 and C" > 0 such that the
following holds.

FortoeI,0< 6 <eand foru € Hj,, (X) one has

loc
ull L2(p: e(p)eltosto+ey
-1
(24) < CTWVullzqp: wpetto—sto+d, ztm<aop) T YNl L2((p: 1) elto—s,t0+et)
+ C'llull L2 eipetto—s.olh):
where the norms are relative to the metric h.

Proof. We proceed as in the proof of Proposition 2.2, using that the ¢-preimage of
the enlargement of the interval by distance < 1 points is still compact by (PT);
we always use € < 1 correspondingly. We simply let ¢ = ¢ o t, where ¢ is the
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characteristic function of [tg,to + €]. Thus Vy¢ vanishes near Y; at the cost of
possilzly decreasing xp we may assume that it vanishes in x < zo. By (2.3), with
C=C<(n-1)/2,¢=1on [0,z9/4), supported in [0, zq/2),
(2.5) [oullLzx) < CHWVoull = CH gVl

Thus, it remains to give a bound for [|(1 — ¥)ull L2((p: (p)efto.tore)}-

Let S be the space-like hypersurface in X given by ¢t = tg, to € I. Now let
W € WV, (X) be transversal to S. The standard Poincaré estimate (whose weighted
version we prove below in Lemma 2.4) obtained by integrating from ¢ = to—¢ yields
that for u € C*°(X) with u|i=¢,—s = 0,

(2.6) lull L2 (gp: t(p)etto—s torey) < C'(e+ 5)1/2||WU||L3({p: t(p)elto—b,tote]})>
with C’(e+6) — 0 as e+6 — 0. Applying this with u supported where z € (z4/8, 00)
27 Nlullez(qp: tp)etto—sitoray < C”(e+ 5)1/2||$WU||L3({p: t(p)Elto—5,to+€]})
with C"(e4+0) — 0ase+J — 0. As we want 0 < § < ¢, we choose € > 0 such that

C"(2e)'? < .
Let x € Co5mp(R; [0, 1]) be identically 1 on [tg, 00), and be supported in (g — d, 00).
Applying (2.6) to x(t)u,
||U||Lg({p: t(p)€Elto,to+el})
< C"(e+ 5)1/2||33WU||L3({p: t(p)€[to—5,to+<]})
+C" (e + 5)1/2||$X/(t)(Wt)u||Lg({p: t(p)€Elto—6,t0]})"

In particular, this can be applied with u replaced by (1 —%)u. This completes the
proof. O

We also need a weighted version of this result. We first recall a Poincaré inequal-
ity with weights.

Lemma 2.4. Let Cy > 0. Suppose that W € Vy(X) real, |divW]| < Cp, 0 < x €
Comp(X), and x < —y(Wx) fort >ty, 0 <~y < 1/(2Cy). Then there exists C >0

comp
such that for u € H& (X) with t >ty on supp u,

loc

/ Wl lul? dg < Cr / Wl dg.

Proof. We compute, using W* = —W — divW,
(Wx)u, w) = (W, xlu, u) = (xu, W) — (Wu, xu)
= _<XU'5 WU> - <WU7XU'> - <XU, (le W)U'>a
SO

/'WX| Jul? dg = —((Wx)u, u) < 20 ?ull 2] x Wl 2 + Collx*ul 2

1/2
<9 ( JRIEY |u|2dg) Wl + Co [ 4wl ds.

Dividing through by ([ [Wx||u|? dg)'/? and rearranging yields

1/2
(1 - o) ( [wx |u|2dg) < 29122 W,
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hence the claim follows. O

Our Poincaré inequality (which could also be named Hardy, in view of the rela-
tionship of (2.1) to the Hardy inequality) is then:

Proposition 2.5. Suppose Vo € V(X) is real with Vox|,—0 = 1, Vot = 0 near
Y, and let V. € Vo(X) be given by V = aVy. Let I be a compact interval. Let
C < (n—1)/2. Then there exist € > 0, xg > 0, C' > 0, v9 > 0 such that the
following holds.

Suppose to € I, 0 <y < 70. Let xo € Coomp(R), x =x00t and 0 < xo < —7X0
on [to, to + €], xo supported in (—oo,to + €], § < e. Foru e Hj,, (X) one has

H|X/|1/2U||Lg({p: t(p)Elto,to+e])}

(2.8) < C_1|||X/|1/2VU||L3({p: t(p)Elto—,to+¢], =(p)<w0})
’ 1/2

+ C'YIXPdull 12 1()elto—,t0+e]})

+ C'lull La(p: 1(pyefto—s.t1})-

where the norms are relative to the metric h.

Proof. Let S be the space-like hypersurface in X given by t = tg, tg € I. We apply
Lemma 2.4 with W € V(X)) transversal to S as follows.
One has from (2.5) applied with ¢ replaced by |x’|'/? that

I T2l gy < CH 12Vl

We now use Lemma 2.4 with x replaced by xp?, p = 1 on supp(l — ), p €
Coomp(X©), to estimate ||(1 — ¢)|WX|1/2UHL3(X)- We choose p so that in addition
W p = 0; this can be done by pulling back a function py from S under the W-flow.
We may also assume that p is supported where z > x0/8 in view of > z(/4 on
supp(l — ¢) (we might need to shorten the time interval we consider, i.e. € > 0, to

accomplish this). Thus, W (p?x) = p?W, and hence
/pZIWXI Jul*dg < CW/PQX|WU|2d9-

As z > z(/8 on supp p, one can estimate [ xp?|Wu|?>dg in terms of [ x|dul?, dg
(even though h is a Riemannian 0-metric!), giving the desired result. O

3. ENERGY ESTIMATES

We recall energy estimates on manifolds without boundary in a form that will
be particularly convenient in the next sections. Thus, we work on X°, equipped
with a Lorentz metric g, and dual metric G; let O = O, be the d’Alembertian, so
o2(0) = G. We consider a ‘twisted commutator’ with a vector field V' = —1Z, where
Z is a real vector field, typically of the form Z = xW, x a cutoff function. Thus,
we compute (—¢(V*O — OV )u,u) — the point being that the use of V* eliminates
zeroth order terms and hence is useful when we work not merely modulo lower
order terms.

Note that —(V*0 — OV) is a second order, real, self-adjoint operator, so if
its principal symbol agrees with that of d*Cd for some real self-adjoint bundle
endomorphism C, then in fact both operators are the same as the difference is Oth
order and vanishes on constants. Correspondingly, there are no Oth order terms to
estimate, which is useful as the latter tend to involve higher derivatives of x, which
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in turn tend to be large relative to dx. The principal symbol in turn is easy to
calculate, for the operator is

(3.1) —(V*O-0V)=—(V"=V)O+.[O, V],
whose principal symbol is
—100(V* = V)G + Hgo1 (V).
In fact, it is easy to perform this calculation explicitly in local coordinates z; and
dual coordinates (;. Let dg = J|dz|, so J = | det g|'/?. We write the components of
the metric tensors as g;; and G, and 9; = 9, ; when this does not cause confusion.

We also write Z = xW = Zj Zjaj. In the remainder of this section only, we adopt
the standard summation convention. Then

(—1Z)* =12 = —J 10,027,
-0=J"19,JG"9;,
SO
(V= V)u=—((—2) +12)u = (Z* + Z)u = (—J 0, Z7 + Z70;)u
= —J " H0;JZ7)u = —(div Z)u,
He = GY(0., + G9¢;0,, — (0.,G7) (¢G50,

(the first two terms of Hg are the same after summation, but it is convenient to
keep them separate) hence

Heo1 (V) = GY(0:,2")GiGr + GY(0:,2°)¢ G — 24(0:,GY) G-
Relabelling the indices, we deduce that

—w0o(V* = V)G 4+ Hgo1(V)

= (—J NI Z)VGY + G (0, 27) + GI*(0x Z7) — ZF 0G5,
with the first and fourth terms combining into —J =19y (JZ*¥G¥)(; (5, so
—o(V*O-0V) =d*Cd, Cij = gieBy;
Bij = —J '0x(JZFGY) + G* (0, 27) + GTF (0 27,
where C;; are the matrix entries of C relative to the basis {dz,} of the fibers of the
cotangent bundle.

We now want to expand B using Z = xW, and separate the terms with x

derivatives, with the idea being that we choose the derivative of x large enough
relative to x to dominate the other terms. Thus,

Bij = G*(0x Z7) + GI*(0x Z%) — T O (J ZFGY)
(3.3) = () (G*WI + GIFW — GEIWF)
+ X (G* (0 Z7) + GTF (0, 27) — T o (J Z*G))

(3.2)

and multiplying the first term on the right hand side by &u@ (and summing over
i,7) gives
(3ay DW= (D) (GFW + GI*W — GUW™)0;u Dju

' = (du, dx)c du(W) + du(W) (dx, du)c — dx(W)(du, du)g,
which is twice the sesquilinear stress-energy tensor associated to the wave u. This is
well-known to be positive definite in du, i.e. for covectors o, Ew, gy (o) > 0 vanishing
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if and only if @ = 0, when W and dx are both forward time-like for smooth Lorentz
metrics, see e.g. [32, Section 2.7] or [19, Lemma 24.1.2]. In the present setting, the
metric is degenerate at the boundary, but the analogous result still holds, as we
show below.

If we replace the wave operator by the Klein-Gordon operator P = O+ A, A € C,
we obtain an additional term

— AV =V)4+2Im AV = - Re A(V* = V) + Im A(V + V™)

= —ReAdivV +Im AV + V™)
in
—(V*P — P*V)
as compared to (3.1). With V. = —Z, Z = xW, as above, this contributes

—ReA(Wx) in terms containing derivatives of x to —(V*P — P*V). In partic-
ular,

(—(V*P — P*V)u,u)
(3.5) = /Ewdx(du) dg — Re M(Wx)u,u)

+ Im A((xWu, u) + (u, xWu)) + (xR du, du) + (xR u,u),

R e C®(X°;End(T*X°)), R € C>®(X°).

Now suppose that W and dx are either both time like (either forward or back-
ward; this merely changes an overall sign). The point of (3.5) is that one controls the
left hand side if one controls Pu (in the extreme case, when Pu = 0, it simply van-
ishes), and one can regard all terms on the right hand side after Eyy, g, (du) as terms
one can control by a small multiple of the positive definite quantity [ Ew,qy(du) dg
due to the Poincaré inequality if one arranges that x’ is large relative to y, and
thus one can control [ Ey, 4y (du)dg in terms of Pu.

In fact, one does not expect that dx will be non-degenerate time-like everywhere:
then one decomposes the energy terms into a region €2, where one has the desired
definiteness, and a region €2_ where this need not hold, and then one can estimate
J Ew,ax(du) dg in Q4 in terms of its behavior in Q_ and Pu: thus one propagates
energy estimates (from Q_ to Qy), provided one controls Pu. Of course, if u is
supported in €, then one automatically controls u in €2_, so we are back to the
setting that u is controlled by Pu. This easily gives uniqueness of solutions, and a
standard functional analytic argument by duality gives solvability.

It turns out that in the asymptotically AdS case one can proceed similarly,
except that the term Re A((Wx)u, u) is not negligible any more at 0X, and neither
is Im A((xWu, u) + (u, xWu)). In fact, the Re A term is the ‘same size’ as the stress
energy tensor at 0.X, hence the need for an upper bound for it, while the Im A term
is even larger, hence the need for the assumption Im A = 0 because although x is
not differentiated (hence in some sense ‘small’), W is a vector field that is too large
compared to the vector fields the stress energy tensor can estimate at 0.X: it is a
b-vector field, rather than a 0-vector field: we explain these concepts now.

4. ZERO-DIFFERENTIAL OPERATORS AND B-DIFFERENTIAL OPERATORS

We start by recalling that V,(X) is the Lie algebra of C*° vector fields on X
tangent to 0X, while Vy(X) is the Lie algebra of C* vector fields vanishing at 0.X.
Thus, Vo(X) is a Lie subalgebra of V,(X). Note also that both Vo(X) and W, (X)
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are C>°(X)-modules under multiplication from the left, and they act on 2*C>°(X),
in the case of Vy(X) in addition mapping C*°(X) into 2C*°(X). The Lie subalgebra
property can be strengthened as follows.

Lemma 4.1. Vy(X) is an ideal in Vi, (X).

Proof. Suppose V € Vo(X), W € V,(X). Then, as V vanishes at 90X, there exists
V' € V(X) such that V = zV’. Thus,
V,W] = [aV' W] = [z, W]V + z[V', W].

Now, as W is tangent to Y, [z, W] = — Wz € zC®(X), and as V', W € V(X),
[V, W] e V(X), so [V,IWV] € 2V(X) = Vo (X). O

As usual, Diffp(X) is the algebra generated by Vo(X), while Diff,(X) is the
algebra generated by V},(X). We combine these in the following definition, originally
introduced in [38] (indeed, even weights 2" were allowed there).

Definition 4.2. Let Difff Diff{"(X) be the (complex) vector space of operators on
C*®(X) of the form

Y P,Q;, P; € Diff§(X), Q; € Difff(X),
where the sum is locally finite, and let
Diffo Diff,(X) = U2, US_, Diffg Diff(X).
We recall that this space is closed under composition, and that commutators
have one lower order in the 0-sense than products, see [38, Lemma 4.5]:
Lemma 4.3. Diff(Diffy,(X) is a filtered ring under composition with
A € DiffEDiff* (X), B € Diff¥ Difff" (X) = AB € Diffi** Dif"+™' (X).
Moreover, composition is commutative to leading order in Diffy, i.e. for A, B as
above, with k + k' > 1,
[A, B] € Diffi+** ~1Dif ™' (X).

Here we need an improved property regarding commutators with Diffy,(X) (which
would a priori only gain in the 0-sense by the preceeding lemma). It is this lemma
that necessitates the lack of weights on the Diff}, (X )-commutant.

Lemma 4.4. For A € Diff{(X), B € DiffiDiff{*(X), s > 1,
[A, B] € Diff Diff{ ™1 (X).

Proof. We first note that only the leading terms in terms of Diff}, order in both com-
mutants matter for the conclusion, for otherwise the composition result, Lemma 4.3,
gives the desired conclusion. We again write elements of Diff¢Diff},(X) as locally
finite sums of products of vector fields and functions, and then, using Lemma 4.3
and expanding the commutators, we are reduced to checking that

(i) V € Vo(X), W € Vi (X), [W, V] = —[V, W] € Diff§(X), which follows from

Lemma 4.1,

(ii) and for W € Vo (X), f € C®(X), [W, f] = Wf € C=(X) = Diff)(X).
In both cases thus, the commutator drops b-order by 1 as compared to the product,
completing the proof of the lemma. O
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We also remark the following:
Lemma 4.5. For each non-negative integer | with | < m,
' DIff i Diff" (X) c Diffi M Diff" ! (X).
Proof. This result is an immediate consequence of zVy,(X) C zV(X) = Vo(X). O

Integer ordered Sobolev spaces, H(]f_’én (X) were defined in the introduction. It is
immediate from our definitions that for P € Diff;Diff} (X),

k,m k—r,s—m
P HyY (X) — Hyy, FTX)

is continuous.

A particular consequence of Lemma 4.4 is that if V € V,(X), P € Diff§"(X),
the [P, V] € Diff"(X).

We also note that for @ € V,(X), Q@ = —1Z, Z real, we have Q* — Q € C*(X),
where the adjoint is taken with respect to the L? = L2(X) inner product. Namely:

Lemma 4.6. Suppose Q € V,(X), Q = —1Z, Z real. Then Q* — Q € C*°(X), and
with
Q =ao(zDy) + Z a;Dy,,

Q- Q=divQ = J ' (Du(xao) + >_ Dy, (a;J)).
with the metric density given by J |dx dy|, J € x~"C>(X).
Combining these results we deduce:
Proposition 4.7. Suppose Q € V,(X), Q = —1Z, Z real. Then
(4.1) —(Q*0-0Q) =d*Cd,
where C € C*(X;End(°T* X)) and in the basis {4, %, e %},
Ci=> gy ( — T (Jax G + G (ay) + ij(akag)).
‘ k

Proof. We write

—(Q'0-0Q) = —(Q" — Q)0 —¢[Q, 0] € Diff(X),

and compute the principal symbol, which we check agrees with that of d*C'd. One
way of achieving this is to do the computation over X°; by continuity if the sym-
bols agree here, they agree on °T*X. But over the interior this is the standard
computation leading to (3.2); in coordinates z;, with dual coordinates (;, writing
Z=> Zjazj, G=>.GY0,, 0.;, both sides have principal symbol

> B¢, Bij =) (— J 1 oR(JZFGT) + G™*(0,27) + ij(é)kZi)).
i P

Now both sides of (4.1) are elements of Diff3(X), are formally self-adjoint, real,
and have the same principal symbol. Thus, their difference is a first order, self-
adjoint and real operator; it follows that its principal symbol vanishes, so in fact
this difference is zeroth order. Since it annihilates constants (as both sides do), it
actually vanishes. O
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We particularly care about the terms in which the coefficients a; are differenti-
ated, with the idea being that we write Z = xW, and choose the derivative of x
large enough relative to x to dominate the other terms. Thus, as in (3.4),

By = > (0ex)(G*FWI + GTFW — GHIWF)

(4.2) F

+x ) (GM0nZ7) + G*(0rZY) — T 0R(T Z*GY))
k

and multiplying the first term on the right hand side by d;u d;u (and summing over
i,7) gives

> (O)(GFWI 4 GIFW — GIWR)0u 9;u,

ij.k
which is twice the sesquilinear stress-energy tensor %Ew,dx (du) associated to the
wave u. As we mentioned before, this is positive definite when W and dyx are both
forward time-like for smooth Lorentz metrics. In the present setting, the metric is
degenerate at the boundary, but the analogous result still holds since

(4.3)
EW,dx(du) = Z(akx)(éikwj + GJkWI — G”Wk)(x&u) araju
ik
= (xdu,dx) s xdu(W) + zdu(W) (dx, x du) 5 — dx(W)(z du, x du) 4,

so the Lorentzian non-degenerate nature of (@ proves the (uniform) positive def-
initeness in x du, considered as an element of 7,7 X, hence in du, regarded as an
element of OTq*X . Indeed, we recall the quick proof here since we need to improve
on this statement to get an optimal result below.

Thus, we wish to show that for « € Ty X, W € T, X, o and W forward time-like,

Ew,a(8) = (B,0)g BW) + BW) (a, B) g — a(W)(B, B) ¢

is positive definite as a quadratic form in 3. Since replacing W by a positive multiple
does not change the positive definiteness, we may assume, as we do below, that
(W, W) = 1. Then we may choose local coordinates (z1,...,2,) such that W =

8., and §lg = dz2 — (dz} +...+dz2_)), thus G|, = 02, — (92 +...+92 ). Then
a =" a; dzj being forward time-like means that a;, > 0 and a2 > o +...+a2_;.
Thus,

(4.4)

n—1 n—1 n—1
Ewa(B) = (Bnan — Y B8i0)Bn + BnlanBn — > 0;B;) — an(|Bal* = D 15i1%)
j=1

j=1 j=1

n n—1 n—1
=an Y 617 = Bn Y ;05 =Y BB
j=1 Jj=1 Jj=1

n n—1 n—1
> 0 316, — 21813 o)X 15,12
j=1 j=1 j

1

n n—1 n—1 2
> an 3181 - 21Bulen(3 18,122 = an(lﬁnl -0 IﬁjIQ)”Q) >0,
j=1 j=1 J=1
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with the last inequality strict if |3, | # (Z;le |3;1%)/2, and the preceding one (by
the strict forward time-like character of «) strict if 5, # 0 and Z;le 13;1? # 0.
It is then immediate that at least one of these inequalities is strict unless 5 = 0,
which is the claimed positive definiteness.

We claim that we can make a stronger statement if U € T,X and a(U) = 0 and
(U, W)z = 0 (thus U is necessarily space-like, i.e. (U,U); < 0):

a(W)
(U, U);

is positive definite in §. Indeed, in this case (again assuming (W, W); = 1) we
can choose coordinates as above such that W = 0, , U is a multiple of 0,,, namely
U= (—(UU)y"?0,,, §lg = d2% — (dz?+...+dz2_,). To achieve this, we complete
en =W and e; = (—(U,U);)"'/?U (which are orthogonal by assumption) to a g
normalized orthogonal basis (e1,eq,...,e,) of T,X, and then choose coordinates
such that the coordinate vector fields are given by the e; at ¢. Then o forward
time-like means that a,, > 0 and a2 > o +... +a2_;, and a(U) = 0 means that
a1 = 0. Thus, with ¢ < 1,

Ew.o(B) +c¢ BU)P, e <1,

A w
Bwal8) + ¢ gy g 18P
’ g
n—1
ﬂnan - Z ﬁ]a] ﬁn + ﬁn anﬁn Z a]ﬁ]
j=2

n—1
— an(|Ba> = > 18i1%) — can|B|?
j=1
> (1= c)an|fi|?
n—1

+ ((Buem — Zﬁjaj B+ BulenBn = 3 ;)

j=2

~anllial - 5 15).

On the right hand side the term in the large paranthesis is the same kind of ex-
pression as in (4.4), with the terms with j = 1 dropped, thus is positive definite
in (Ba,...,0n), and for ¢ < 1, the first term is positive definite in 31, so the left
hand side is indeed positive definite as claimed. Rewriting this in terms of G in our
setting, we obtain that for ¢ < 1

Ew,ax(du) — c(Wx) |;qu|2

is positive definite in du, considered an element of OT; X, when g € 90X, and hence
is positive definite sufficiently close to 0.X.
Stating the result as a lemma:

Lemma 4.8. Suppose ¢ € 0X, UW € TyX, a € T;X and o(U) = 0 and
(U, W); =0. Then

a(W)

2
(U7U)g|5(xU)| , c<1,

EW,a (ﬁ) +c




THE WAVE EQUATION ON ASYMPTOTICALLY ANTI-DE SITTER SPACES 21

is positive definite in § € OT;X,

At this point we modify the choice of our time function ¢ so that we can construct
U and W satisfying the requirements of the lemma.

Lemma 4.9. Assume (TF) and (PT). Given 6o > 0 and a compact interval I there
exists a function T € C*(X) such that |t — 7| < &g for t € I, dr is time-like in the
same component of the time-like cone as dt, and G’(dT, dx) =0 at z=0.

Proof. Let x € C35,,,([0,00)), identically 1 near 0, 0 < x < 1, x’ <0, supported in

comp

[0,1], and for €,d > 0 to be specified let

P <x5> G(dt,dx)
T=1t— — ) ==
X\ ) Gde, d)

Note that on the support of x (’;), x < €Y% so if €'/% is sufficiently small,

G(dz,dz) < 0, and bounded away from 0, there in view of (PT) and as G(dx,dz) <
OatY.
Atz =0

dr = dt — M dx
G(dz,dx)
o) G'(dT, dx) = 0. As already noted, on the support of x (%5), z < €% so for
t € I, I compact, in view of (PT),
(4.5) |T —t| < Ce/?,
with C' independent of ¢,d. Next,

dr =dt — aydr — aydr — Bu,

where
) ~ 0 0
a=x (x—> Ly SUhdD) 5T (x—) ,
€ G(dx,dx) € €
x° G(dt, dx)
—ax (=), p=d| —"2).
’ X( ‘ ) 8 (G(dx,dx>
Now,

G(dt — aryde, dt — aydz) = G(dt, dt) — 2ayG(dt, dz) + o*~*G(dx, dx)
A 2 (dt, dx)?
= G(dt,dt) — (2a — aQ)M,
G(dz,dx)
which is > G‘(dt,dt) if 2a —a? > 0,ie. a€[0,2. Bt 0<a<1,so0
G(dt — aryda, dt — arydx) > G(dt,dt) > 0

indeed, i.e. dt — a-ydz is timelike. Since dt — pary dx is still time-like for 0 < p < 1,
dt — arydx is in the same component of time-like covectors as dt, i.e. is forward
oriented. Next, observe that with C’ = sup s|x’(s)|,

jal < C's, 8] < €7,

so over compact sets aydx + fp can be made arbitrarily small by first choosing
0 > 0 sufficiently small and then e > 0 sufficiently small. Thus, G(dr, d7) is forward
time-like as well. Reducing ¢ > 0 further if needed, (4.5) completes the proof. O
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This lemma can easily be made global.

Lemma 4.10. Assume (TF) and (PT). Given 6y > 0 there exists a function T €
C>®(X) such that [t — 7| < &g for t € R, dr is time-like in the same component of
the time-like cone as dt, and G(dr,dx) =0 at z = 0.

In particular, T also satisfies (TF) and (PT).

Proof. We proceed as above, but let

PR 2O\ G(dt, dx)
Tt X(E(t)> G(dx,dz)

We then have two additional terms,

1-5(0) 20 (2(t) Gt d)
—z' 00§ () log & o0 X ( o0 ) Gdr. dz)

dt,

and

xel(t) 200 (0N G(dt, dx)
e(t) et) ¥ <e<t>) :
RIO)

G(dx,dx)
in dr. Note that on the support of both terms z < €()'/°®), while o) X' (T:(it))) is

uniformly bounded. Thus, if 6(¢) < 1/3, [6'(¢)| < 1, [¢'(t)| < 1, the factors in front

of dt in both terms is bounded in absolute value by Ce(t)%.

there are dy, €, > 0, which we may assume are in (0, 1/3) and are decreasing with £,
such that on I = [—k, k], 7 so defined, satisfies all the requirements if 0 < €(t) < e,
0<d(t) <dgonland|€t)] <1,|d(t) <1. But now in view of the bounds on ¢
and dy, it is straightforward to write down €(¢) and 6(¢) with the desired properties,
e.g. by approximating the piecewise linear function which takes the value ¢; at
+(k—1), k > 2, to get €(t), and similarly with ¢, finishing the proof. O

Now for any k

From this point on, within this section, we assume that (TF) and (PT) hold.
From now on we simply replace t by 7. We let W = G‘(dt, ), U = G’(dx, .). Thus,
atx =0,

dt(Uy) = G(dx, dt) = 0, (Uy, W)y = G(d, dt) = 0.

We extend Uply to a vector field U such that Ut = 0, i.e. U is tangent to the level
surfaces of t. Then we have on all of X,

(4.6) W (dt) = G(dt,dt) > 0,
and
(4.7) U(dz) = G(dz,dx) <0

on a neighborhood of Y, with uniform upper and lower bounds (bounding away
from 0) for both (4.6) and (4.7) on compact subsets of X.

Using Lemma 4.8 and the equations just above, we thus deduce that for y = xot,
¢ <1, peC>®(X),identically 1 near Y, supported sufficiently close to Y, Q = —1Z,
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Z =xW,
<_Z(Q*P—P*Q)U,,U>

= /Ew,dx(du) dg — Re M(Wx)u, u)
48 + Im AW, u) + (W) + (xRdu, du) + (xRw, )

= ((X'A + xR)du, du) + (cp(Wx)zUu, zUu) — Re \{((W x)u, u)

+ Im AM((XWu, u) + (u, xWu)) + (xR'u, u)
with A, R € C*®°(X;End(°T*X)), R’ € C®(X) and A is positive definite, all in-
dependent of x. Here p is used since Eyy,qy (du) — c(Wx)|zUul? is only positive
definite near Y.
Fix tog < tog +€ < t;. Let xo(s) = e"/% for s > 0, xo(s) = 0 for s < 0,

X1 € C°°(R) identically 1 on [1,00), vanishing on (—o0c,0], Thus, s2x§(s) = xo(s)
for s € R. Now consider

X(8) = xo(=F ~'(s — t1))x1((s — to)/e),

SO
supp X C [to, 1]
and
s €fto+et1] = X' = —F Ixo(=F (s — 1)),
SO

s€fto+eti]=xX=—F *(s—t)*%,
so for F > 0 sufficiently large, this is bounded by a small multiple of ¥/, namely
(4.9) s€ltot+eti]=x=—, v=(t —to)*F .
In particular, for sufficiently large F,
~(X'A+xR) > —X'A/2

on [tg + € t1]. In addition, by (2.8) and (4.9), for ReA < (n — 1)?/4, and ¢’ > 0
sufficiently close to 1

—(Re A(Wx)u,u) < & (p(=Wx)zUu, zUu) + C'F ~*||x"/*dul?

while

|(xR'u, u)| < C'[|x"?ul?
and
o) I2u)? < C'F (=W x)u, u)

< C"FH(=Wx)zUu, zUu) + C" F~2||x"?dul|?.

However, Im A((xWwu, u) + (u, xWu)) is too large to be controlled by the stress
energy tensor since W is a b-vector field, but not a 0-vector field. Thus, in order to
control the Im A term for ¢ € [tg + €,t1], we need to assume that Im A = 0. Then,
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writing Qu = Q*u+ (Q — Q*)u, and choosing F > 0 sufficiently large to absorb the
first term on the right hand side of (4.10),

(4.11)
(—X'Adu, du) /2 < —(—1Pu, Qu) + (1Pu, Qu) + v{(—x")du, du)

< 2C W Pull oy I Pull g o) + 201 (=X Pl g ) (=X Pl x)
+ O[(=x) 2 du®

<2067 (|WPullF s ) + I1Pull ) + 208 Pully o) + 1) 2ulf2 x))
+COF HI(=x)"2dul.

For sufficiently small § > 0 and sufficiently large F > 0 we absorb all but the first
paranthesized term on the right hand side into the left hand side by the positive
definiteness of A and the Poincaré inequality, Proposition 2.5, to conclude that for
u supported in [tg + €, t1],

(4.12) ”(_X/)l/Qdu”Lg(X;OT*X) < C||Pu|‘H0j}1)’1(X)~
In view of the Poincaré inequality we conclude:

Lemma 4.11. Suppose A < (n—1)2/4, ty < to+e < t1, x as above. Foru € C®(X)
supported in [tg + €,t1] one has

(4.13) 1) 2ull 3 x) < CllPullyos

Remark 4.12. Note that if I is compact then there is T' > 0 such that for tg € T
we can take any t; € (tg, top + T, i.e. the time interval over which we can make the
estimate is uniform over such compact intervals I.

This lemma gives local in time uniqueness immediately, hence iterative applica-
tion of the lemma, together with Remark 4.12, yields:

Corollary 4.13. Suppose A < (n—1)%/4. For f € H(;_tl)’lloc(X) supported in t > tg,
there is at most one u € H&’IOC(X) such that suppu C {p : t(p) > to} and Pu= f.

Via the standard functional analytic argument, we deduce from (4.12):

Lemma 4.14. Suppose A\ < (n — 1)?/4, I a compact interval. There is o > 0
such that for tg € I, and for f € H(;l (X) supported in t > to, there exists

loc

u € Hé:;lloc(X), suppu C {p: t(p) > to} and Pu=f int <to+o.

Proof. For any subspace X of C~*°(X) let X|(;, ;,] consist of elements of X restricted

tot € [10, T1], X7, -, consist of elements of X supported in ¢ € [10, 71]. In particular,
an element of ngmp(X )7y, Vanishes to infinite order at ¢ = 7o, 71. Thus, the dot

over C* denotes the infinite order vanishing at X, while the e denotes the infinite
order vanishing at the time boundaries we artificially imposed.

We assume that f is supported in t > £y + dg. We use Lemma 4.11, with the role
of ¢ty and t; reversed (backward in time propagation), and our requirement on o is
that it is sufficiently small so that the backward version of the lemma is valid with
t1 = to+20. (This can be done uniformly over I by Remark 4.12.) Let Th =t; —¢
and t; be such that tg+0 =T < Ty < t; < to+ 20. Applying the estimate (4.12),
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using P = P*, with u replaced by ¢ € Ccomp( )?
(backward estimate), 7o € [to, T1) in the role of ¢y, we obtain:

(414) H( )1/2¢HH1 (X CHP*¢HH0_,}1)’1(X)|[70~ ) ¢ € Ccomp( )[To,Tl]'

It is also useful to rephrase this as

(b0, T1] with ¢1 in the role of ¢y there

[70.T1]

(4.15) H¢||H(1)(X)|[T, ) < CHPWHHO—;J(X)HT@ , b€ Ccomp( )[To,T1]7
when 7 > 79. By (4.14), P ngmp( Vo) — ngmp(X)[to,Tl] is injective. Define
(P*) Rancggmp(x)[.t ,T1] P* - C‘C;gmp(X)[.tO7Tl]
by (P*)~!4 being the unique ¢ € Ccomp( )lto,y) Such that P*¢ = 1. Now consider
the conjugate linear functional on Rang. ()%, P* given by
comp [to,T1]
(4.16) C:ap = (f, (P*) 7).

In view of (4.14), and the support condition on f (namely the support is in ¢ >
to + 60) and 1 (the support is in t < T7)?,

[ (P THO < F 2 x),

< CHfHHg (X)t0 +.50.71] ||¢HH[;11)~1(X)|“01T1]7

1
1) 08 () 14 280701

ltto+60.71]

so £ is a continuous conjugate linear functional if we equip Rancw L0 P*
co [to,T1]

with the H(Zé’l(X)|[t0,Tl] norm.

If we did not care about the solution vanishing in ¢ < ty + dg, we could simply
use Hahn-Banach to extend this to a continuous conjugate linear functlonal u on
Hotl) 1(X)[t 7> Which can thus be identified with an element of H0 b Y(x MNito, 111+
This would give

Pu(¢) = (Pu,¢) = (u, P*¢) = L(P*¢) = (f,(P*)"'P"¢) = (f,9),
o€ Ccomp( )ito,y)> 80 Pu=f.
We do want the vanishing of w in (¢o, %o + dp), i.e. when applied to ¢ supported
in this region. As a first step in this direction, let 6 € (0, dp), and note that if
¢ S Ccomp( )[fo fg—‘,-é') M Rancoo ( ). ]D»<

comp [to,T1]
then £(¢) = 0 directly by (4.16), namely the right hand side vanishes by the support
condition on f. Correspondingly, the conjugate linear map L is well-defined on the
algebraic sum

(417) C((:);)mp( )[f() f0+6/) + Rancggmp( )[tO‘Tl] pP*
by

L(¢+¢)=€( ) ¢Eccomp( )[fg,to-l—&’)v wERancm (X)to ] p*.

comp
We claim that the functional L is actually continuous when (4.17) is equipped with
the Ho_,é’l(X)hto,Tl] norm. But this follows from

*\—1
|<f» (P ) 1/)>| < CHfHHo_l(X)l[tOMO,Tl] |W||H()—’év1(x)|[t0+5,0jﬂ

2We use below that we can thus regard f as an element of Ho_l(X)°

H *)—1
o +60,00)? while (P*)~ 1
as an element of Hl(X)( 0, Ty]7 SO these can be naturally paired, with the pairing bounded in

the appropriate norms. We then write these norms as Ho_l(X)|[t0+507T1] and H& (X)) 1to+80,111-
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together with
||¢||H(;’évl(X)\[to+%’Tl] < ||¢+¢”H0fi’l(X)l[to.T1]

since ¢ vanishes on [ty + §), T1]. Correspondingly, by the Hahn-Banach theorem,
we can extend L to a continuous conjugate linear map

w: Hy oY (X)% 1y — C,
which can thus by identified with an element of Hé:g N(x Mito, 1. This gives

Pu(¢) = (Pu,¢) = (u, P*¢) = {(P*¢) = (f,(P*)"'P"¢) = (f, 9),
¢ € C.é’gmp(X)[’tO’Tl] supported in (tg,71), so Pu = f, and in addition

U(¢) = Oa ¢ € C.S(?mp(X)[.to,toJréé]v
$0
(4.18) t >ty + &, on suppu.

In particular, extending w to vanish on (—oo,ty + d;), which is compatible with
the existing definition in view of (4.18), we have a distribution solving the PDE,
defined on ¢t < Ty, with the desired support condition. In particular, using a cutoff
function x which is identically 1 for ¢t € (—o0,TY], is supported for t € (—o0, T1],
Xu € Hé_’;l(X), xu vanishes for ¢t < to + &) as well as ¢ > T}, and Pu = f on
(=00, T}), thus completing the proof. O
Proposition 4.15. Suppose A < (n—1)%/4. For f € H&lloc(X) supported int > tg,

there exists u € Hé_’;lloc(X), suppu C {p: t(p) > to} and Pu=f.

Proof. We subdivide the time line into intervals [t;,¢;41], each of which is suffi-
ciently short so that energy estimates hold even on [t;_s,t;4+3]; this can be done in
view of the uniform estimates on the length of such intervals over compact subsets.
Using a partition of unity, we may assume that f is supported in [tx_1,tx+2], and
need to construct a global solution of Pu = f with u supported in [t5_1,00). First
we obtain uy as above solving the PDE on (—oo, tt2] (i.e. Puy — f is supported
in (tg42,00)) and supported in [tg_1,tg+3]. Let fry1 = Pug — f, this is thus sup-
ported in [tr42,tk43]. We next solve Pugi1 = — fr41 on (—oo, tr43] with a result
supported in [txy1, tkta]. Then P(uk + ury1) — f is supported in [txys, tkta], ete.
Proceeding inductively, and noting that the resulting sum is locally finite, we obtain
the solution on all of X. O

Well-posedness of the solution will follow once we show that for solutions u €
H&’QIOC(X) of Pu = f, f € H(;tl):lsoc(X) supported in t > tg, we in fact have
u € Hé STOlC(X ); indeed, this is a consequence of the propagation of singularities.
We state this as a theorem now, recalling the standing assumptions as well:

Theorem 4.16. Assume that (TF) and (PT) hold. Suppose A < (n —1)2/4. For
fe H()_,é:lloc(X) supported in t > to, there exists a unique u € Hg,,.(X) such that
suppu C {p : t(p) > to} and Pu = f. Moreover, for K C X compact there is
K' C X compact, depending on K and tog only, such that

(4.19) lulicllag ) < N1l 2y
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Remark 4.17. While we used 7 of Lemma 4.10 instead of ¢ throughout, the con-
clusion of this theorem is invariant under this change (since §p > 0 is arbitrary in
Lemma 4.10), and thus is actually valid for the original ¢ as well.

Proof. Uniqueness and (4.19) follow from Corollary 4.13 and the estimate preceding
it. By Proposition 4.15, this problem has a solution u € Hé:b_,lloc(X) with the desired
support property. By the propagation of singularities, Theorem 8.8, u € H&IOC(X )
since u vanishes for ¢ < tg. Il

5. ZERO-DIFFERENTIAL OPERATORS AND B-PSEUDODIFFERENTIAL OPERATORS

In order to microlocalize, we need to replace Diff ,(X) by ¥,(X) and W (X).
We refer to [27] for a thorough discussion and [36, Section 2] for a concise intro-
duction to these operator algebras including all the facts that are required here.
In particular, the distinction between ¥y (X) and Up.(X) is the same as between
U (R™) and W(R™) of classical, or one step polyhomogeneneous, resp. standard,
pseudodifferential operators, i.e. elements of the former (Vy(X), resp. U (R™)) are
(locally) quantizations of symbols with a full one-step polyhomogeneous asymp-
totic expansion (also called classical symbols), while those of the latter (Up(X),
resp. U(R™)) are (locally) quantizations of symbols which merely satisfy symbolic
estimates. While the former are convenient since they have homogeneous principal
symbols, the latter are more useful when one must use approximations (e.g. by
smoothing operators), as is often the case below. Before proceeding, we recall that
points in the b-cotangent bundle, "T* X, of X are of the form

dr n—1
E—+ ;gj dy;.
J:

Thus, (x,v,§,¢) give coordinates on PT*X. If (z,y,£,¢) are the standard coor-
dinates on 7*X induced by local coordinates on X, i.e. one-forms are written as
¢ dx + C dy, then the map 7 : T*X — PT*X is given by 7(z,y,£,¢) = (z,y, 2€,C).

To be a bit more concrete (but again we refer to [27] and [36, Section 2] for
more detail), we can define a large subspace (which in fact is sufficient for our
purposes here) of ¥ (X) and ¥7*(X) locally by explicit quantization maps; these
can be combined to a global quantization map by a partition of unity as usual.
Thus, we have ¢ = ¢y, : S™(PT*X) — W' (X), which restrict to ¢ : ST(PT*X) —
U (X), cl denoting classical symbols. Namely, over a local coordinate chart U
with coordinates (z,9), y = (1, .. ,Yn—1), and with a supported in *Tr X, K C U
compact, we may take

q(a)u(z,y)

o
= (2 [0 O Yoyt Qule’ ) di' dy dE .

understood as an oscillatory integral, where ¢ € CZ5,,,((—=1/2,1/2)) is identically 1
near 0, and the integral in 2’ is over [0, 00). Note that ¢ is irrelevant as far as the
behavior of Schwartz kernels near the diagonal is concerned (it is identically 1 there);
it simply localizes to a neighborhood of the diagonal. Somewhat inaccurately, one

may write g(a) as a(x,y,xDg, Dy), so a is symbolic in b-vector fields; a more
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accurate way of reflecting this is to change variables, writing § =z, ¢ = (, so
(5.1)
q(a)u(z,y)

r—x' , el /
= (2m) " [ CFTEO96(E D (o, Ol ) -y dE

With this explicit quantization, the principal symbol oy m(A) of A = g(a) is
the class [a] of @ in S™(PT*X)/S™~}(PT*X). If a is classical, this class can be
further identified with a homogeneous, of degree m, symbol, i.e. an element of
Sm_(PT*X\o). On the other hand, the operator wave front set WF} (A) of A = q(a)
can be defined by saying that p € PT*X \ o is not in WF},(A) if p has a conic
neighborhood I" in PT*X \ o such that a = a(z,y, &, () is rapidly decreasing (i.e. is
an order —oo symbol) in . Thus, on the complement of WF{ (A), A is microlocally
order —oo.

A somewhat better definition of ¥y.(X) and ¥y,(X) is directly in terms of the
Schwartz kernels. The Schwartz kernels are well-behaved on the b-double space
X2 = [X?;(0X)?] created by blowing up the corner (0X)? in the product space
X? = X x X; in particular they are smooth away from the diagonal and vanish to
infinite order off the front face. In these terms ¢ above localizes to a neighborhood
of the diagonal which only intersects the boundary of X? in the front face of the
blow-up. The equivalence of the two descriptions can be read off directly from (5.1),
which shows that the Schwartz kernel is a right b-density valued (this is the factor
d%l dy’ in (5.1)) conormal distribution to I;I, =0,y —1v =0, ie. the lift of the
diagonal to X7.

The space Wpe(X) forms a filtered algebra, so for A € 7" (X), B € U} (X), one
has AB € \I!g?'m/ (X). In addition, the commutator satisfies [4, B] € \I!g?'ml_l(X),
i.e. it is one order lower than the product, but there is no gain of decay at 9.X.
However, we also recall the following crucial lemma from [36, Section 2]:

Lemma 5.1. For A € U7'(X), resp. A € U7 (X), one has [xD,, A] € zP7(X),
resp. [xDy, A] € 2 U (X).

Proof. The lemma is an immediate consequence of xD, having a commutative
normal operator; see [27] for a detailed discussion and [36, Section 2] for a brief
explanation. ([

For simplicity of notation we state the results below through Lemma 5.5 for
UL (X); they work equally well if one replaces Uy (X) by Wyo(X) throughout.

The analogue of Lemma 4.4 with Diffy, (X)) replaced by ¥y (X) still holds, without
the awkward restriction on positivity of b-orders (which is simply due to the lack
of non-trivial negative order differential operators).

Definition 5.2. Let Difff ¥7*(X) be the (complex) vector space of operators on
C*>®(X) of the form

Y P,Q;, Pj € Diffg(X), Q; € UP'(X),
where the sum is locally finite, and let

Diffo Uy, (X) = Uy USer Diff Wi (X).
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We define Diffy w7 (X) similarly, by replacing 1,(X) by Wp.(X) throughout the
definition.

The ring structure (even with a weight z") of Diffo¥y,(X) was proved in [38,
Corollary 4.4 and Lemma 4.5], which we recall here. We add to the statements of
[38, Corollary 4.4 and Lemma 4.5] that DiffgU,,(X) is also closed under adjoints
with respect to any weighted non-degenerate b-density, in particular with respect
to a non-degenerate 0-density such as |dg|, for both Diffo(X) and ¥,(X) are closed
under these adjoints and (AB)* = B*A*.

Lemma 5.3. DiffgU,(X) is a filtered *-ring under composition (and adjoints) with

A € Difffw(X), B € Difff U (X) = AB € Diffft* om+m'(X),
and
A € Difff U7 (X) = A* € Diffb o (X),
where the adjoint is taken with respect to a (i.e. any fixed) non-degenerate 0-density.
Moreover, composition is commutative to leading order in Diffy, i.e. for A, B as
above, k+ k' > 1,
[A, B] € Diff i ¥ ~Lagm+m'(x).

Just like for differential operators, we again have a lemma that improves the

b-order (rather than merely the 0-order) of the commutator provided one of the

commutants is in WUy, (X). Again, it is crucial here that there are no weights on
Uy (X).

Lemma 5.4. For A € U (X), B € Difff07"(X), [A, B] € Difffwstm~1(X).

Proof. Expanding elements of Diff’g (X) as finite sums of products of vector fields
and functions, and using that Uy (X) is commutative to leading order, we need to
consider commutators [f, 4], f € C*(X), A € U{(X) and show that this is in
UP~1(X), which is automatic as C*(X) C ¥)(X), as well as [V, 4], V € Vo(X),
A € U3 (X), and show that this is in Diffg ¥~ (X), i.e.

[V,A] =) W;B; +Cj, B;,C; € ¥;7(X), W, € Vo(X).
But V =2V’, V' € V(X), and
V', Al => W;Bj+Cj, Wj € V(X), Bj,Cj € ;7' (X),
J

see [36, Lemma 2.2], while B” = [z, AJz~! € U7~ 1(X), so
VAl = [z, AV’ + a[V', A] = B"(zV') + > _(zW)) B} + 2C},

J

which is of the desired form once the first term is rearranged using Lemma 5.3, i.e.
explicitly B” (zV') = (xV')B" + [B”, V'], with the last term being an element of
(X)), O

We also have an analogue of Lemma 4.5.

Lemma 5.5. For any [ > 0 integer,

' Diffg o™ (X)) C Diffg Pl X).
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Proof. Tt suffices to show that z¥]"(X) C Diffg "~ *(X), for the rest follows by
induction. Also, we may localize and assume that A is supported in a coordinate
patch; note that

U, (X)) C Diffg ¥, >°(X)
since C*°(X) C Diffy(X). Thus, suppose A € ¥7*(X). Then there exist A; €
U 1(X),j=0,...,n—1,and R € ¥;*°(X) such that

A= (zDs)Ao+ Y Dy Aj + R;
J
indeed, one simply needs to use the ellipticity of L = (zD,)? + DZj to achieve
this by constructing a parametrix G € \Ilgz(X) to it, and writing A = LGA+ EA,
Ec VU, *(X). As z(xDy),xD,, € Vo(X), the conclusion follows. O

As a consequence of our results thus far, we deduce that U9 (X) is bounded on
H{'(X), already stated in [38, Lemma 4.7].

Proposition 5.6. Suppose m € Z. Any A € VP (X) with compact support defines
a bounded operator on HJ"(X), with operator norm bounded by a seminorm of A
in WY (X).

Proof. For m > 0 this is a special case of [38, Lemma 4.7], though the fact that the
operator norm is bounded by a seminorm of A in \I/gC(X ) was not explicitly stated
there though follows from the proof; m < 0 follows by duality.

For the convenience of the reader we recall the proof in the case we actually
use in this paper, namely m = 1 (then m = —1 follows by duality). Any A as in
the statement of the proposition is bounded on L?(X) with the stated properties.
Thus, we need to show that if V € Vy(X), then VA : H}(X) — L*(X). But
VA=AV + [V, A}, [V, A] € Diffy, 1 (X) C ¥9(X), hence AV : H}(X) — L*(X)
and [V, 4] : L*(X) — L*(X), with the claimed norm behavior. O

If ¢ is a homogeneous function on PT* X \ 0, then we again consider the Hamilton
vector field Hy associated to it on T*X° \ 0. A change of coordinates calculation
shows that in the b-canonical coordinates given above

Hy = (0:q)x05 — (20:9)0¢ + (0cq)0y — (9yq)Oc,

so H, extends to a C> vector field on PT*X \ o which is tangent to "7, X. If
Qe UM (X), P e Uy (X), then [Q, P] € \I!berm’*l(X) has principal symbol

1
0b,m+m’—1([Q,P]) = ;qu

Using Proposition 5.6 we can define a meaningful WF}, relative to H} (X). First
we recall the definition of the corresponding global function space from [38, Sec-
tion 4]:

For k > 0 the b-Sobolev spaces relative to Hj(X) are given by?

r.k _ . k
HO,b,comp(X) - {u € Hg,comp(X) 1 VA€ \Ilb(X)7 Au € Hg,comp(X)}'

3We do not need weighted spaces, unlike in [38], so we only state the definition in the special
case when the weight is identically 1. On the other hand, we are working on a non-compact
space, so we must consider local spaces and spaces of compactly supported functions as in [36,

Section 3]. Note also that we reversed the index convention (which index comes first) relative to
[38], to match the notation for the wave front sets.
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These can be normed by taking any properly supported elliptic A € \Il{j(X ) and

letting
2

2 2
el ooy = Nullig oo + A ) -
Although the norm depends on the choice of A, for u supported in a fixed compact
set, different choices give equivalent norms, see [38, Section 4] for details in the
O-setting (where supports are not an issue), and [36, Section 3] for an analysis
involving supports. We also let Hg_’lg 1o (X)) be the subspace of H{j,, (X) consisting

of u € Hy,.(X) such that for any ¢ € C5,,,,(X), pu € HE comp(X)-
Here it is also useful to have Sobolev spaces with a negative amount of b-

regularity, in a manner completely analogous to [36, Definition 3.15]:

Definition 5.7. Let r be an integer, k < 0, and A € \I'gk(X) be elliptic on PS* X
with proper support. We let Hg:]g,comp(X) be the space of all u € C~°(X) of the
form u = uy + Auz with ui,uz € Hf copp(X). We let

HUHH(;:; COmp(X) = 1nf{||u1||H6(X) + ”u?”Hg(X) T u=u]+ A'LLQ}

We also let HS”E’IOC(X) be the space of all u € C~°°(X) such that ¢u € Hg:{icomp(X)
for all ¢ € C,,,(X).

comp

As discussed for analogous spaces in [36] following Definition 3.15 there, this
definition is independent of the particular A chosen, and different A give equivalent
norms for distributions u supported in a fixed compact set K. Moreover, we have

Lemma 5.8. Supposer € Z, k € R. Any B € ) (X) with compact support defines
a bounded operator on Hg_’{f (X), with operator norm bounded by a seminorm of B
in WP (X).

Proof. Suppose k > 0 first. Then for an A € UF(X) as in the definition above,

1Bul?

2ok ey = IBulld o + 1 ABulih o)

The first term on the right hand side is bounded in the desired manner due to
Proposition 5.6. Letting G € \I!gk(X) be a properly supported parametrix for A so
GA=1d+E, E € ¥, >°(X), we have ABu = AB(GA—FE)u = (ABG)Au—(ABE)u,
with ABG € U} (X), ABE € ¥, >(X) C ¥) (X), so

[ABu myx) < CllAullay(x) + Cllullmyx)

by Proposition 5.6, with C' bounded by a seminorm of B. This completes the proof
if k> 0.

For k < 0, let A € \I/gk(X) be as in the definition. If u = wy; + Aus, and
G € UF(X) is a parametrix for A so AG =1d + F, F € U, *°(X), hence

Bu = Buj + BAugs = Buy + (AG — F)BAuy = Buy + A(GBA)uy — (FBA)us.
Now, B, FBA,GBA € ¥(X) so Bu € H]E (X) indeed, and choosing u;, usg

0,b,comp

so that |lu1llmy(x) + luzllmgx) < 2llullgre () shows the desired continuity, as
0,b,comp

well as that the operator norm of B is bounded by a W9 _(X)-seminorm. (]

Now we define the wave front set relative to Hg,,.(X). We also allow negative
a priori b-regularity relative to this space.
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Definition 5.9. Suppose u € HS{ZC(X), r€Z k €R. Then q € "T*X \ 0 is
not in WF}*(u) if there is an A € ¥P(X) such that o1, 0(A4)(g) is invertible and
QAu € Hfj, (X) for all Q € Diffb(X), Le. if Au € Hppoo(X).

Moreover, ¢ € PT*X \ o is not in WF]'"(u) if there is an A € ¥"(X) such that
o1,0(A)(g) is invertible and Au € Hpy,,.(X).

Proposition 5.6 implies that Wp.(X) acts microlocally, i.e. preserves WFy,; see
[36, Section 3] for a similar argument. In particular, the proofs for both the quali-
tative and quantitative version of microlocality go through without any significant
changes; one simply replaces the use of [36, Lemma 3.2] by Proposition 5.6.

Lemma 5.10. (c¢f. [36, Lemma 3.9] Suppose that u € HSEIOC(X), B € UF (X).
Then WE™ " (Bu) € WEF[™ (u) N WF} (B).

As in [36, Section 3], the wave front set microlocalizes the ‘b-singular support
relative to Hy ,.(X)’, meaning:

Lemma 5.11. (¢f. [36, Lemma 3.10]) Suppose u € Hg:{iloc(X), peX. If*S:Xn
WEL™ (1) = 0, then in a neighborhood of p, u lies in Hé:g"‘(X), i.e. there is ¢ €
Cce (X)) with ¢ =1 near p such that ¢u € Hé:gn(X).

comp

Corollary 5.12. (cf. [36, Corollary 3.11]) If u € Hy'y . (X) and W™ (u) = 0,
then u € Hyp' (X).
In particular, if u € Hg:§710C(X) and WE" (u) = 0 for all m, then u €

Hy'poo(X)s d-e. u is conormal in the sense that Au € Hy,, (X) for all A €
Diff, (X)) (or indeed A € ¥, (X)).

Finally, we have the following quantitative bound for which we recall the defini-
tion of the wave front set of bounded subsets of U¥_(X):

Definition 5.13. (cf. [36, Definition 3.12]) Suppose that B is a bounded subset
of UF (X), and ¢ € PS*X. We say that ¢ ¢ WF} (B) if there is some A € ¥y,(X)
which is elliptic at ¢ such that {AB : B € B} is a bounded subset of ¥ *°(X).

Lemma 5.14. (cf. [36, Lemma 3.13, Lemma 3.18]) Suppose that K C bS*X s
compact, and U a neighborhood of K in "S*X. Let KcX compact, and U be a
neighborhood ofK in X with compact closure. Let Q € \I'k( ) be elliptic on K with
WFL(Q) C U, with Schwartz kernel supported in K x K. Let B be a bounded subset
of Wk (X) with WF} (B) C K and Schwartz kernel supported in K x K. Then for
any s < 0 there is a constant C' > 0 such that for B € B, u € Hyy \,.(X) with

WEPF(u)nU =0,
[1Bulleg x) = Clllull s o) + 1Qull mr5x))-
We can use this lemma to obtain uniform bounds for pairings. We call a subset
B of Diffg' ¥ (X) bounded if its elements are locally finite linear combinations of

a fixed, locally finite, collection of elements of Diff(j'(X) with coefficients that lie
in a bounded subset of W¥(X).

Corollary 5.15. Suppose that K C ®S*X is compact, and U a neighborhood of K
inPS*X. Let K € X compact, and U be a neighborhood ofK i X with compact
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closure. Let Q € WF(X) be elliptic on K with WF}(Q) C U, with Schwartz kernel
supported in K x K. Let B be a bounded subset of Diffg Uk (X) with WF},(B) € K

and Schwartz kernel supported in K x K. Then there is a constant C > 0 such that
forBe B, ue H&’S,IOC(X) with WFék(u) nU =0,

[(Bu,w)| < Cllull 01y + 11Qull sy (x))*

Proof. Using Lemma 5.3 we can write B as ) Bj; P/ R; A, where P;, R; € Diff5(X),

A € UF(X) (which we take to be elliptic on K, but such that @ is elliptic on
WEF,(A)), Bj; lies in a bounded subset B’ of UF(X) and the sum is finite. Then

[(Bu, u)| < Z [(RjAu, P;(Bj;)" )]
ij
< Z | RjAull L2y 1P:(Bi;) ull L2 (x)
ij
< Z A 2y (1P:(Bi;) " ull g x)
ij
< ZC(HUHHg;g(m + ||QU||H3(X))27

where in the last step we used Lemma 5.14. (]

It is useful to note that infinite order b-regularity relative to L3(X) and H{(X)
are the same.

Lemma 5.16. For u € Hjy,.(X),
WF > (1) = WFY™ ().

Proof. The complements of the two sides are the set of points ¢ € ®S*X for which
there exist A € W)(X) (with compactly supported Schwartz kernel, as one may
assume) such that o1, 0(A)(q) is invertible and LAu € HJ(X), resp. LAu € L{(X).
Since H{(X) C L3(X), WFy>®(u) € WF*(u) follows immediately. For the
converse, if LAu € L3(X) for all L € Diff,(X), then in particular Diffo(X) C
Diff,(X) shows that QLAu € L3(X) for Q € Diffj(X) and L € Diff,(X), so
LAu € H}(X), i.e. WFL™(u) € WFY™ (u), completing the proof. O

We finally recall that u € A*(X), i.e. that u is conormal relative to x*L2(X),
means that Lu € x*L%(X) for all L € Diff,(X), so in particular u € x¥L3(X).
Thus,

WFg’Oo(u) = () if and only if u € A(n’_l)/Q(X)a
in view of L3(X) = 2("~V/2[2(X).

6. GENERALIZED BROKEN BICHARACTERISTICS

We recall here the structure of the compressed characteristic set and GBB from
[37, Section 1-Section 2]. In that paper X is a manifold with corners, and k is the
codimension of the highest codimension corner in the local coordinate chart. Thus,
for application to the present paper, the reader should take £ = 1 when referring
to [37, Section 1-Section 2]. It is often convenient to work on the cosphere bundle,
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here PS* X, which is equivalent to working on conic subsets of PT* X \ 0. In a region
where, say,

(6.1) &l < I, 1 G <Clg, yi=1,0n =2,
C > 0 fixed, we can take
xvylv"'7yn*1a§7§1a"'7§n_27|£n_1|a
e ¢
where { = —=— ( = L,
h |£n—1| - |£n—1|

as (projective) local coordinates on PT*X \ o, hence

Ty Yiy- .- 7yn717§7£17 cee 7£n_2
as local coordinates on the image of this region under the quotient map in ®S*X;
cf. [37, Equation (1.4)].
First, we choose local coordinates more carefully. In arbitrary local coordinates
({E, Yty - - 7yn71)

on a neighborhood Uy of a point on Y = 90X, so that Y is given by x = 0 inside
x > 0, any symmetric bilinear form on 7% X can be written as

(6.2) é(xa y) = Az,y) 02 05 + Z 2C;(z,y) 0z 0y, + Z Bij(x,y) 0y, Oy,

J 2]
with A, B, C smooth. In view of (1.1), using x given there and coordinates y; on
Y pulled by to a collar neighborhood of Y by the product structure, we have in
addition
for all y, and B(0,y) = (B;;(0,y)) is Lorentzian for all y. Below we write covectors
as

n—1
(6.3) a=¢&dr+ Y Gy
=1
Thus,
A n—1
(6.4) Glomo = =02 + ) Bij(0,y) y, 0y,
ij=1

and hence the metric function,

p(a) = G(g,9), ¢ € T*X,
is
(6.5) Ple=o = =€ + (- B(y)C.
Since A(0,y) =—1<0,Y is indeed time-like in the sense that the restriction of the
dual metric G to N*Y is negative definite, for locally the conormal bundle N*Y is
given by

{(z,9.§,¢): =0, (=0}

We write

h=¢-B(y)¢
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for the metric function on the boundary. Also, from (6.5),
(6.6) Hp, = —2£- 0, + Hp + 80: + 2V,

where V' is a C*° vector field in Uy = T*Up, and 3 is a C*° function on Uy.

It is sometimes convenient to improve the form of B near a particular point py,
around which the coordinate system is centered. Namely, as B is Lorentzian, we
can further arrange, by adjusting the y; coordinates,

(6.7) ZBij(O’O)ayiayj yn 1 Z 0y
i<n—1

We now recall from the introduction that 7 : 7*X — PT*X is the natural map
corresponding to the identification of a section of T*X as a section of PT* X, and
in local coordinates 7 is given by

7T(£C, Y, 57 C) = (xa Y, .Tg, C)
Moreover, the image of the characteristic set ¥ C T*X \ o, given by
Y={¢eT"X: p(q) =0},
under 7 is the compressed characteristic set,
3= m(2).
Note that (6.5) gives that
(6.8) SNUNPTEX ={(0,9,0,(): 0< (- B(y)¢, ¢# 0}

In particular, in view of (6.7), X N Uy lies in the region (6.1), at least after we
possibly shrink Uy (recall that Uy = T*Uy), as we assume from now. We also
remark that, using (6.6),

(6.9) 7T*|(m7y757<)Hp = -2¢- (830 + 5(95) + H; + :Eﬁaé + zm,V,
and correspondingly

As we already noted, Qn_ | cannot vanish on ¥ N Uy, so

Hr*(€/1C, Dm0 = —21Gu 1| '€ — 261G 1| 2(HalGo i) |,
= _2|Cn—1|_1CB(y)C7 (Ovyafvg) €.

In order to better understand the generalized broken bicharacteristics for O, we
divide ¥ into two subsets. We thus define the glancing set G as the set of points in 3
whose preimage under 7 = 7T|2 consists of a slngle point, and define the hyperbolic
set 'H as its complement in ¥. Thus, bTr. X N Y CGaswisa diffeomorphism
on T X, while ¢ € ¥ NPTEX lies in G if and only if on 77 ({¢}), & = 0. More
explicitly, with the notation of (6.8),

GNUNPTYX = {(0,y,0,(): ¢-B(y) =0, ¢ #0},
HOU NPTy X = {(0,y,0,¢) : ¢ B(y)¢ >0, #0}.

Thus, G corresponds to generalized broken bicharacteristics which are tangent to Y
in view of the vanishing of £ at #71(G) (recall that the 9, component of H, is —2¢),
while H corresponds to generalized broken bicharacteristics which are normal to Y.
Note that if Y is one-dimensional (hence X is 2-dimensional), then ¢ - B(y)¢ = 0

(6.11)

(6.12)
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necessarily implies ¢ = 0, so in fact G N bT;}X = (), hence there are no glancing
rays. -

We next make the role of G and H more explicit, which explains the relevant
phenomena better. A characterization of GBB , which is equivalent to Definition 1.1,
is

Lemma 6.1. (See the discussion in [33, Section 1] after the statement of Defini-
tion 1.1.) A continuous map v : I — 3, where I C R is an interval, is a GBB (in the
analytic sense that we use here) if and only if it satisfies the following requirements:

(1) If o = v(s0) € G then for all f € C°(PT*X),
(613) (7 07)(50) = Hylw* Do) G0 =7 (a0,

d
(ii) If go = v(so) € H then there exists € > 0 such that
(6.14) sel, 0<|s—sg| <e=n(t) ¢ Ty X.

The idea of the proof of this lemma is that at G, the requirement in (i) is
equivalent to Definition 1.1 since 771 (qo) contains a single point. On the other hand,
at H, the requirement in (ii) follows from Definition 1.1 applied to the functions
[ = ££, using (6.10), to conclude that & is strictly decreasing at ‘H along GBB.

Since on ¥ N {z = 0}, one has § =0, for a GBB « through v(so) = qo € H, on a
punctured neighborhood of sg, £(v(s)) # 0, so v(s) & "Ty X (as y(s) € 3)). For the
converse direction at H we refer to [21]; see [33, Section 1] for details.

7. MICROLOCAL ELLIPTIC REGULARITY

We first note the form of [1 with commutator calculations in mind. Note that
rather than thinking of the tangential terms, zD,, as ‘too degenerate’, we think of
xD, as ‘too singular’ in that it causes the failure of O to lie in z2Difff(X). This
makes the calculations rather analogous to the conformal case, and also it facilitates
the use of the symbolic machinery for b-ps.d.o’s.

Proposition 7.1. On a collar neighborhood of Y, O has the form
(7.1) —(aDy)*a(zD,) + (zDy)* M’ + M"(xD,) + P,
with
a—1¢€aC®(X), M',M" € 2*Diff| (X) C «Diff§(X),
P € 2’Difff(X), P — 2’0, € 2°Difff(X) C aDiff§(X),

where Oy, is the d’Alembertian of the conformal metric on the boundary (extended
to a neighborhood of Y using the collar structure).

Proof. Writing the coordinates as (z1, ..., z,), the operator O, is given by

Uy = ZD;GUDZ.N

ij
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with adjoints taken with respect to dg = |detg|'/?|dz;...dz,|. With z, = z,
zj =yj for j =1,...,n — 1, this can be rewritten as
Uy = Z(xDm)*éij(xDzj)
]
n—1

= (#D;)"Gn(xDy) + i(wa)*an(nyj) + i(mDyj)*éjn(nyj)
j=1 =1

+ Z (xDy, )" Gij(xDy;).

i,j=1
As Gnn + 1 € zC™(X), we may take @ = —G,, and conclude that a — 1 €
2C>(X). ACAv' ,Grnj € 2C®(X), taking M’ = Z;le Gyj(aDy,) and M" =
S0 (@Dy,) Gy M, M" € 2?Diff}(X) follow. Finally,
n—1
P = (xD,,)*Gi;(xD,,) € +*Diff{ (X),
ij=1

and modulo z*Diff}(X), we can pull out the factors of z and restrict G‘ij to Y, so
P differs from 20;, = 2* Y D; hi; D, by an element of 23Difff (X), completing
the proof. O

We next state the lemma regarding Dirichlet form which is of fundamental use
in both the elliptic and hyperbolic/glancing estimates. Below the main assumption
is that P = Oy + A, with Oy as in (7.1). We first recall the notation for local norms:

Remark 7.2. Since X is non-compact and our results are microlocal, we may al-
ways fix a compact set K C X and assume that all ps.d.o’s have Schwartz kernel
supported in K x K. We also let U be a neighborhood of K in X such that U
has compact closure, and use the H3(U) norm in place of the H}(X) norm to ac-

commodate u € Hj,.(X). (We may instead take ¢ € C identically 1 in a

comp( 7 )

neighborhood of K, and use [¢ullm(x)-) Below we use the notation |||z

0,10¢(X)

for H'”Hé(f]) to avoid having to specify U. We also use ||v|\H[;lloc(X) for HQSUHHo_l(X).

Lemma 7.3. (cf. [36, Lemma 4.2] ) Suppose that K C *S*X is compact, U C PS*X
is open, K C U. Suppose that A= {A, : r € (0,1]} is a bounded family of ps.d.o’s
in W3 (X) with WF} (A) C K, and with A, € Wi~ (X) for r € (0,1]. Then there
are G € WIVA(X), G € UITVA(X) with WF}(G), WF}(G) C U and Cp > 0
such that for r € (0,1], u € Hé”{iloc(X) (here k < 0) with WFllj’Sflﬂ(u) NU =0,
WF;LSH/Q(PU) NU =0, we have

|(dAu, dAyu) + M| Avul?|

< Co([lull? ) H1Gull Ty ) + 1Pull

Hlk

Hlk )+HéPUH§{0_1(X))

Remark 7.4. The point of this lemma is G is 1/2 order lower (s — 1/2 vs. s) than
the family A. We will later take a limit, » — 0, which gives control of the Dirichlet
form evaluated on Agu, Ag € ¥3 (X), in terms of lower order information.

The role of A,., r > 0, is to regularize such an argument, i.e. to make sure various
terms in a formal computation, in which one uses Ay directly, actually make sense.



38 ANDRAS VASY

The main difference with [36, Lemma 4.2] is that A is not negligible.

Proof. Then for r € (0,1], A,u € H}(X), so
(dAu, dAyu) + N Aul|® = (PAyu, Aqu).

Here the right hand side is the pairing of Hy '(X) with H}(X). Writing PA, =
A, P + [P, A,], the right hand side can be estimated by
(7.2) [(A,Pu, Ayu)| + [{[P, Ar]u, Aru)).
The lemma is thus proved if we show that the first term of (7.2) is bounded by
@3)  Chlllulpe o+ 1Gul ey + IPuIZ 1k o)+ IGPUIZ 1 ):

Hcl):l.]f.loc HoiliY{&oc
the second term is bounded by Cé/(”u”iféjf,loc(X) + HGUH?LI(%(X)). (Recall that the
‘local” norms were defined in Remark 7.2.)
The first term is straightforward to estimate. Let A € ¥’ Y 2(X ) be elliptic with

A € \1'11)/2(X) a parametrix, so
E=A\A"—-Id,E' =A"A-1d € ¥, *(X).
Then
(A, Pu, A,u) = (AN~ — E)A, Pu, A,u)
= (AT A, Pu, A" A,u) — (A, Pu, E* A, u).

Since A~ A, is uniformly bounded in \I/f)irl/ ? (X), and A*A, is uniformly bounded

in \Ilizl/Q(X), (A=A, Pu,A*A,) is uniformly bounded, with a bound like (7.3)

using Cauchy-Schwartz and Lemma 5.14. Indeed, by Lemma 5.14, choosing any

Ge \I!E_l/Q(X) which is elliptic on K, there is a constant C; > 0 such that
HA*AT'U'”%I&(X) = Cl(”u”?{éjf.loc(){) + HGU”?{(}(X))-

Similarly, by Lemma 5.14 and its analogue for WF;LS, choosing any Ge \I!f)+1/2 (X)

which is elliptic on K, there is a constant C] > 0 such that ||A_ATPu||iI

CLIPulR, 1o () + IGPul,

sl S
,1(X)). Combining these gives, with C} = Cy + C1,
0

[(A™ AP, A" Ay < [[A A, Pl A" Ay <A™ A Pull® + [|A* Au?

' 2 2 2 A 2
S CO(”u”Héjllj,loc(X) + ||GUHH8(X) + ||PUH 0*111)1;“00(_)() + HGPuHHo—l(X))’
as desired.

A similar argument, using that A, is uniformly bounded in \I/z—ci_l/ 2(X ) (in fact
in ¥{ (X)), and E*A, is uniformly bounded in \Ilzzl/Q(X) (in fact in ¥, (X)),
shows that (A, Pu, E*A,u) is uniformly bounded.

Now we turn to the second term in (7.2), whose uniform boundedness is a direct
consequence of Lemma 5.4 and Corollary 5.15. Indeed, by Lemma 5.4, [P, A,]
is a bounded family in Diﬂg\I/E;l(X ), hence A%[P, A,] is a bounded family in
Diffgllliifl(X ). Then one can apply Corollary 5.15 to conclude that

(AP A0y < C (lulne s+ [Gulliex):

proving the lemma. O
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A more precise version, in terms of requirements on Pu, is the following. Here,

as in Section 2, we fix a positive definite inner product on the fibers of °T*X (i.e. a
Riemannian O-metric) to compute Hde%g(X;OT*X); as v has support in a compact
set below, the choice of the inner product is irrelevant.
Lemma 7.5. (cf. [36, Lemma 4.4] ) Suppose that K C *S*X is compact, U C PS*X
is open, K C U. Suppose that A= {A, : r € (0,1]} is a bounded family of ps.d.o’s
in W3 (X) with WF} (A) C K, and with A, € Wi~ (X) for r € (0,1]. Then there
are G € \1,15;1/2()()7 G € U3 (X) with WF,(G), WF(G) C U and Cy > 0 such
that for e > 0, r € (0,1], u € Hé”{iloc(X) (k < 0) with WFé’sil/z(u) nNU =0,
WEF; *(Pu) N U = 0, we have

(dA,u,dAu) g + M| Arul]?|
< elldAvull72(x 0r-x) + CO(H“H?;&{)« Lx T ||GUH§15(X)

-1 2 1A P, |12
+ e || Pull o]l)jﬁc(x)—’_e HGPuHHo_l(X)).

Remark 7.6. The point of this lemma is that on the one hand the new term
€|[dAul|?> can be absorbed in the left hand side in the elliptic region, hence is
negligible, on the other hand, there is a gain in the order of G (s, versus s+ 1/2 in
the previous lemma).

Proof. We only need to modify the previous proof slightly. Thus, we need to esti-
mate the term |(A, Pu, Ayu)| in (7.2) differently, namely

(APu, Avu)] < APl s o | sl g oy < €l Avuldy ) + € APul o

Now the lemma follows by using Lemma 5.14 and the remark following it, namely
choosing any G € ¥§ (X) which is elliptic on K, there is a constant C] > 0 such that

2 7 2 ~ 2 i . s .
HATPU”HO’I(X) < Cl(HPu”H(;é;{‘;C(X) + HGPUHHgl(X))’ then using the Poincaré in-
equality to estimate [|A,ul| g3 (x) by Cal|dArul|2(x), and finishing the proof exactly
as for Lemma 7.3. g

We next state microlocal elliptic regularity. Note that for this result the re-
strictions on A € C are weak (only a half-line is disallowed), but on the other
hand, a solution u satisfying our hypotheses may not exist for values of A when

A ¢ (o0, (n—1)%/4).
Proposition 7.7. (Microlocal elliptic regularity.) Suppose that P = O+ X, X €
C\[(n—1)%/4,00) and m € R or m = 0o. Suppose u € Hé”{f,loc(X) for some k < 0.
Then

WEL™ (u) \ 2 € WF, 2™ (Pu).

Proof. We first prove a slightly weaker result in which WF 1’m(Pu) is replaced by
VVFgl’mH/2 (Pu) — we rely on Lemma 7.3. We then prove the original statement
using Lemma 7.5.

Suppose that ¢ € PT3: X \ 3. We may assume iteratively that ¢ ¢ WF%)’S_l/Q(u);
we need to prove then that ¢ ¢ WFlljg(u) provided s < m + 1/2 (note that the
inductive hypothesis holds for s = k + 1/2 since u € H&’S_IOC(X)). We use local
coordinates (z,y) as in Section 6, centered so that ¢ € bT(*()’O)X, arranging that
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(6.7) holds, and further group the variables as y = (y’, yn—1), and hence the b-dual
variables (g',gn_l). We denote the Euclidean norm by |¢’|.

Let A € U7 (X) be such that
WF} (A) N WFL*™2(w) = 0, WF},(A) N WFL T2 (Pu) = 0,

and have WF} (A) in a small conic neighborhood U of ¢ so that for a suitable C' > 0
ore>0,inU

() &, <C&€ifElg) #0,

(ii) |€] < €[¢]| for all j, and % > 1+¢,if £(q) = 0 and ((q) - B(y(q))¢(q) < 0.

Let A, € ¥, %(X) for r > 0, such that £ = {A, : r € (0,1]} is a bounded family
in ¥(X), and A, — Id as r — 0 in ¥{(X), € > 0, e.g. the symbol of A, could be
taken as (14 r(|¢|> + [£/*))~". Let A, = A, A. Let a be the symbol of A, and let
A, have symbol (1 +r(|¢|> + [¢]?)) " ta, r > 0, s0 A, € UE~2(X) for r > 0, and A,
is uniformly bounded in ¥§_(X), A, — A in ¥FTH¢(X).

By Lemma 7.3,

(dAyu, dAu)g + | Apul]?
is uniformly bounded for r € (0, 1], so

(dAyu, dA,u)e + Re N||Ayul|? and Tm \||A,ul/?

are uniformly bounded. If Im A\ # 0, then taking the imaginary part at once shows
that || A,ul| is in fact uniformly bounded. On the other hand, whether Im A = 0 or
not,

(dAyu, dA,u)g :/ A(z,y)xzDy Aruaz D, Arudg
X
+/ ZBij(x,y)ny,iArunyjArudg
X
+/ ZCj(x,y)waArunyjArudg
X

+/ ZCj (z,y)rDy;, AyuxDy Arudg.
b'e
Using that A(z,y) = -1+ zA'(x,y) + D_(y; — y;(q@))A;(z,y), we see that if A, is

supported in = < 0, |y; — y;(q)| < 6 for all j, then for some C' > 0 (independent of
AT)?

) ‘/ A(x,y)xDxAruwaArudg—/ A(0,y(q)) Dy AruxD, Arudg
X X

< C&HxDIATuH?,

(7.4

with analogous estimates* for B;;(z,y) — Bi;(0,y(q)) and for C;(z,y). Thus, there
exists C' > 0 and &g > 0 such that if § < dp and A is supported in |z| < § and

4Recall that C;(0,y) = 0 and Bj;(0,y(q)) = 0 if i # j, Bi;(0,y(q)) = 1if i = j = n — 1,
Bij(0,y(g)) = —1ifi=j#n—1.
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ly —y(q)| < 0 then

/ ((1 — C8)|xDyArul? — Re /\|Aru|2) dg
b's

n—2
+ Z/ ((1 — C~'5) Za:DyjAru a:DyjAru) dg
=1"% J

— / ((1 + C9) Za:Dyn_lArunyn_lAru) dg
X j

< [{dA,u, dAu)e + Re A Avul 2.

Now we distinguish the cases £(¢) = 0 and {(q) # 0. If {(¢) = 0, we choose
d € (0, %), J < do, so that
P :
(1-C)=F5— >1+2C6

2n—1

on a neighborhood of WF{ (A), which is possible in view of (ii) at the beginning of
the proof. Then the second integral on the left hand side of (7.5) can be written as
| Bz A, ul|?, with the symbol of B given by

(1 =Caler-a+coc_ )

(which is > §|¢ ), modulo a term

1/2

/ FrAuxA,udg, F € \I/llj(X).
X

But AfzFzA, is uniformly bounded in 22U (X) C Difff¥~!(X), so this ex-
pression is uniformly bounded as » — 0 by Corollary 5.15. We thus deduce that

/ ((1 — C8)|zDy Avul? — ReA|Aru|2) dg + || Bz A,ul?
X

is uniformly bounded as r — 0.
If £(¢) # 0, and A is supported in [z| < 4,

(2*5/ 0 2x? Dy Avul? dg < 05/ |zDyAqul? dg.
X X

On the other hand, near {¢’ : £(¢') = 0}, for § > 0 sufficiently small,
Co\ 5 2 2 2 T
. 6—2|a: D A, u|* — |zDy, ,Arul” | dg = || BzAyull” + . FrA,uzA,udg,

with the symbol of B given by (%~§2 - gi_l)l/Q (which does not vanish on U for

§ > 0 small), while F' € ¥} (X), so the second term on the right hand side is
uniformly bounded as » — 0 just as above. We thus deduce in this case that

/ (1 = 2C5) 2Dy Ayul? dg — Re A|Ayul?) + || Bz Ayul?
X

is uniformly bounded as r — 0.
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If Im\ # 0 then we already saw that ||A,u|r2 is uniformly bounded, so we
deduce that

(7.6) Aru, 2Dy Aru, BrA,u are uniformly bounded in LQ(X).

If Im A = 0, but A < (n —1)2/4, then the Poincaré inequality allows us to reach the
same conclusion, since on the one hand in case (ii)

(1 —C8)||zDyAvul|? — Re N||Apul?,
resp. in case (i)

(1 —206)||zDsArul* — Re M| Ayul)?,
is uniformly bounded, on the other hand by Proposition 2.3, for § > 0 sufficiently
small there exists ¢ > 0 such that

(1- 2C~'<‘5)||ngEATu||2 — Re )\||Aru||2 > c(||waAru||2 + ||Aru||2).

Correspondingly there are sequences A, u, tDy A, u, BrA, u, weakly convergent
in L2(X), and such that 7, — 0, as k — oo. Since they converge to Au, D, Au,
Bz Au, respectively, in C~°(X), we deduce that the weak limits are Au, D, Au,
BxAu, which therefore lie in L*(X). Consequently, that ¢ ¢ WFé’S(u), hence
proving the proposition with WFgl’m(Pu) replaced by VVFgl’mH/2 (Pu).

To obtain the optimal result, we note that due to Lemma 7.5 we still have, for
any € > 0, that

(dAru,dAru)g — e||dA,ul?

is uniformly bounded above for r € (0,1]. By arguing just as above, with B as
above, for sufficiently small € > 0, the right hand side gives an upper bound for

/ ((1 —9C6 — ¢)jzDy Avul® — Re )\|Aru|2) dg + || Bz Aul?,
X

which is thus uniformly bounded as r — 0. The proof is then finished exactly as
above. O

We remark that the analogous argument works for the conformally compact
elliptic problem, i.e. on asymptotically hyperbolic spaces, to give that for A €
C\[(n—1)?/4, 00), local solutions of (A, — A)u are actually conormal to Y provided
they lie in H} (X) locally, or indeed in Hé”b_oo(X).

8. PROPAGATION OF SINGULARITIES

In this section we prove propagation of singularities for P by positive commu-
tator estimates. We do so by first performing a general commutator calculation in
Proposition 8.1, then using it to prove rough propagation estimates first at hyper-
bolic, then at glancing points, in Propositions 8.2, resp. 8.6. An argument originally
due to Melrose and Sjostrand [25] then proves the main theorems, Theorems 8.8
and 8.9. Finally we discuss consequences of these results.

We first describe the form of commutators of P with Uy, (X). We state this as an
analogue of [37, Proposition 3.10], and later in the section we follow the structure of
[37] as well. Given Proposition 8.1 below, the proof of propagation of singularities
proceeds with the same commutant construction as in [36], see also [34]. Although
it is in a setting that is more complicated in some ways, since it deals with the
equation on differentials forms, we follow the structure of [37] as it was written in
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a more systematic way than [36]. Recall from the introduction that £ is the b-dual
variable of z, é: &/1e, -

Proposition 8.1. Suppose A = {A, : r € (0,1]} is a family of operators A, €
V(X)) uniformly bounded in \I!f)jl/Q(X), of the form A, = AA,, A € UY(X),
a=opo(A), wp = op s41/2(Ar). Then

(8.1) [AX A, O] = (2D,)*CH(aDy) + (xDy) xCl. + xC” (xD,) + 2°C?,
with
Ch e L=((0,1); Wps(X)), Cr,Cr € L>((0,1]; ¥ (X)), C) € Upe*(X),
and
ob.2s(CH) = 2w2a(Via + aé?),
0b2511(C)) = 0b2s41(C)) = 2wla(V'a + aé)),
Ob.2s12(C?) = 2w2a(V’a + ad),

with &, ¢, Eﬁ uniformly bounded in S~',8°, S* respectively, VE, V', V’ smooth and
homogeneous of degree —1,0, 1 respectively on "T*X \ o, V¥|y and V'|y annihilate

§ and
(8.2) V’|y = 2h0; — Hy.

Proof. We start by observing that, in Proposition 7.1, O is decomposed into a sum
of products of weighted b-operators, so analogously expanding the commutator, all
calculations can be done in z!Wy,(X) for various values of I. In particular, keeping
in mind Lemma 5.1 (which gives the additional order of decay),

1[Ar A, 2D, 0[Ar A, (vD,)*] € L*((0,1],, 297 (X)),

with principal symbol —2w?2axd,a—2a*w, (0w, ). By this observation, all commu-
tators with factors of xD, or (xD,)* in (7.1) can be absorbed into the ‘next term’
of (8.1), so [AfA,, (xDy)*]a(xD,) is absorbed into zC)/ (xD,), (xDy)a[ALA,, xD,]
is absorbed into (zD,)*zC., [A*A,, (xDy)*|M’ and M"[A*A,, (xD,)] are absorbed
into xQC;E. The principal symbols of these terms are of the desired form, i.e. af-
ter factoring out 2w?2a, they are the result of a vector field applied to a plus a
multiple of a, and this vector field is —ad, in the case of the first two terms
(thus annihilates £), —ma~'9, in the case of the last two terms, which in view of
m = oy, 1 (M') = oy, 1 (M") € 225", shows that it actually does not affect V°|y.

Next, o(zD,)*[A*A,,a](xD,) can be absorbed into (in fact taken equal to)
(xD,)*C¥(xD,) with principal symbol of C# given by

— (8y04)8£(a2 w?) — (x&ma)aé(awa)

in local coordinates, thus again is of the desired form since the J¢ term has a
vanishing factor of z preceding it. N

Since [A%A,, M'],[A:A,, M"] are uniformly bounded in z2¥2*"(X), the corre-
sponding commutators can be absorbed into (zD)*zCY., resp. 2C} (D), without
affecting the principal symbols of C!. and C!/ at Y, and possessing the desired form.

Next, P = 2200, + R, R € #*Diff2(X), so [A*A,, R] is uniformly bounded
in 2303 *2(X), and thus can be absorbed into C? without affecting its principal
symbol at Y and possessing the desired form. Finally, o[A%A,., 2%(0;] € xQ\I!iS”(X)
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has principal symbol 8§(a2w$)2x2h — 22Hj(a?w?), thus can be absorbed into C?
yielding the stated principal symbol at Y. (I

We start our propagation results with the propagation estimate at hyperbolic
points.

Proposition 8.2. (Normal, or hyperbolic, propagation.) Suppose that P =g+ A,
A€ C\ [(n—1)%/4,00). Let go = (0,90,0,¢,) € HN PTEX, and let

n=-¢
be the function defined in the local coordinates discussed above, and suppose that
u € Hé:{f’loc(X) for some k <0, qo ¢ WF;l’DO(f), f=Pu. If TImA <0 and there
exists a conic neighborhood U of qo in PT*X \ o such that

(8.3) q €U andn(q) < 0= q¢ WF > (u)

then qo ¢ WEFL™ (u).
In fact, if the wave front set assumptions are relaxzed to qo ¢ WFgl’SH(f) (f =
Pu) and the existence of a conic neighborhood U of qo in ®T*X \ o such that

(8.4) qgeU andn(q) < 0= q¢ WF*(u),
then we can still conclude that gy ¢ WEFp®(u).

Remark 8.3. As follows immediately from the proof given below, in (8.3) and (8.4),
one can replace 1(g) < 0 by n(q) > 0, i.e. one has the conclusion for either direction
(backward or forward) of propagation, provided one also switches the sign of Im \,
when it is non-zero, i.e. the assumption should be Im A > 0. In particular, if Im A =
0, one obtains propagation estimates both along increasing and along decreasing 7.

Note that n is increasing along the GBB of O by (6.11). Thus, the hypothesis
region, {q € U : n(q) < 0}, on the left hand side of (8.3), is backwards from gqq, so
this proposition, roughly speaking, propagates regularity forwards.

Moreover, every neighborhood U of ¢o = (y0,¢,) € H N PTyX in ¥ contains an
open set of the form

(8.5) {a: [2(a)I” +1y(a) = yol* + 1{(a) — ¢, I* < 6},

see [36, Equation (5.1)]. Note also that (8.3) implies the same statement with
U replaced by any smaller neighborhood of ¢p; in particular, for the set (8.5),
provided that § is sufficiently small. We can also assume by the same observation
that WF;LSH(PU) NU = (. Furthermore, we can also arrange that h(z,y,&,¢) >

|(§,§)|2|£0|_2h(q0)/2 on U since go -B(yo)go = h(O,yo,O,go) > 0. We write
h=1¢, I7*h=1¢, |17°C- Bly)

for the rehomogenized version of h, which is thus homogeneous of degree zero and
bounded below by a positive constant on U.

Proof. This proposition is the analogue of Proposition 6.2 in [36], and as the ar-
gument is similar, we mainly emphasize the differences. These enter by virtue of
A not being negligible and the use of the Poincaré inequality. In [36], one uses a
commutant 4 € ¥?(X) and weights A, € U9(X), r € (0,1), uniformly bounded in
\I/f;crl/z(X), A, = AA,, in order to obtain the propagation of WF,*(u) with the
notation of that paper, whose analogue is WFé’S(u) here (the difference is the space
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relative to which one obtains b-regularity: H'(X) in the previous paper, the zero-
Sobolev space Hg(X) here). One can use exactly the same commutant as in [36].
Then Proposition 8.1 lets one calculate 1A} A,, P] to obtain a completely analo-
gous expression to Equation (6.18) of [36] in the hyperbolic case. We also refer the
reader to [37] because, although it studies a more delicate problem, namely natural
boundary conditions (which are not scalar), the main ingredient of the proof, the
commutator calculation, is written up exactly as above in Proposition 8.1, see [37,
Proposition 3.10] and the way it is used subsequently in Propositions 5.1 there.

As in [37, Proof of Proposition 5.1], we first construct a commutant by defining
its scalar principal symbol, a. This completely follows the scalar case, see [36, Proof
of Proposition 6.2]. Next we show how to obtain the desired estimate.

So, as in [36, Proof of Proposition 6.2], let

(8.6) w(g) = lz(@)* + ly(q) — vol” +1<(a) — ¢, %

with |.| denoting the Euclidean norm. For € > 0, § > 0, with other restrictions to
be imposed later on, let

1
(87) ¢ =n+ %w,

Let xo € C*°(R) be equal to 0 on (—o0,0] and xo(t) = exp(—1/t) for t > 0. Thus,
2xp(t) = xo(t) for t € R. Let x1 € C*°(R) be 0 on (—00,0], 1 on [1,00), with
X1 = 0 satisfying x7 € Cogy,p((0,1)). Finally, let x2 € CS5,,,(R) be supported in
[—2c1, 2¢1], identically 1 on [—c1, 1], where ¢1 is such that |§A|2 <e¢/2inXNU.
Thus, X2(|§|2) is a cutoff in |§|, with its support properties ensuring that dX2(|§|2)
is supported in |§A|2 € [c1,2¢1] hence outside > — it should be thought of as a
factor that microlocalizes near the characteristic set but effectively commutes with
P (since we already have the microlocal elliptic result). Then, for f > 0 large, to
be determined, let

(8.8) a = xo(F (2= ¢/8))x1(n/s +2)x2(€P);

so a is a homogeneous degree zero C*° function on a conic neighborhood of ¢g in
PT*X \ 0. Indeed, as we see momentarily, for any € > 0, a has compact support
inside this neighborhood (regarded as a subset of PS* X, i.e. quotienting out by the
R*-action) for § sufficiently small, so in fact it is globally well-defined. In fact, on
suppa we have ¢ < 2§ and n > —24. Since w > 0, the first of these inequalities
implies that n < 24, so on suppa

(8.9) [n| < 26.
Hence,
(8.10) w < €25(26 —n) < 4622

In view of (8.6) and (8.5), this shows that given any ¢y > 0 there exists §y > 0 such
that for any € € (0,¢p) and d € (0,d), a is supported in U. The role that F large
plays (in the definition of a) is that it increases the size of the first derivatives of
a relative to the size of a, hence it allows us to give a bound for a in terms of a
small multiple of its derivative along the Hamilton vector field, much like the stress
energy tensor was used to bound other terms, by making x’ large relative to Y, in
the (non-microlocal) energy estimate.



46 ANDRAS VASY

Now let Ag € ¥(X) with o1, 0(A4) = a, supported in the coordinate chart. Also
let A, be scalar, have symbol

(8.11) ¢ PP+ )1, reo,1),

so A, = AN, € UP(X) for r > 0 and it is uniformly bounded in \IJQH/Q( X). Then,

for r > 0,

(1A A, Pu,u) — (1AL Aru, Pu) = ([AF Ay, Plu,u) 4+ (1«(P — P*)Af Ayu, u)
= (1[Ar A, Plu,u) — 2Tm || A,ul)?.

We can compute this using Proposition 8.1. We arrange the terms of the proposition

so that the terms in which a vector field differentiates x; are included in F,, the
terms in which a vector fields differentiates 2 are included in E!. Thus, we have

(8.13)
1AT AP —1PAJA,

= (#Dy)*Ci(xDy) + (D) xC". + 2C! (xDy) + 2°C° + E, + E.. + F,,

(8.12)

with
ob,24(CH) = w2 (F 07 Mal, 17 (fF + €27 Fxpane + %)
w2< La(f' + 57 e ) xoxaxe + aé )
0b2541(C)) = W} <F71571a(f/1 +07 e xoxaxe + azclrl)a
Ovanra(Cr) = wd(FT17YC, aldh+ f 4+ 6712 )xfns +a%3 )

where f4, f'. f” and f° as well as f%, f/, f and f° are all smooth functions on
bT* X \ 0, homogeneous of degree 0 (independent of € and §), and h = |§n_1|’2h
is the rehomogenized version of h. Moreover, f% /. f”, f° arise from when w is
differentiated in x(F ~1(2— $/6)), and thus vanish when w = 0, while f%, f/, f and
f? arise when 1) is differentiated in x(F ~*(2 — ¢/d)), and comprise all such terms
with the exception of those arising from the ¢ component of V’|y (which gives

0b,2s4+1(C)) =
(8.14)

4h = 4|¢n—1]72h on the last line above) hence are the sums of functions vanishing
at x = 0 (corresponding to us only specifying the restrictions of the vector fields in
(8.2) at Y) and functions vanishing at £ = 0 (when [¢ _[7'inn=—¢C [""is

differentiated)®.
In this formula we think of
(8.15) 4F_15_1wfa|£n71|flxgx1x2

as the main term; note that his positive near qg. Compared to this, the terms with

a? are negligible, for they can all be bounded by

of TNt wiald 1T Xoxaxe)

cf. (8.15)), i.e. by a small multiple of F ~16 = w?al¢ ~Ixix1x2 when [ is taken
T an—1 0
large, using that 2 — ¢/6 < 4 on supp a and

(8.16) xo(F ) = (F~4%)2x0(F ~1t) < 16F ~2x5(F 1), t < 4;

5Terms of the latter kind did not occur in [36] as time-translation invariance was assumed, but
it does occur in [35] and [37], where the Lorentzian scalar setting is considered.
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see the discussion in [35, Section 6] and [36] following Equation (6.19).
The vanishing condition on the f%, f/, f”, f* ensures that, on suppa,

(8.17) LI LIFL 1P < Cwtf? < 2Ces,

so the corresponding terms can thus be estimated using w?f ’15*1a|£n_1 I~ Ixox1X2

provided e~! is not too large, i.e. there exists & > 0 such that if € > &, the terms
with f%, f’, ", f” can be treated as error terms.
On the other hand, we have

(8.18) [P L) < Clal + CJE| < Cw'/? + CJE)| < 208 + CJé).

Now, on ¥, |§| < 2[z| (for [¢] = z[¢] < 2[z||¢,, | with U sufficiently small). Thus
we can write fﬁ = ft? + fbn with ff supported away from ¥ and fﬁﬁ satisfying

(8.19) [} < Cla| + ClE| < '] < C'w'/? < 20 es;

we can also obtain a similar decomposition for f', f”, f°.
Indeed, using (8.16) it is useful to rewrite (8.14) as

025 (CH) = wlF 7167 al¢, [T+ €267 F T RE ) XoX Xz,
Tb,25+1(CL) = w2 F ~ta(f + 67 e 2 f' + F 10 xhx 1z,

(8.20) ]
Ob25+1(C) = w26 F a(f" + 67 e 2 + F ) xoxaxe,
Ob2512(C)) = Wi F ralC  [(4h+ P+ e P F )Xo X,
with

o ft f', f” and f” are all smooth functions on PT*X \ o, homogeneous of
degree 0, satisfying (8.17) (and are independent of f €, d,7),

o fi f/, f” and f° are all smooth functions on PT*X \ o, homogeneous
of degree 0, with f# = fﬁﬁ + fbﬁ, f,f,fé,f”,fg’ satisfying (8.19) (and are
independent of F ¢, d,r), while fbu, fb/a fr. f;’ is supported away from ¥,

e and &, &, ¢ and & are all smooth functions on PT*X \ o, homogeneous
of degree 0, uniformly bounded in €,4d,r, F .

Let
b = 2w, |¢, [V (F )7 (xoxo)*xax2,
and let B, € \I!f)“(X ) with principal symbol b,.. Then let
C e WY(X), ou0(C)=[¢ _ |7'h!/ 2y = hl/2y,

where ¢ € SY.(PT*X \ 0) is identically 1 on U considered as a subset of ?S*X;

hom
recall from Remark 8.3 that h is bounded below by a positive quantity here.
If C, € ¥2%(X) with principal symbol

abgs(ér) = —4wa_15_1a|§

2n—1

TIxoxaxz = —I¢, 1770,
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then we deduce from (8.13)-(8.20) that®
1AYA.P —1PAA,
(821) =B (C*2*C + xR’z + (¢D;)*R'z + aR"(xD,) + (¢D,)*R*(zD,)) B,
+ R+ E. + E]
with
R € 9)(X), R, R" € U, (X), R* € ¥, %(X),
R/ € L>=((0,1); Diffgw2*~ (X)), E,, E. € L*°((0,1); Diffg 03 (X)),

with WF(E) € 7 (=00, =0]) N U, WF(E')N'Y = @, and with 7 = oy, o(R"),
7 =op_1(R), 7 = on,_1(R"), r* € o, _2(RY),

'] < Ca(be+ e +6F 1), I¢, 7| < Code+ et 08,
€, 7| < Cae+ e +0r 1), | 1F| < Ca(de+ e +or ).

n—lr

This is almost completely analogous to [36, Equation (6.18)] with the understanding
that each term of [36, Equation (6.18)] inside the paranthesis attains an additional
factor of 22 (corresponding to [ being in Diff3(X) rather than Diff?>( X)) which we
partially include in 2D, (vs. D,). The only difference is the presence of the §f !
term which however is treated like the € term for F sufficiently large, hence the rest
of the proof proceeds very similarly to that paper. We go through this argument
to show the role that A and the Poincaré inequality play, and in particular how the
restrictions on A arise.

Having calculated the commutator, we proceed to estimate the ‘error terms’
R°, R', R” and R! as operators. We start with R’. By the standard square root
construction to prove the boundedness of ps.d.o’s on L2, see e.g. the discussion after
(36, Remark 2.1], there exists R} € W, '(X) such that

b b b
[B70l[ < 2sup || [v]| + || Rjv|

for all v € L?(X). Here || - || is the L?(X)-norm, as usual. Thus, we can estimate,
for any v > 0,

[(R7v,0)| < [R] [oll < 2sup || ]| + | Rv]| ||o]]
< 2Ca(be + =+ 81 [ol® + IR + o).

Now we turn to R'. Let T € ¥, '(X) be elliptic (which we use to shift the orders
of ps.d.o’s at our convenience), with symbol |£n_1|*1 on suppa, T~ € U} (X) a

parametrix, so T~T =1d+ F, F € ¥, °°(X). Then there exists Ré € ¥, 1(X) such

6The féi terms are included in R¥, while the fbﬁ terms are included in E’, and similarly for the
other analogous terms in f’, f”, f*. Moreover, in view of Lemma 5.4, we can freely rearrange
factors, e.g. writing C*z2C as xC*Cxz, if we wish, with the exception of commuting powers of
z with D, or (zDg)* since we need to regard the latter as elements of Diff}(X) rather than
Difftl)(X ). Indeed, the difference between rearrangements has lower b-order than the product, in
this case being in x2\11g1(X), which in view of Lemma 5.5, at the cost of dropping powers of x,
can be translated into a gain in O-order, 12\111;1()() C Diffg\llgg(X), with the result that these
terms can be moved to the ‘error term’, R’ € L ((0,1); Diff3¥7* ™1 (X)).
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that
IR wl = (B (@~T — Ful < (R T-)Tw)| + |(R)* Ful
< 2C3(0e + €+ 08 || Twl| + | By Tw] + | (R') Fu
for all w with Tw € L?(X), and similarly, there exists R € U, '(X) such that
| R"wl|| < 205 (6 + €2 4 5F ~Y)||Tw|| + | R/ Tw| + | R" Fuw).
Finally, there exists Rg € ¥, 1(X) such that
I(T7)* Rfw|| < 2C5(3e + €'+ 6F )| Tw|| + || RETw|| + |[(T7)* R*Fuwl|
for all w with Tw € L?(X). Thus,
[(zv, (R))* (D, )v)| <205 (5e + ¢ + 6F ~ )| TxDyv]| ||zv]|
+29[lev)|? + 4 IR T2 Dyo||? + 7~ Y| F e Dov| %,
(R"xDyv, xv)| <2C5(de + e 1 + 6 ~V)||TzD, || ||z
+29l|zv|® + IR TaDyv|® + 47| F"e Dyl %,

and, writing xD,v = T~ T (zD,v) — F(xD,v) in the right factor, and taking the
adjoint of T'—,

[(RFwDyv, 2Dy)| <2C5(8e + '+ 6F ~1)|| T (2 Dy )o|| | T (2D )o||
+29||T @Dy )o||” + 7 HIRIT (@ Dy )ul* + 4| F(xDy )|
+||R¥(z Dy )| | F*(x Dy o),
with F', F" | F* € U;>(X).
Now, by (8.21),
([AfA,, Plu,u) = ||CzB,ul|? + (R zB,u, 2 B,u)
+ (R"2D,Byu, xByu) + (xByu, (R')*xD, Byu)
+ (R*zD, B,yu, zD, B,u)
+ (Ru,u) + ((Er + E)u,u)
On the other hand, this commutator can be expressed as in (8.12), so
(8.23)
(1A% A, Pu,u) — (1A% Apu, Pu) = —2Tm A||Ayul|? 4 ||CzB,ul|)? + (R 2B,u, xB,u)
+ <R"xDxBTu, xérw + (xéru, (R/)*xDmBTw
+ <RnwaBTu, xDIBTu>
+ (Rlu,u) + (B, + E])u,u),

so the sign of the first two terms agree if Im A < 0, and the Im A term vanishes if A
is real.
Assume for the moment that WF;I’S+3/2(PU) NU = () — this is certainly the

case in our setup if gy ¢ WF;LOO(PU), but this assumption is a little stronger than

(8.22)

q ¢ WEF, 1’SH(Pu), which is what we need to assume for the second paragraph
in the statement of the proposition. We deal with the weakened hypothesis gy ¢
WF;LSH(PU) at the end of the proof. Returning to (8.23), the utility of the
commutator calculation is that we have good information about Pu (this is where
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we use that we have a microlocal solution of the PDE!). Namely, we estimate the
left hand side as

[(A; Pu, Ayu)| < [{(T7)*ArPu, TAyu)| + |(ArPu, F Ayu)|
(5.24) < ) Ar Pl s o T Astl g )
+ 1 ArPull g ) [ FAru]| 1 ) -

Since (T'7)*A, is uniformly bounded in \I/EJCFB/ *(X), TA, is uniformly bounded
in U-%(X), both with WF}, in U, with WF, "*"*2(Pu), resp. WFL* /% (u)
disjoint from them, we deduce (using Lemma 5.14 and its H ! analogue) that
[{(T~)*A,Pu,TA,u)| is uniformly bounded. Similarly, taking into account that
F A, is uniformly bounded in ¥ *°(X), we see that [(A,Pu, FA,u)| is also uni-
formly bounded, so |(A,Pu, A,u)| is uniformly bounded for r € (0, 1].

Thus,

|CaB,ul|? — Tm Al A,ul|?

< 2/{(A, Pu, A,u)| + [{(Er + EL)u, u)|
+ (202(56 +e 4 SF~Y + ’y) HxBruH2 + 771||RExBTu||2
+ 40y (6 + €1 4 0F ~Y) || Bl || T (2D,) Brul|

(8.25) +y BT (2Dy) Byul|® + 4 IR T (wDy) Brul|? + 4|2 Brul?

+ (2C2(Ge + e F + 6F 1) + 29) | T (D) Brul?
+ 7 |RET (@D,) Boul|? + || B (@Dy) Byl | F(zDy) Byu|
""Y_lHF(xDm)BTUHQ
+ 7 Y F (@D2) Byull® + | F" (2D2) Byl .

All terms but the ones involving Cs or v (not v~!) remain bounded as r — 0. The
Cy and « terms can be estimated by writing T'(xD,) = (xD,)T" + T" for some
T',T" € U, ' (X), and using Lemma 7.3 and the Poincaré lemma where necessary.
Namely, we use either Im A # 0 or A < (n — 1)2/4 to control D, LB,u and LB,u
in L?(X) in terms of ||#B,u||z> where L € W' (X); this is possible by factoring
D, , (which is elliptic on WF'(B,)) out of B, modulo an error F, bounded in
U7 (X), which in turn can be incorporated into the ‘error’ given by the right hand
side of Lemma 7.3. Thus, there exists C3 > 0, G € \I!ffl/Q(X), Ge \I!f)Jrl/z(X) as
in Lemma 7.3 such that

2Dy LB, ul||> 4 ||LBul|

< C3(||(EBTUH2 + ||'LL|| (X) + HGU’”?I&(X) + HPU’” (X) + ”GPu”i[(;l(X))

2 2
Hcl):l.]j.loc Hoi.liii&oc
We further estimate ||zB,u|| in terms of ||CzB,u| and lull zz . (x) using that C

is elliptic on WF}(B) and Lemma 5.14. We conclude, using Im A < 0, taking e
sufficiently large, then v, §y sufficiently small, and finally F sufficiently large, that
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there exist v > 0, € > 0, §o > 0 and C4 > 0, C5 > 0 such that for § € (0, ),
CullzBrul|* <2/(Ar Pu, Ayu)| + [((E; + E})u, u)
+ C5(||GU'H%13(X) + ||C~¥Pu||il(;1(x))
+Cslullmyy oo+ 1Pulmge o)

Letting r — 0 now keeps the right hand side bounded, proving that ||a:BTuH is uni-
formly bounded as r — 0, hence zBou € L*(X) (cf. the proof of Proposition 7.7).
In view of Lemma 7.3 and the Poincaré inequality (as in the proof of Proposi-
tion 7.7) this proves that qo ¢ WFllj’S(u), and hence proves the first statement of
the proposition.

In fact, recalling that we needed qo ¢ WF, Lst3/ ?(Pu) for the uniform bounded-
ness in (8.24), this proves a slightly weaker version of the second statement of the
proposition with VVF;LS'|r1 (Pu) replaced by WF;LSH/Q(PU). For the more precise
statement we modify (8.24) — this is the only term in (8.25) that needs modification
to prove the optimal statement. Let T € \I!gl/Q(X) be elliptic, T~ € \Iltl)/Q(X) a
parametrix, F =T-T —1Id € U, °°(X). Then, similarly to (8.24), we have for any
7 >0,

|<ATPU, Aru>| < |<(T7)*ATPU7TATU>| + |<ATPU; FATU>|
(8.26) <y ArPullf o o) + T Avull )
+ 1A Pull g1 [[FArul g3 x)-

The last term on the right hand side can be estimated as before. As (T~)*A, is
bounded in W§ (X) with WF}, disjoint from U, we see that | (T‘)*ATPu|\H51(X) is

uniformly bounded. Moreover, ||TAATu||§Il( can be estimated, using Lemma 7.3
0

x)
and the Poincaré inequality, by Hnyn_lTAATuH%Q( x) modulo terms that are uni-
formly bounded as r — 0. The principal symbol of D, ,TA is gn_laby,l/z(f’)a,

with @ = x0X1x2, where xo stands for xo(Ag"*(2 — %)), etc., so we can write:

¢, [Pa=1¢, I"*xoxix2 = A5 2= ¢/)IC, 1M (xoxo)*xaxz
=222 = g/ 0)b,
where we used that
Xo(F 712 = ¢/8)) = F2(2 = ¢/8) *xo(F (2 — ¢/9))

when 2 — ¢/d > 0, while a, b vanish otherwise. Correspondingly, using that
|£n—1|1/20b7_1/2(T) is C*°, homogeneous degree zero, near the support of a in
PT*X \ o, we can write D, \TA=GB+ F, G € ¥)(X), F € \I/gl/z(X). Thus,
modulo terms that are bounded as r — 0, ||z D, _, TAAu||? (hence ||7~’AATu||iIé(X))

can be estimated from above by Cg|lzB,ul/?. Therefore, modulo terms that are

bounded as r — 0, for v > 0 sufficiently small, VHTATUH%% can be absorbed

(X)
into ||CzB,ul|?>. As the treatment of the other terms on the right hand side of
(8.25) requires no change, we deduce as above that xBou € L?(X), which (in view
of Lemma 7.3) proves that gy ¢ WF%)’S(U), completing the proof of the iterative
step.
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We need to make one more remark to prove the proposition for WF%)’OO(U),
namely we need to show that the neighborhoods of gy which are disjoint from
WF%)S('LL) do not shrink uncontrollably to {¢o} as s — oco. This argument parallels
to last paragraph of the proof of [19, Proposition 24.5.1]. In fact, note that above
we have proved that the elliptic set of B = B, is disjoint from WFé’S(u). In the
next step, when we are proving qo ¢ VVF:)’SH/2 (u), we decrease 6 > 0 slightly (by
an arbitrary small amount), thus decreasing the support of a = a4/ in (8.8), to
make sure that supp a,1/2 is a subset of the elliptic set of the union of B, with the
region 7 < 0, and hence that WFlljS(u) NSupp ast1/2 = (). Each iterative step thus
shrinks the elliptic set of B, by an arbitrarily small amount, which allows us to
conclude that gy has a neighborhood U’ such that WF%)’S(U) NU’ = ( for all s. This
proves that gy ¢ WF} > (u), and indeed that WFL> () NU’ = 0), for if A € U*(X)
with WF} (A) € U’ then Au € HE(X) by Lemma 5.10 and Corollary 5.12. O

Before turning to tangential propagation we need a technical lemma, roughly
stating that when applied to solutions of Pu = 0, u € H}(X), microlocally near
G, D, and Id are not merely bounded by zD,, _,, but it is small compared to it,
provided that A € C\[(n—1)2/4, c0). This result is the analogue of [36, Lemma 7.1],
and is proved as there, with the only difference being that the term (AA,u, A,u)
cannot be dropped, but it is treated just as in Proposition 7.7 above. Below a
d-neighborhood refers to a d-neighborhood with respect to the metric associated to
any Riemannian metric on the manifold ®7* X, and we identify PS* X as the unit
ball bundle with respect to some fiber metric on PT*X.

Lemma 8.4. (c¢f. (36, Lemma 7.1].) Suppose that P =0y + A,
AeC\[(n—1)%/4,00).

Suppose u € Hé”{iloc(X), and suppose that we are given K C ®S*X compact satis-
fying
K CGNT*Y \WF, "*T/2(py).

Then there exist 6o > 0 and Cy > 0 with the following property. Let § < dg,
U C "S*X open in a §-neighborhood of K, and A = {A, : r € (0,1]} be a
bounded family of ps.d.o’s in W3 _(X) with WF}(A) C U, and with A, € Ui~ (X)
forr € (0,1].

Then there exist G € \I!ffl/Q(X), G e \I!f)ﬂ/?(X) with WF(G), WF}(G) ¢ U
and Co = Cy(8) > 0 such that for all v > 0,

(8.27)

oDy Arul? + Al < CodllaDy, . ArulP + Co (s + Gl
HIPuae o +IGPuUl )

The meaning of HuHHé:le(X) and Hpu”?ﬁilﬁc(x) is stated in Remark 7.2.

Remark 8.5. As K is compact, this is essentially a local result. In particular, we
may assume that K is a subset of PT*X over a suitable local coordinate patch.
Moreover, we may assume that dp > 0 is sufliciently small so that D, _, is elliptic
on U.
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Proof. By Lemma 7.3 applied with K replaced by WF} (A) in the hypothesis (note
that the latter is compact), we already know that

|(dA,u, dAyu)g + M| Aqul|?|
< Colllulne oy + 1Guldy ) + IPuIE 1 ) + IGPUl s )

1,k
HO,b,loc

(8.28)

for some C{, > 0 and for some G, G as in the statement of the lemma. Freezing the
coefficients at Y, as in the proof of Proposition 7.7, see [36, Lemma 7.1] for details,
we deduce that

(8.29)
l2Dy Arul® = M| Apulf?|

< [ (By0.)@D,) 4,0 TeD, ) Arw) |dg| + C16]aD,, Avul?
b's
+ Cg(HuHiIé,f,lm(X) + ”GU'H%Ié(X) + ”P“Hilojifm()() + HGPU'H%I*NX))'
Now, one can show that
’/X (Z D;iBij(O,y)Dyj)xATua:Aru) |dg|’
< oDy Al + Co@) ([l o)+ Gl )

1,k
HO,b,l

(8.30)

precisely as in the proof of [36, Lemma 7.1]. Equations (8.29)-(8.30) imply (8.27)
with the left hand side replaced by |||acDgEATu||2 = )\HAruH?‘. If Im A # 0, taking the
imaginary part of ||x D, A,ul|? —\|| A,ul|? gives the desired bound for || A,u||?, hence
taking the real part gives the desired bound for ||zD,A,u|/? as well. If ImA = 0
but A < (n — 1)2/4, we finish the proof using the Poincaré inequality, cf. the proof
of Proposition 7.7. (]

We finally state the tangential, or glancing, propagation result.

Proposition 8.6. (Tangential, or glancing, propagation.) Suppose that P = 0O, +
A A€C\[(n—1)%/4,00). Let Uy be a coordinate chart in X, U open with U C Uy.
Let u € H&’E’IOC(X) for some k < 0, and let 7 : T*X — T*Y be the coordinate
projection

7 (2,9,6,0) = (4,0).
Given K C "S} X compact with

(8.31) K C (GNPTyX)\ WF, " (f), f = Pu,

there exist constants Co > 0, dg > 0 such that the following holds. If Im A < 0,
90 = (y0,¢,) € K, ag = 77 1(q0), Wo = TulagHp considered as a constant vector
field in local coordinates, and for some 0 < § < g, Cod < € < 1 and for all

a=(z,y,§() €N
239 a€T*X and |7(a — (ag — 0Wp))| < €6 and |z(a)| < €6
o = mla) ¢ WFy™(u),

then qo ¢ WEL™ (u).
In addition, WF, “">°(f), resp. WF%)’OO(U), may be replaced by WFgl’SH(f),
resp. WE,*(u), s € R.
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Remark 8.7. Just like Proposition 8.2, this proposition gives regularity propagation
in the forward direction along Wy, i.e. in order to conclude regularity at qo, one
needs to know regularity in the backward Wy-direction from gp.

One can again change the direction of propagation, i.e. replace § by —J in a —
(g — W), provided one also changes the sign of Im A to Im A > 0. In particular,
if Im A = 0, one obtains propagation estimates in both the forward and backward
directions.

Proof. Again, the proof follows a proof in [36] closely, in this case Proposition 7.3,
as corrected at a point in [34], so we merely point out the main steps. Again,
one uses a commutant 4 € U9 (X) and weights A, € ¥)(X), r € (0,1), uniformly
bounded in \I/ZJCrl/Q(X), A, = AA,., in order to obtain the propagation of WFlljS(u)
with the notation of that paper, whose analogue is WFé’S(u) here (the difference is
the space relative to which one obtains b-regularity: H*(X) in the previous paper,
the zero-Sobolev space HE(X) here). One can use ezactly the same commutants
as in [36] (with a small correction given in [34]). Then Proposition 8.1 lets one
calculate 1[A*A,., P] to obtain a completely analogous expression to the formulae
below Equation (7.16) of [36], as corrected in [34]). The rest of the argument
is completely analogous as well. Again, we refer the reader to [37] because the
commutator calculation is written up exactly as above in Proposition 8.1, see [37,
Proposition 3.10] and it is used subsequently in 6.1 there the same way it needs
to be used here — any modifications are analogous to those in Proposition 8.2 and
arise due to the non-negligible nature of .

Again, we first construct the symbol a of our commutator following [36, Proof
of Proposition 7.3] as corrected in [34]. Note that (with p = 220y, 2(P) = h)

Wo(qo) = Hs(q0),
and let
W=[¢ [7'Wo,
so W is homogeneous of degree zero (with respect to the RT-action on the fibers
of T*Y \ 0). We use
7= (sgn(¢,, )o)(yn—-1 — (Yn-1)o)

now to measure propagation, since g;ile;(yn—l) =2> 0 at go by (6.7), so Hp7} is
2|£n71| > 0 at qp. Note that 7 is thus increasing along GBB of g.
First, we require

pr =0, =<, 17w, 0);
note that dp; # 0 at go for ¢ # 0 there, but Hzp =0, so
Wp1(go) = 0.

Next, since dimY =n — 1, dim7T*Y = 2n — 2, hence dim S*Y = 2n — 3. With a
slight abuse of notation, we also regard gy as a point in S*Y — recall that S*Y =
(T*Y \ 0)/RT. We can also regard W as a vector field on S*Y in view of its
homogeneity. As W does not vanish as a vector in Ty, S*Y in view of Wj(qo) # 0,
7 being homogeneous degree zero, hence a function on S*Y, the kernel of W in
T, S™Y has dimension 2n—4. Thus there exist p;, j = 2,...,2n—4 be homogeneous
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degree zero functions on T*Y (hence functions on S*Y’) such that
pi(0) =0, j=2,...,2n—4,

(8.33) Wpi(g) =0, j=2,...,2n—4,
dp;(qo), 7=1,...,2n — 4 are linearly independent at go.

By dimensional considerations, dp;(qo), j = 1,...,2n—4, together with dr) span the
cotangent space of S*Y at qq, i.e. of the quotient of T*Y by the ~]R"’—action, so the
p;j, together with 7, can be used as local coordinates on a chart Uy C S*Y near qo.
We also let U be a neighborhood of o in ®S*X such that pj, together with 7, x and
é are local coordinates on U ; this holds if Z:{o is identified with a subset of G ﬁbS;X
and U is a product neighborhood of this in ®S*X in terms of the coordinates (6.1).
Note that as é =0on XN bS;",X, for points ¢ in Y, one can ensure that é is small
by ensuring that 7(q) is close to gy and z(q) is small; cf. the discussion around
(8.5) and after (8.7). By reducing U if needed (this keeps all previously discussed
properties), we may also assume that it is disjoint from WFgl’oo(f).
Hence,
2n—4 ~ ~
¢, |7 Wop; = Z Fjipi + Fjan-s1, j =2,...,2n — 4,
i=1
with Fji smooth, ¢ = 1,...,2n -3, j = 2,...,2n — 4. Then we extend p; to a
function on PT*X \ o (using the coordinates (z,y,¢,()), and conclude that
2n—4
(8.34) . T Hep = > Fapr+ Fjon—sii+ Fyox, j=2,...,2n— 4,
1=1

with Fjl smooth. Similarly,

2n—4
(835) |£n_1|71Hﬁﬁ =2+ Z FlPl +F2n73ﬁ+F0xv
=1
with F} smooth.
Let
2n—4
(8.36) w=|z|* + Z p?.
j=1
Finally, we let
N 1
(8.37) o=n+ %w,

and define a by
(8.38) a=xo(F (2= ¢/0))xa((76)/ed + Dx2(1€1/C ).

with xg, x1 and x2 as in the case of the normal propagation estimate, stated after
(8.7). We always assume € < 1, so on supp a we have

p<2)and 7 > —€d —§ > —26.
Since w > 0, the first of these inequalities implies that 7 < 2§, so on suppa
(8.39) 7| < 26.
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Hence,

(8.40) w < €25(26 — 1) < 4622

Thus, supp a lies in U for § > 0 sufficiently small. Moreover, on supp dx1,
(8.41) i€ [—6 — e, —6], w'/? < 2€0,

so this region lies in (8.32) after € and ¢ are both replaced by appropriate constant
multiples, namely the present § should be replaced by 6/(2[(¢, )ol)-

We proceed as in the case of hyperbolic points, letting Ay € \I!g(X ) with
ob,0(Ao) = a, supported in the coordinate chart. Also let A, be scalar, have
symbol

(8.42) ¢ R4l P, reo,1),
so A, = AN, € UP(X) for r > 0 and it is uniformly bounded in \I/f)jl/Q(X). Then,
for r > 0,
(1A} A, Pu,u) — (1AL Aru, Pu) = ([AF Ay, Plu,u) 4+ (1«(P — P*) A Apu, u)
8.43
(8.43) = ([A: A, Plu,u) — 2Tm \|| Aqul?.

and we compute the commutator here using Proposition 8.1. We arrange the terms
of the proposition so that the terms in which a vector field differentiates y; are
included in FE,, the terms in which a vector fields differentiates x2 are included in
E!. Thus, we have

(8.44)
1ArA. P —1PAA,

= (@D,)*Cl(xDy) + (@Da) 2Cy + 2C}l (xDy) + 2°Cl + Er + B} + By,
with
020 (CE) = w2 (F 7167 al, 17N (F 4+ €207 F)xpnaxe + 0%,
obas1(C) = w2 (F7167 alf + 07 e + 02,
Tb2e1(CY) = w; (Fﬁl‘rl“(f" +07 e ) xoxaxe + azé’r'),

Ob2042(C) = w2 (F7107YC, ol + 2+ 672 ) xpnaxe + 0% ),

(8.45)

where f!, f/, f” and f” as well as f¥, f’, f and f* are all smooth functions on
PT* X\ 0, homogeneous of degree 0 (independent of € and §). Moreover, f%, f/, f”, f°
arise from when w is differentiated in xo(F ~1(2—¢/8)), while f¥, f', f and f* arise
when 7 is differentiated in xo(F ~1(2 — ¢/J)), and comprise all such terms with the
exception of part of that arising from the —Hj, component of V°|y (which gives the
4 on the last line above, modulo a term included in f > and which vanishes at w = 0).
In addition, as V*p? = 2pV*p for any function p, the terms f*, e = #.' " b, have
vanishing factors of p;, resp. x, with the structure of the remaining factor dictated
by the form of V*py, resp. V*z. Thus, using (8.34) to compute £°, (8.35) to compute
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f", we have

fF= "ot + e,
k
=Yt wafs o=,
k
f= Zpkplfzz + Zpkﬂff;z +2%fo + ZPkﬁf}ZJr,
kl k k
Pr=afo+> ol +af,
k

with f,g, etc., smooth. We deduce that

(8.46) e <o | ff <,
while

(8.47) AT <ot |f <G
e ="""and

(8.48) 2T ) < Cets, |7 < O,

We remark that although thus far we worked with a single g9 € K, the same
construction works with go in a neighborhood U, of a fixed qp € K, with a uniform
constant C. In view of the compactness of K, this suffices (by the rest of the
argument we present below) to give the uniform estimate of the proposition.

Since (8.46)-(8.48) are exactly the same (with slightly different notation) as
[37, Equations (6.16)-(6.18)], the rest of the proof is analogous, except that [37,
Lemma 4.6] is replaced by Lemma 8.4 here. Thus, for a small constant ¢ > 0 to
be determined, which we may assume to be less than C, we demand below that
the expressions on the right hand sides of (8.46) are bounded by co(ed) ™1, those on
the right hand sides of (8.47) are bounded by co(ed)~'/2, while those on the right
hand sides of (8.48) are bounded by ¢y. This demand is due to the appearance of
two, resp. one, resp. zero, factors of D, in (8.44) for the terms whose principal
symbols are affected by these, taking into account that in view of Lemma 8.4 we can
estimate ||Q;v|| by Cg,x (¢6)/2||D,,, ,v|| if v is microlocalized to a ed-neighborhood
of G, which is the case for us with v = A,u in terms of support properties of a.

Thus, recalling that ¢y > 0 is to be determined, we require that

(.49) (Cley?s<e<1,
and
(8.50) § < (co/C)?

see [37, Proposition 6.1] for motivation. Then with €, ¢ satisfying (8.49) and (8.50),
hence 6= > (C/cp)? > C/co, (8.46)-(8.48) give that

(8.51) 25 < cod e |fY < cod e,
while

(8.52) 20 < o6 M2 V2, |0 < o622,
e ="""and

(8.53) 267l < co, 1£°] < co,
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as desired. One deduces that

1AYA.P —1PAA,
(8.54) =B (C*2*C + xR’z + (¢D;)*R'z + aR"(xD,) + (x¢D,)*R*(zD,)) B,

+ R+ E. + E]

with

R € U)(X), R,R" ¢ ¥ (X), R € U %(X),

R} € L®((0,1); Diff§¥3° (X)), E,, E, € L>((0,1); Diffg ¥ (X)),
with

WFL(E) € 771 (=6 — €6, —8]) Nw™1([0,40%€2)) c U

(cf. (8.41)), WF{(E') N'Y = @, and with r* = oy, o(R"), # = op,_1(R'), ' =
ob,—1(R"), rt € o1, _o(RY),

1] < 200+ Co0F 1, ¢ 7| < 2¢08 e 4 CodF T,
¢ 7 < 2006 PP 4 CooF T, |2 rH < 2006 e 4 CodF T

n—1

These are analogues of the result of the second displayed equation after [36, Equa-
tion (7.16)], as corrected in [34], with the small (at this point arbitrary) constant co
replacing some constants given there in terms of € and §; see [37, Equation (6.25)]
for estimates stated in exactly the same form in the form-valued setting. The rest of
the argument thus proceeds as in [36, Proof of Proposition 7.3], taking into account
[34], and using Lemma 8.4 in place of [36, Lemma 7.1]. O

Since for A real, A\ < (n — 1)?/4, both forward and backward propagation is
covered by these two results, see Remarks 8.3 and 8.7, we deduce our main result
on the propagation of singularities:

Theorem 8.8. Suppose that P = O+ A\, A < (n —1)2/4, m € R or m = <.
Suppose u € Hé}’{j’loc(X) for some k < 0. Then

(WEL™(u) N3) \ WE, V™ (Pu)

is a union of maximally extended generalized broken bicharacteristics of the confor-
mal metric § in
S\ WE, Y (Pu).

In particular, if Pu = 0 then WFtl)oo(u) C ¥ is a union of mazimally extended
generalized broken bicharacteristics of §.

Proof. The proof proceeds as in [36, Proof of Theorem 8.1], since Propositions 8.2
and 8.6 are complete analogues of [36, Proposition 6.2] and [36, Proposition 7.3].
Given the results of the preceding sections of [36], the argument of [36, Proof of
Theorem 8.1] is itself only a slight modification of an argument originally due to
Melrose and Sjostrand [25], as presented by Lebeau [21] (although we do not need
Lebeau’s treatment of corners here).

For the convenience of the reader we give a very sketchy version of the proof. To
start with, propagation of singularities has already been proved in X°; this is the
theorem of Duistermaat and Hérmander [13, 20]. Now, the theorem can easily be
localized — the global version follows by a Zorn’s lemma argument, see [36, Proof
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of Theorem 8.1] for details. Indeed, in view of the Duistermaat-Hérmander result
it suffices to show that if

(8.55) go € WEL™ (u) \ WF, """ (Pu) and ¢ € "3 X
then
(8.56) there exists a generalized broken bicharacteristic «y : [—eg, 0] — ¥, € >0,

7(0) = qo, Y(s) € WFy™ (u) \ WF, """ (Pu), s € [—€o, 0],

for the existence of a GBB on [0, €] can be demonstrated similarly by replacing
the forward propagation estimates by backward ones, and, directly from Defini-
tion 1.1, piecing together the two GBB’s gives one defined on [—ep, €9]. Note that
by microlocal elliptic regularity, Proposition 7.7, (8.55) implies that ¢o € G UH.
Now suppose qo € (WFL™(u) \ WF, "™ (Pu)) NPT X N'H. We use the
notation of Proposition 8.2. Then + in (8.55) is constructed by taking a sequence
Gn — qQo, Gn € T*X° with n(g,) = —é(qn) < 0 and GBB #, : [—€0,0] — Y with
Y (0) = g, and with v, (s) € (WEL™ (u) \ WE;, 2" (Pu)) N T*X° for s € [—eo, 0).
Once this is done, by compactness of GBB with image in a compact set, see [36,
Proposition 5.5] and Lebeau’s paper [21, Proposition 6], one can extract a uniformly
convergent subsequence, converging to some v, giving (8.56). Now, the ¢, arise
directly from Proposition 8.2, by shrinking U (via shrinking § in (8.5)), namely
under our assumption on qg, for each such U there must exist a ¢ € WFé’m(u) in
Un{n < 0}. The ~, then arise from the theorem of Duistermaat and Hérmander,
using that 7(g,) < 0 implies that the backward GBB from ¢, cannot meet Y for
some time €g, uniform in n — this is essentially due to 7 being strictly increasing
along GBB microlocally, and 7 vanishing at > N PTy: X, so as long as 7 is negative,
the GBB cannot hit the boundary. See [36, Proof of Theorem 8.1] for more details.
Finally, suppose go € (VVFllj’m(u)\VVFljl’m'|r1 (Pu))NPTy: X NG, which is the more
technical case. This part of the argument is present in essentially the same form
in the paper of Melrose and Sj6strand [25]; Lebeau’s paper [21, Proposition VII.1]
gives a very nice presentation, see [36, Proof of Theorem 8.1] for an overview with
more details. The rough idea for constructing the GBB ~ for (8.56) is to define
approximations to it using Proposition 8.6. First, recall that in Proposition 8.6,
applied at go, Wp is the coordinate projection (push forward) of H,, evaluated
at 77 1(qo), to T*Y. Thus, one should think of the point 7(go) — Wy in T*Y
as an (0(0?) approximation of where a backward GBB should be after ‘time’ (i.e.
parameter value) 0. This is used as follows: given § > 0, Proposition 8.6 gives
the existence of a point ¢; in WFtl)m(u) which is, roughly speaking, O(6?) from
7(q1)— (7(qo) — W), with z(q1) being O(6?2) as well. Then, from q;, one can repeat
this procedure (replacing qo by ¢1 in Proposition 8.6) — there are some technical
issues corresponding to g; being in the boundary or not, and also whether in the
former case the backward GBB hits the boundary in time §. Taking § = 2~ V¢, this
gives 2V 41 points g;j corresponding to the dyadic points on the parameter interval
[—€0,0]. Tt is helpful to consider this as analogous to a discrete approximation of
solving an ODE without the presence of the boundary by taking steps of size 27V ¢.
Defining vn(s) for only these dyadic values, one can then get a subsequence
which converges, as k — oo, at s = 27"jeg for all n > 1 and 0 < j < 2" integers.
(Note that v, (s) is defined for these values of s for k sufficiently large!) One then
checks as in Lebeau’s proof that the result is the restriction of a GBB to dyadic
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parameter values. Again, we refer to Lebeau’s paper [21, Proposition VII.1] and
[36, Proof of Theorem 8.1] for more detail. O

In fact, even if Im X # 0, we get one-sided statements:

Theorem 8.9. Suppose that P =+ A, Im A > 0, resp. Im\ < 0, and m € R or
m = co. Suppose u € H&’SIOC(X) for some k < 0. Then
(WEL™ (u) N 32) \ WE, 2" (Pu)

is a union of mazimally forward extended, resp. backward extended generalized
broken bicharacteristics of the conformal metric g in

S\ WE, Y (Pu).
In particular, if Pu =0 then WFllj’oo(u) C X is a union of mazimally extended

generalized broken bicharacteristics of §.

Proof. The proof proceeds again as for Theorem 8.8, but now Propositions 8.2 and
8.6 only allow propagation in one direction. Thus, if ImA < 0, they allow one to
conclude that if a point in E\WFgl’mH(Pu) is in WFé’m(u), then there is another

point in WFi’m(u) which is roughly along a backward GBB segment emanating from
it. Then an actual backward GBB can be constructed as in the works of Melrose
and Sjostrand [25], and Lebeau [21]. O

In the absence of b-wave front set we can easily read off the actual expansion at
the boundary as well.

Proposition 8.10. Suppose that P = O+ X\, A € C. Let sx(\) = 25t +
v/ % — A Suppose u € Hy1,.(X), WEF®(u) = 0 and Pu € C®(X). Then
(8.57) uw=z+My, vy € C®(X).

Conversely, if X < (n—1)%/4, given any g+ € C*°(Y), there exists vy € C®(X),
vily = gy such that u = x5+MNuv, satisfies Pu € C>®(X); in particular u €
H} oo (X) and WFY™ (u) = 0.

This proposition reiterates the importance of the constraint on A in that

x(n—l)/Q—Ha ¢ H& (X)
for a € R; for X > (n — 1)?/4, the growth or decay relative to Hg,.(X) does not
distinguish between the two approximate solutions z°+Mvy, vy € C® (X).

,Jloc

Proof. For the first part of the lemma, by Lemma 5.16 and the subsequent remark,
under our assumptions we have u € A™~1/2(X). By (7.1),
(8.58) P+ (((xDy +1(n —1))(zD,) — \) € Diff} (X).
This is, up to a change in overall the sign of the second summand,
(xDy +1(n —1))(zDy) — A,

the same as the analogous expression in the de Sitter setting, see the first line of the
proof of Lemma 4.13 of [38]. Thus, the proof of that lemma goes through without
changes — the reader needs to keep in mind that u € A®~1/2(X) excludes one of
the indicial roots from appearing in the argument of that lemma. (In the De Sitter
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setting, in Lemma 4.13 of [38], there was no a priori weight (relative to which one
has conormality) specified.)
The converse again works as in Lemma 4.13 of [38] using (8.58). O

We can now state the ‘inhomogeneous Dirichlet problem’:

Theorem 8.11. Assume (TF) and (PT). Suppose A < (n — 1)%/4, and s4(\) —
s—(N) =2 @ — X is not an integer, P = P(\) =0y + A
Given vy € C*°(Y) and f € C*(X), both supported in {t > to}, the problem
Pu=f, ulict, =0, u=2z°"Mo_ +2+No, vy € C®(X), v_|y = vo,

has a unique solution
If s (A) — s—(X) is an integer, the same conclusion holds if we replace v_ €
C®(X) by v_ =C®(X) + 25+ M-V og 2 C>®(X).

Proof. The proof of Lemma 4.13 of [38] shows that there exists @, supported in
t > to, such that & = z°~-Mov_, v_ as in the statement of the theorem, and
Pii € C*(X). Now let u/ be the solution of Pu’ = f — P supported in {t > to},
whose existence follows from Theorem 4.16, and which is of the form z*+Mv, by
Theorem 8.8 and Proposition 8.10. Then u = @ + v’ solves the PDE as stated.
Uniqueness follows from the basic well-posedness theorem, Theorem 4.16. (]

Finally we add well-posedness of possibly rough initial data:
Theorem 8.12. Assume (TF) and (PT). Suppose f € Ho_élrgjl(X) for some

m € R, and let m' < m. Then (1.6) has a unique solution in Hé”g?{oc(X), which in

fact lies in Hé:g'j‘loc(X), and for all compact K C X there exists a compact K' C X
and a constant C > 0 such that

||U||H3””(K) < CHfHH(;ll;m“(K')-

Remark 8.13. It should be emphasized that if one only wants to prove this result,
without microlocal propagation, one could use more elementary energy estimates.

Proof. If m > 0, then by Theorem 4.16, (1.6) has a unique solution in H& (X),
and by propagation of singularities it lies in Hég" 1oc(X), with the desired esti-
mate. Moreover, again by the propagation of singularities, any solution of (1.6) in
Hé”g'j‘loc(X) lies in Hé”{:loc(X), so the solution is indeed unique even in Hé”g'j‘loc(X).

If m < 0, uniqueness and the stability estimate follow as above. To see existence,
let Th < to, and let f; — f such that f; € H(;&leoc and supp f; C {t > Tp}. This
can be achieved by taking A, € ¥ >°(X) with properly supported Schwartz kernel
(of sufficiently small support) such that {4, : r € (0,1]} is a bounded family in
P (X)), converging to Id in ¥§ _(X) for € > 0, then with f; = Ap f, 15 — 0, we
have the desired properties. By Theorem 4.16, (1.6) with f replaced by f; has a
unique solution u; € H&IOC(X ). Moreover, by the propagation of singularities, one
has a uniform estimate

loc

||uk — uj||Hé,m(K) < Cka — fj||H(;:),m,+1(K,)7

with C independent of j, k. In view of the convergence of the f; in H(;i’mH(K'),
we deduce the convergence of the u; in Hégn(K) to some u € Hé’g"‘(K), hence (by
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1,m

uniqueness) we deduce the existence of u € H" | .(X) solving Pu = f with support
in {t > To}. However, as supp f C {t > to}, uniqueness shows the vanishing of u

on {t < o}, proving the theorem. O
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